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We show that any C1'1 solution to the uniformly elliptic equation
F(D2u) = 0 must belong to C2,', if the equation has the Liouville property.

ABSTRACT.

?1. INTRODUCTION
In this paper, we consider the interior regularity of solutions to the following
fully nonlinear elliptic equation:
F(D2U)

(1)

= 0.

We assume that F is uniformly elliptic, i.e., there exist constants 0 < A < A such
that
< AllNlJ,
for M, N E S) N > 0O
AllNI?< F(M + N)-F(M)
(2)
where S denotes the space of real n x n symmetric matrices and IINfl denotes the
norm of N.
For simplicity, we also assume that F(O) = 0.
There have been a number of works concerning equation (1). For instance, see
[CC], [GT], [K] and the references cited there. When F is a concave or convex
functional, it is well known that the Evans-Krylov estimate
[D2 U]CCE(Bl/2) < CJ

tJjC11

(B1)

holds, and C1,1 viscosity solutions of (1) are C2,, for some a > 0.
On the contrary, in the case when F is not concave nor convex, C1,1 viscosity
solutions of (1) may not be in the C2 class. This has recently been shown by
Nadirashvili in [N] in which he found a C1'1 viscosity solution u to the equation
F(D2u) = 0 where F is smooth, uniformly elliptic and u is not C2. Therefore, it
would be interesting to know under what condition a C1', solution of (1) is actually
in the C2 class.

It is our purpose in this paper to show that any C1'1 viscosity solution of (1)
must be C2,, if the elliptic operator F has the Liouville property.
A continuous function u(x) is said to be a viscosity subsolution (resp., supersolution) of (1) in a domain Q if for x0 E Q and q(x) E C2, u - 0 attains the local
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maximum (resp., minimum) at ?0, then F(D2q(Xo)) > 0 (resp., < 0). If u is both a
subsolution and a supersolution, then we say u is a viscosity solution. We mention
that if u E C1'1, then u is a viscosity solution of (1) if and only if u is a strong
solution to (1).
Equation (1) or F is said to satisfy the Liouville property if u E C11)(Rh) is an
entire viscosity solution of (1) with bounded D2u in Rh, JD2ul < C, then u must
be a polynomial of degree at most 2.
Let Br(xo) = {x E Rn: Ix-_oX < r}.
Now we state the main theorem.
Theorem. Suppose that F E C1 satisfies (2) and F(O) = 0. Let u Ei C1' (B1 (0)) be
a viscosity solution of (1) in Bi(0). If equation (1) satisfies the Liouville property,
then for any 0 < a < 1, u E C2,a(Bl/2(0)) and [D2U]Cc (BI/2(0)) < C, where C
depends only on n, A, A, a, flu|C1,1(B1(0)), F, and the rmodulusof continuity of
DF.
?2. THE PROOF OF THE THEOREM

We will use the blow-up technique to prove the Theorem. The tool needed to
obtain a subsequence of blow-up solutions converging in W 2,2(Rn) is the W2'6
estimate for nondivergent uniform elliptic equations. For the convenience of our
readers, let us give a little more preliminary information.
Recall that u C BMO(Q) is in VMO(Q) if
qu (R, Q) =

BO
sup 'u(x)B-Burr,
XOGQ E (xo)nQ

dx

as R

where fA f dx denotes the average of f over A and uX0,r the average of u over
Br(xo) n Q. We will call iq, the VMO modulus of u in Q.
Now let us recall the class S of solutions of uniformly elliptic equations. For
more details, see [CC]. Let AX,A denote all symmetric matrices whose eigenvalues
belong to [A, A]. Define Pucci extremal operators M+ (M) and M- (M) by
M+(M)

=

sup

trace(AM),

AGAL\,A

M-(M)

=

inf

trace(AM),

for M E S. It is easy to check that M+ and M- are uniformly elliptic operators.
A continuous function u is in class S if M-(D2u) < 0 and M+(D2u) > 0 in the
viscosity sense.
The following result on precompact sets in LP is a local variant of Theorem 3.44
in [A].
Proposition 1. Let Q be a bounded domain in Rh and A a bounded subset of
LP(Q), 1 < p < oo. For any domain D CC Q, if

sup

u(x +h)-u(x)lPdx

then A is precorrpact in LP(D).
Now let us prove the following lemma.

-

>O.

as Ih -0,
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Lemma 1. Assume that F satisfies (2) and F(O) = 0. Then the following two
statements are equivalent:
(i) If u E C"',(B1(0)) is a viscosity solution of (1) in B1(0) and ID2u K
in
is
B1(0), then D2u e VMO(B,/2(0)) and r1D2,(R) < r,(R), where rqD2,(R)
the VAMO
modulus of D2u in B1/2(0), limRo+ rI(R) = 0, and pj depends only
on n, A, A, F, and M.
(ii) F satisfies the Liouville property.
I
Proof. (i) implies (ii). Let u E C 1jR
) be an entire solution of (1) with ID2uI < M
in Rh. Consider

u(ky) - u(0) - Du(0)ky

vk(y)
Obviously

|Vk |Cl l (B1(O))

k

1

<Cn6 M and
F(D2vk)

0O

in B1(0).

Therefore by (i), for p > 0 we have
(D2u)o~p I dx

D2u-

fjp(O)

IBR(O)
D2vk -(D2vk)ok
<

77D2,,,

k(

k
0(k)

Idy

as k

>

0o.

This implies that D2u - const in Rh and hence u is a polynomial of degree at most
2.
Suppose that F satisfies the Liouville property. We want to show (i). Let
in B1(0)}.
<
C1"l(B,(0)): F(D2u) = 0 and ID2u KM
To prove that (i) holds, it suffices to show the following claim:
Xm = {u

(3)

sup
UGXM
xoGBl/2(0)

&

D2u _(D2u)xor

f

2dx

as R

0,

0.

Br(X0)

r<R

We will show (3) by contradiction. If (3) is false, then there exist
Xk E B1/2(0), uk E XM such that for k > 1
I/k(Xk
Brk

2dx

ID2 Uk - (D2uk)Xk,rk

Co >

> ?o.

(Xk)

Let
Tky = Xk + rkY,
vk (Y)

= T B (0);

Qk

Uk(cXk + rkY)
Uk(cXk)

-

Duk(xk)rky

r2
rk

It is easy to check that
F(D2vk) = 0,
(4)

(5)

in

Qk.

I D2vk - (D2 Vk)o0I
C1
(0)

I
11VkIICll(B21
())

-< Cn,AM,

dy

> Eo.

if

B2A'k(X k) C B (0)-

0, rk

-

0,

1958
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Now we want to show {D2vk} is precompact in L2. By [CC] (see Prop. 5.5)
= Vk(Y + Te)

ATeVk()

-

Vk(Y) G SI

T

in

e =

B3A/2(0),

1.

By the W2'6 estimate (3 > 0) (see Prop. 7.4, [CC]) for functions in S
JBA()

dy <

D 2/ TeVk |(y)

CA

L (B3A/2(0))

ArTeVkI

?

MM,

CA,

where 3 and CA are independent of k.
Therefore, by (5) we have

IBA(O)
D2vk(y

+ Te) - D2vk (y) 12dy

BA(0)

? lD2Vkf11D
-<01
L- (ID0 (0

(B2~~A

<CT

BA0

D2Vk(Y +

(O)

Te) -

D2Vk(Y)

6dy

.

By Proposition 1, this fact together with

< CA

IID Vk IL2(B2A(O))

implies that {D2vk } is precompact in L2(BA (0)) . Since vk (0) = 0, DVk (0)
and IIVkI 1(B2A(0)) < CA, we may assume that by the diagonalizing process
Vk

in WIJ (Rn) 0 C10(Rn),

v,

->

D2vk

>

0,

a.e. in Rn.

D2v

Therefore, F(D2v) = 0 in Rn. Since flD2VkhlLo(BA(o)) < JD2UkflLoo(B1(o)) _ M,
ID2vl < M in Rn. By the Liouville property, v must be a polynomial of degree at
most 2, and hence D2v = const. This contradicts the following:
fB()

ID2v - (D2V)o

12

dy = lim
k--+c

B1(O)

ID2Vk

-

(D2Vk)ol 12 dy > 60.

1 (0)

Thus, Lemma 1 follows.

n

Lemma 2. Let F c C1 satisfy (2) and F(O) = 0. If u is a viscosity solution of (1)
in B1(0) and D2u c VMO(B1(0)), then for any 0 < a < 1, u E C2'a(BI/2(0)) and
< C, where C depends on n, a, A, A, the modulus of continuity
IIUIIC1(B1(0)) and the VMO modulus of D2u.

[D2]j C2,cX(BI/2(O))

of DF,

Proof. By differentiating (1), we obtain
(6)
where

aij(x)DijAhe'U(X)
AheU(X)

= [u(x + he) - u(x)]/h,

= 0,

in B3/4(0),
ej = 1, and

h <
4,

aij3x)

=

OF
aM

((1

-

O)D2U(X)+ OD2u(x + he)) dO.

Let uh(x) = u(x + he) and

Cij=

OFf
, 1t' ((1 - 0)(D2Ul)xor+ O(D2'Uh)xor) dO.
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Without loss of generality, we can assume that the continuity modulus of DF
denoted by w(R) is concave. Obviously by Jensen's inequality
Iar(X) aij (x) -cij
r

1

]

J(
Br (X0

<W(rqD2.

dx

[1

-

0)(D2U _ (D2u) 0 r) +

O(D2uh -(D2Uh)o0,r)

1]

dOdx

)?

(r)) ->0,

as r

>0.

Therefore aij E VMO(B3/4(0)). Since (2) holds, A'I < (aij) < A'I and (6) is
uniformly elliptic. By the LP estimate in [CFL], we obtain
<

lIAhe'UIW2P(Bl/2(0))

CIIAhet|IILoo(B3/4(0)).

Thus, we finish the proof of Lemma 2.

D

The Theorem follows immediately from Lemma 1 and Lemma 2.
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