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A CENTER-UNSTABLE MANIFOLD THEOREM FOR
PARAMETRICALLY EXCITED SURFACE WAVES*
LAWRENCE TURYN)
Abstract. When fluid in a rectangular tank sits upon a platform which is oscillating with
sufficient amplitude, surface waves appear in the "Faraday resonance." Scientists and engineers have
done bifurcation analyses which assume that there is a center manifold theory using a finite number
of excited spatial modes. We establish such a center manifold theorem for Xiao-Biao Lin’s model
in which potential flow is assumed but an artificial dissipation term is included in the system of
partial differential equations on the free surface. We use interpolation spaces developed by da Prato
and Grisvard, establish maximal regularity for a family of evolution operators, and adapt the center
manifold theory of Chow, Lin, and Lu.
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1. Introduction and summary. Consider a rectangular tank filled with an
incompressible homogeneous fluid to a depth h. If the base of the tank is made to
oscillate, then what will be the behavior of the fluid? As long ago as 1831, Faraday
observed fluid oscillations at one half the frequency of the base, so this phenomenon
of parametric excitation is known as Faraday resonance. This and other historical
references can be found in Benjamin and Ursell [3] and Miles and Henderson [18].
LiB [15] has established a mathematical formulation for this problem. As long
as the amplitude of the excitation is sufficiently small, he has obtained (i) global
existence and uniqueness and (ii) an approximation result which justifies a truncation
to a finite number of modes. His model assumes potential flow and includes on the free
boundary terms for surface tension and artificial viscosity. The latter is to some extent
physically meaningful because LiB showed that at high wave numbers his artificial
viscosity produces dissipation proportional to the square of the wave number and
proportional to the total kinematic energy, i.e., the dissipation is consistent with that
produced by kinematic viscosity.
On the other hand, several authors, e.g., Gu and Sethna [14], Holmes [13], and
Silber and Knobloch [23], have analyzed bifurcation equations assumed to hold on a
finite-dimensional center manifold corresponding to some neutrally stable mode(s). If
there is friction in the system, this is only possible if the amplitude of the excitation
is not required to be sufficiently small.
The purpose of this paper is to establish the existence of a local center manifold
theorem for this problem. We introduce virtually no new mathematical techniques
but instead apply a variety of results established by other authors.
Our mathematical formulation is due to LiB [15]. The velocity potential, as
a function of the shape of the free surface and the potential on the free surface,
* Received by the editors May 25, 1993; accepted for publication (in revised form) April 15,
1994.

Department

of Mathematics and Statistics, Wright State University, Dayton, OH 45435. This
research was partially done while the author was visiting the School of Mathematics, Georgia Institute
of Technology, Atlanta, GA 30332.
241

Downloaded 09/26/12 to 130.108.121.217. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

242

LAWRENCE TURYN

is substituted into Bernoulli’s equation on the free surface. We use this functional
relationship from Lin’s paper, albeit in a time-independent version, in Theorem 6.1
below. Our techniques diverge from Lin’s in that we then consider the problem as an
ordinary differential equation in function spaces of space dependence rather than as
an implicit equation in a Hilbert function space of both space and time dependence.
For our approach, we use a variation of constants formula in interpolation spaces,
as in da Prato and Grisvard [8], Sinestrari [25], and da Prato and Lunardi [9], which
gives "maximal regularity." Unfortunately, we could not use the methods of Henry
[12] for our nonlinear problem, although we do mimic his methods for periodic, linear
problems. The actual local center manifold theorem that we obtain is an application
of Chow, Lin, and Lu [7], or we could have used the result of da Prato and Lunardi
[9], which is also in the style of Henry [12, Chap. 6]. The method of Liapunov-Perron
obtains an invariant manifold as a graph of a function defined by an integral operator.
The paper is organized in this way: In 2, the physical problem and a model for
it are presented along with a linearization about the fiat surface, i.e., undisturbed,
solution. In 3, a semigroup of bounded linear operators is explicitly presented and
shown to be analytic. In 4, a brief description is made of a well-known general method
for defining interpolation spaces in which our semigroup has a maximal regularity
property. In 5, we return to linear, time-periodic problems and show in Proposition
5.2 that there is a family of evolution operators which define integral operators with
a generalization of the maximal regularity property for autonomous problems. We
show that our linearized, time-periodic problem can be analyzed in this way. These
generalizations are the only "new" results we have; all the other work in this paper
consists of applying the work of other authors to our specific problem or, in the case
of Lin’s paper, taking a result in its entirety. In 6, the nonlinearities of our model
are found to be nice enough viz. the integral operators of 5; here a result of Lin
is essential. In 7, we adapt a center-unstable manifold theorem and an exponential
attractivity theorem of other authors to our nonlinear, time-periodic problem. In 8,
we mention a result of a sequel in preparation. We have calculated an approximate,
local-center manifold for an example involving the (3, 2) and (2, 3) spatial modes.
In fact, experiments of Simonelli and Gollub [24] provide examples where there are
a small number of unstable modes. As an aside, when we examined their experimental
data for the onset of instability [24, p. 479, Fig. 4(a)] and used a theoretical result for
the damped Mathieu equation from Turyn [27, i], we came to the conclusion that the
artificial viscosity term -#V2xU in equation (2.5) of our paper would have # about two
to three times the kinematic viscosity, 2.948 centipoises, of n-butyl alcohol at 20C.
This suggests that, although this artificial viscosity is consistent with dissipation of
kinetic energy as in Lin [15, 6], the mechanism may not be so simple.
Our original intention was to discuss regions more general than rectangular tanks,
e.g., cylindrical tanks. We ran into difficulties in 6 when discussing boundary conditions to be satisfied by the nonlinearities. We .hope to understand this better in the

future.
2. The physical problem and its linearization. Let D be a bounded open
domain in 12, with coordinates x. We will define the smoothness we require of its
boundary OD later. The moving coordinate z is fixed with respect to the oscillating
container, with the positive axis pointing upwards. The free boundary is SF z
v(x, t) and we denote

v

tv(t):= {(x, z):-h < z < v(x, t),x e D},
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with outward unit normal n. We assume the velocity field V is the gradient of a
potential
(x, z, t) which satisfies

{

2.1)

(2.3)

V2

0

t)
0

in Fry,
z
on
on 0av \ SF,

t),

where V (Vx, ). The latter boundary condition states that the normal velocity is
zero on the sides and base of the container.
On the free boundary the potential and the shape v satisfy the "kinematic"
condition

(2.4)

vt

z

Vx" VxV onSF,

where subscripts denote differentiation, and Bernoulli’s equation

Ct

(2.5)

-/V n

(g

a(t))v

1

IVI 2 + #V2u

on

SF,

where atmospheric pressure p0
1, is the coefficient of surface
0, density p
tension, g is the acceleration of gravity, the parametric excitation a(t) is the effect of
the oscillating base of the container, and we have added an artificial dissipative term
proportional to V2u, as in Lin [15]. Specifically, we have c(t)
a(d2/dt2)cos(wt),
where a is the amplitude of the oscillations of the base of the container.
On the free boundary, u(x, t) (x, v(x, t), t), so ut Ct + CzVt, etc. Denote
w(x, t):= Cz(X, v(x, t), t), so that w N(v)u is a linear operator on u which depends
nonlinearly on v. In Theorem 6.1, we will borrow from Lin [15] a result on the smooth
dependence of w on u and v, in suitable function spaces of spatiM dependence.
Denote by
the operation of taking the mean over the domain D, i.e., D[f]
f" First, we modify the model so as to have the property [u] 0 preserved in time;
the property Iv]
0 is automatically preserved. Second, we replace the nonlinear
surface tension term--/V n, where n (-VxV, 1)/V/1 + IVxVl 2 on the free surface,
by /V2v, its linearization about the undisturbed solution v 0. In Lin’s paper one
finds both modifications; however, in his paper the second modification is done purely
for convenience. In fact, because his spaces K(r, s) satisfy K(r, O) c_ K(r, 2) for r > 2,
he can treat the nonlinear surface tension term as easily as its linearization. In our
formulation, it seems we must make this second modification, otherwise the spaces E
and F, described in 4, will not be suitable in 6 for f F
E. It is not clear if this
second modification is acceptable viz. physical experiments, for small oscillations.
In terms of v, u, w these modifications of (2.4) and (2.5) yield

fD

(2.6)

vt
ut

w

+ M1 (v, u),

/V2xV + #V2u (g a(t))v + M2(v, u) [M2(v, u)],

where

WlVxVl 2 VxU. Vxv,
1
1
M2(v, u) -ff [VxU[2 + E w2 (1 + IVxvl).
Ml(v, u)

o__

Ou
We take as boundary conditions 80 on OD, which follows from (2.3), and
0 on OD The latter is somewhat controversial; in fact, one could argue that
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instead of an artificial dissipation term #V2 in equation (2.5), one should introduce
damping in the boundary conditions. This has been brought to my attention by M.
Silber. Recently, Simonelli and Gollub [24] have described experiments in which the
free surface is at right-angle contact with the sidewalls of a rectangular container,
and this is consistent with ov 0 on OD. Douady [10] has described experiments in
which the free surface is pinned at the boundary, i.e., v
0 on OD, by the use of
felt on the walls of the container. It appears that this boundary condition cannot be
accommodated by our abstract framework.
To linearize equations (2.6) and (2.7), we need only replace w by N(O)u in equation (2.6) and replace M1 and M2 by 0. To this end, let A
--AN denote the
Neumann Laplacian on the complex Hilbert space L2(D) (u
with domain 7:)(A) {u e 2(D)" Au e 2(
=0on OD}. Throughout, assume
that D C_ R 2 is bounded and open and has the uniform C m regularity property, as in
Adams [1, _p. 67], with m as large as needed later. It is well known that A"
,2(D) --* L2(D) is a strictly positive definite, self-adjoint linear operator with compact inverse. Let {a2n} be the eigenvalues of A and Ca Cn (X) be the corresponding
_< _<
orthonormalized eigenfunctions; without loss of generality,
As in Henry
[12] or Pazy [21], one can define the fractional powers Af which in this situation are
4/
closed linear operators with domain X := {u e ],2(D)
From now on we will write
and denote un (u, Cn)L2(D). XZ is
instead of
a Hilbert space when given the inner product (u, v)
an tn;n.
From inspection of (2.1)-(2.3), Lin [15, 4] obtained the explicit result that

D),o-0

-:n

E

N(O)u

,-n=l2 a

n=l

n

tn tan h(tnh)unr)n

E tn)n.

for u

n

n

It follows that for any/, N(0) X/ --. XZ-(1/2) is a bounded linear operator. In fact
N(0) is close to being At 2 (--AN)l/2. To be precise, N(0) A/2 / A, where

Alu-

E tn(tanh(tnh)- 1)UnCn.

- n

Since 0 < an --+ c as n
cx), A1 X
linearization of (2.6)-(2.7) about u v

(2.8)

d-

u

X is a bounded linear operator. Thus, the
0 is

u

u

where

(2.9)

B--

(0-/d

-#A

(

0

Bl(t)- _(g_(t))i

0

Our plan for the rest of the paper is, first, to analyze the semigroup of linear
operators e tB on spaces which will be suitable for subsequent analysis; second, to
express the solution of (2.8) in terms of a family of evolution operators; third, to
establish a local existence and uniqueness theorem for the nonlinear problem (2.6)(2.7); and finally, to establish a local center manifold theorem for (2.6)-(2.7).
3. The semigroup e tB. First, we analyze the semigroup etB on the Hilbert
space X := XZ XZ-(1/2), for all/ >_ 1/2. We will be more specific about / when
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discussing the nonlinear problem in 6. Other choices of X are possible but less
convenient for our subsequent analysis of :D(B), :D(B2), and the nonlinear problem.
XZ+(1/2) x XZ+(1/2), which is itself a Hilbert space. From (2.9)
Choose :D(B)
B" :D(B) C X X is a closed, densely defined linear operator. In addition, B has a
compact resolvent, as one can see by explicit calculation of (AI-B)-’. as the operator
norm limit of natural finite-rank operators. The spectrum of B consists of those
which are eigenvalues and thus solve, for some n 1,

-

A

+A+
a(B). Let

For future reference, we note that 0
1

0.

(--, 6n), 6n :: [2 111/2.

The corresponding eigenfunctions of B are

-27

)"

,

Por convenience, assume
0 for a single the forms of e tB and
0 for all n. If
t
Be would be altered, but the results, (a.a) and Nllowing, would not be affected. By
diagonaliing B in each of the subspaces spanned by

after much calculation one finds that

(V, Cn)

where Vn

(3.2)

C

(

fD n, n

"(:)-1
-7

1

(, Cn), and

_+n n

)

C

:=

(_X()_II

_1

"=
notes that b c use
1 for all n, so
1 and, in fact, 1
2 and 0 <
n
,limn
and (3.2) will be convenient for subsequent analysis.
The norm on X XZ x X-(1/2) is given by

g

(3.1)

+

,

-

so one sees immediately that (3.1) defines a C i.e., strongly continuous, semigroup
e B of bounded linear operators on X. We note that, because
and possibly a finite
consists of two infinite sequences of real numbers tending to
all with Re
number of complex conjugate pairs of eigenvalues
< 0,
so {eB}0 is uniformly bounded. We calculate that

{A}no,

n

n

A
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so there exists a constant M such that

for t _> 0.

IItBet’l[ < M

(3.3)

e tB is differentiable for t

> 0 and 0 a(B). It follows from Pazy [21,
Thm. 2.5.2] that (i) {etB}t>o is an analytic semigroup of bounded linear operators on
X and (ii) -B is a sectorial operator, in the sense of Henry [12].

In addition,

4. Interpolation spaces for autonomous problems. Throughout this section, 0 is a fixed real number, 0 < 0 < 1.
In the approach of Henry [12] to nonlinear problems and invariant manifolds,
for a problem do
Bw + f(w) w E X, if -B is a sectorial operator generating
an analytic semigroup e tB, then one defines Xp
D((-B)p) and hypothesizes that
f Xp X for some 0 5 p < 1. Unfortunately, the nonlinear problem of ours
has a specific nonlinearity which does not allow this approach. From Lin [15], we
know that our nonlinearity takes H (D) x H (D) into H -1 (D) H r-1 (D) as long
X#I x X#., whenever we
as r > 2; see Theorem 6.1 below. It seems that if X
choose/71,/2 > in order to have H-I(D) x H-I(D) C_ X, it follows that to have
Xp C Hr(D) x H(D), one must take p
1. For example, the calculations of Chen
and Triggiani [5] and Rodriguez-Bernal [22] confirm this for many choices of/1,/72;
the details are omitted except to note that one can introduce x v and y A1/2u
and define operators

-

,

A= A3/2

and B=

(

0

I

-/A -#A2/3

)

In addition, the form of e tB leads one to suspect that, for all choices of/1 and/2, one
must take p- 1.
We can use another approach using interpolation spaces, as in daPrato and Grisvard [8] and many others, including Butzer and Berens [4], Sinestrari [25], daPrato
and Lunardi [9], and Angenent [2]. We will denote E
DB(O), to be defined below,
and F
DB(0 + 1) {w e T(B) Bw e DB(0)}, and we will show in later sections,
first, that the linear periodic problem (2.8) has some nice properties with regard to
these spaces E and F and, second, that the nonlinearities in problem (2.6)-(2.7) take
F into E nicely. The outstanding property of the spaces E and F is "maximal regularity," which has been put to good use by daPrato and Lunardi [9] to establish a
center manifold theorem for autonomous problems.
We follow the exposition by Angenent [2] of the daPrato and Grisvard construction [8]. Suppose E0 and E1 are real Banach spaces with E1 densely included in E0
and B E1
E0 is bounded and linear. Considered as an unbounded operator on
E0, we assume that B generates an analytic semigroup e tB. Throughout this section,
0 is a fixed real number, 0 < 0 < 1. We define E0 to be a space of traces, i.e., initial
values, of a certain class of functions

-

Yo := {y e C((O, 1]; El)Iq C1((0, 1]; Eo "limtl-(lly’(t)llEo
+ Ily(t)llE)- o}
t$o
with norm

sup
O<t<l

tx-(llY’(t)llE + IlY(t)IIE).

Specifically,

Eo := {w

w

y(0) for some y c: Yo}

CENTER MANIFOLD FOR SURFACE WAVES
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with norm

Ilwllo

inf {llyllo y e Yo, y(O)

w}.

Eo is a Banach space with this norm and that Eo DB(O) as
defined in daPrato and Lunardi [9]. Similarly, between the spaces E1 and E2 :=
E1 (B) {W E El gw El}, one can define El+o. If E0 X and E1 T(B),
then E2 T)(B2), EI+O DB(O-t-- 1), and T)(B2) C_ DB(O + 1) C_ D(B) C_ DB(O) C_ X,
as in daPrato and Grisvard [8] and Sinestrari [25].
These interpolation spaces are defined by using continuous functions, so in the
general theory of interpolation, Eo c_ (E1,Eo)o,. The interpolation in Lions and
Magenes [16] uses L 2 functions and can be notated
)1-0,2.
One should note that, in our problem, E0 X and E1 D(B) are spaces of
functions of x D, as are DB(O) and DB(O--k 1); the time variable appears only in
the definition of these spaces as initial values of functions of a time variable.
Because B generates an analytic semigroup e tB, there exists w,M such that
IletBIIL(X) <_ Met, where L(X) denotes the space of bounded linear operators from
X to X. It is known that
It is known that

Ill’BIlL<z> < Met

(4.1)

and that -B is sectorial on Z, for any choice of Z being X, D(B),DB(O), or DB(O+ 1),
although it might be necessary to increase M.
In our specific problem, the spectrum of B consists of { n }n>_l, where
1

Because 0 < tl 2 "’’, there exists w < 0 such that Re or(B) < w and there
M > 1 such that (4.1) holds with that w < 0.
In our problem, we take Eo X XZ XZ-(1/2) and E1 D(B) XZ+(1/2)
XZ+(1/2). One can calculate that E2
D(B2) {w e D(B) Bw e 7)(B)}

exists

XZ+I

XZ+I A {(v, u) ",/v + #u X+(3/2)}. The latter expresses an "interaction
condition." One can observe that interpolation commutes with the operation of taking
direct products, so that

Eo

(X +1/2 x X-I-1/2,X x Xl-l/2)O,oo
(XZ+l/e, XZ)o, + (XZ+I/, XZ-1/z)o,o.

We recall that XZ :D(AZ) where A- --AN on L2(D).
It is known from work of Grisvard [11] that, regarding 0 < fl < 1,
X/

/2Z(D) n {u"

o -0 on

OD}, <<1

(D) is the Sobolev space Ws,2(D) and, as before, a indicates "mean value
Put loosely, in XZ the boundary condition
-0 applies if it makes sense,
i.e., if VxUlaD makes sense as a trace of a distribution on OD. For 1 < fl < 2,

where H
zero.

X

{u X -1 ANU X-l}
n {’u" Ou 0 on OD},
2 n {u OnOU OAUon 0 on

1</<1/4}

OD}, }</<2

248
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It is known from daPrato and Grisvard [8, 6.1] that

(X+I/2, X)o, c_ {u e X Au E h2}
and

(X+l/2, X-1/2),oo

(4.3)

{u X -1/2 AZ-1/2u h22}.

Here h(D) stands for a Nikolsk’ii space, as in Nikolsk’ii [19], [20], Slobodeckii [26],
and Adams [1]. These spaces are actually a subclass of the Besov spaces. The only
property of these spaces we will use are the continuous imbeddings

(4.4)

Hs(D)

hs(D) H-(D)

for any > 0. We will use the property that interpolation preserves bounded linear
operators in order to avoid the need for detailed examination of the Nikolsk’ii spaces.
For the moment, we leave our specific operator B and specific space X and return
now to the general situation. We denote E Eo DB(O) and F El+o DB(O+ 1).
The maximal regularity property mentioned above is as follows:
for all

e(’-)S f (s) ds e

f e C([0, T); E),

C([0, ’]; F).

Proofs can be found in daPrato and Grisvard [8], Sinestrari [25], and Angenent [2],
among others. We apply results of this sort to our specific operator B and space X
in Propositions 4.1 and 4.2 below.
Many proofs of existence of invariant manifolds explicitly or implicitly involve
weighted spaces; see, for example, Chow, Lin, and Lu [7] and van Gils and Vanderbauwhede [28]. For a Banach space Z, a
r/E I, define

,

C((-oc, hi; Z)= {f’f continuous on (-oe, a]

and

where its norm is
<cr

Similarly define

Cn([a, oo); Z)= {f’f continuous on [a, oc)

and

Ilfllo,,+,z < o},

where

Ilfl[o,,+,z

supeotlf(t)lz.

Me t, for some w < 0 and M _> 1, from
Recall that in our problem I]etBIIn(z
of
Z
where
is
any
X,
19(B),DB(O),DB(O + 1). Here, 0 is a fixed real number
(4.1),
with 0 < 0 < 1. We apply two results of daPrato and Lunardi [9, pp. 118-120] to our
specific B and X to get the following propositions.
PROPOSITION 4.1. With B as in (2.9), X XZ XZ-(1/2), :D(B) XZ+(1/2)
X/+(1/2), and M,w as in (4.1), choose any such that w + < O. Then there exists
K+ g+(,w,a,O) such that f(.) e(’-)Bf(s)ds defines a bounded linear operator
C([a, oo);E) C([a, oo);F) with I]+1[ < K+, where E- DB(O),F

.+

DB(O + 1).

-

f
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PROPOSITION 4.2. With B, M and w, as in Proposition 4.1, choose any rl such
< O. Then there exists K_ K-(rl, w, a, 0) such that

that w-rl

f(.)

f

e(’-s)B f (s) ds

defines a bounded linear operator _" C,((-oc, a]; E) -+ C,((-oc, a]; F)

with

I1_11 <_

K_, where E- DB(O) and F- DB(O + 1).
These two propositions express a maximal regularity property useful for the proof
of the existence of an invariant manifold for an autonomous problem. In the next
section, these two propositions will imply similar properties for a periodic problem.
5. A family of evolution operators for equation (2.8). Given two normed
linear spaces Z1 and Z2, L(Z1, Z2) denotes the space of bounded linear operators with
the operator norm.
In this section, we establish a new result for periodic problems considered in the
framework of interpolation spaces.
DEFINITION. A family of evolution operators {O(t, s)} consists of bounded linear
operators on a space Z for t >_ s satisfying (I)(s, s) I, (I)(tl, s)O(s, t2) (I)(tl, t2) for
all tl >_ 8 >_ t2 in IR, and {O(t, s) t >_ s} is strongly continuous in (t, s) with values
in L(Z).
Assume -B is sectorial on a Banach space .and t
L(Ep, E) is
Bl(t)
HSlder-continuous with exponent < 1. The work of Henry [12, 7.1] shows that the
solutions of

- -

dw

{ w(s)-

(5.1)
are given by
satisfies

(5.2)

w(t)

Bw + Bl (t)w,
wo E

}

O(t, s)wo, where {O(t, s)} is a family of evolution operators which
(I)(t, s)

e(t-s) B

+

e(t-r)BBl (-)O(-, s) dr

for t _> s. Moreover, if gl(’) iS periodic with period T, then O(t + T, s + T) (I)(t, s)
for t > s.
In our particular problem (2.8), we can take p 0, i.e., Ep E.
For the periodic problem (5.1), one can define the period map U(t) O(t / T, t).
In our problem, B has compact resolvent on X. The same argument, approximation
in the uniform operator norm by a sequence of finite rank operators, shows that B has
compact resolvent on 7)(B). By interpolation, we see that B has compact resolvent
on E
DB(0), where we fix any 0 E (0, 1). From Henry [12, 7.2], the nonzero
eigenvalues of U(t) are independent of time t and constitute all of the spectrum of
U(t) with the exception of 0, which is in the continuous spectrum of U(t) since it is a
compact operator.
PROPOSITION 5.1 (Henry [12, Thm. 7.2.3 et seq.]). If all of the characteristic
multipliers of the problem (2.8), i.e problem (5.1) in our specific case, are of modulus
less than 1 and bounded away from 1, then there exist M >_ 1 and & < 0 such that

II((t,s)IIL(E,Ep) <_ M(t-s)-PeC(t-8), for t > s.
Proof. It suffices to show that t H Bl(t) [0, T] --+ L(Ep, E) is HSlder continuous. Looking at (2.9) we see that t
Bl(t) [0, T] -+ L(A’) and t -+ Bl(t)
(5.3)

-
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[0, T] L(I)(B)) are Hhlder continuous, so the desired result follows by interpolation
[:l
of bounded linear operators.
PROPOSITION 5.2. Assume that B1 (.) is periodic with period T, BI(.) [0, T]
L(Ep, E) is Hhlder continuous, and (5.3) holds, apart from any assumption as to the
the map
sign of v. If l is chosen so that ; + < 0 and &-7 < O, then, for all a E

,

-/_"

f(.)

(I)(., 8)f(8) ds

defines a bounded linear operator

c,((-o0,

o1; F)

E)

and the map

f (.)

((., s) f (s) ds

defines a bounded linear operator

+

Cv([a cx)); E)

Cv([a oe); F).

DB(O) and F DB(O + 1), as in 4.
Proof. We prove the result for _; the result for + can be proved similarly.
any f 6 Cv((-x, hi; E) and define u(.) f- (., s)f(s) ds. From (5.2),
Here, E

e(t-s)Bf(s)ds +

u(t)
The first term is in

Fix

e(t-r)BB(T)((T,s)d’f(s)ds.

C,((-oo, hi; F), by Proposition 4.2, with

Rewrite the second term as

e(t-s) s

_

B (T)((T, s) f (s) ds dT :=

e(t--r)" g(T) dT.

Using Proposition 4.2 again, to complete the proof it will suffice to show that g
C((-oo, a]; E) and that there is a constant C, independent of f, such that Ilgllv,,-,E
CIIfllv,,_,E. We have for all T A a, denoting m- max0<<T (T)IIL(Ep,E),
e-W"

]/r_ Bl (T)((T, s) f (s)

Since p

ds

IIB

mM

<--

( s)-,e(-8)e-V(-S)e-vs[f(s)lE ds

mMllflin,,_,E

(T s)-Pe(-n)("-s) ds.

< 1, f__roo (T s)-Pe(-v)(r-s) ds < oo, and the proposition is proven.

In our problem we will only use p- 0, i.e., Ep E.
COROLLARY 5.3 (to Proposition 5.1). For the linear homogeneous periodic problem (2.8), if I111oo
max0<<T Ic(t)l is sufficiently small, then the zero solution
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v =_ u

=-- 0 is exponentially asymptotically stable in Z, where Z is any of the spaces

X, I)(B), E, and F.

Proof. Problem (2.8) defines O(t, s), which can be considered as a block diagonal
((I)n(t, s))=l, where On(t,s) is a 2 2 principal fundamental matrix for the

matrix

problem

(5.4)

()) (

0

1, 2, n >_ 1 of (5.4)
-+
to
and
for
modulus
all
have
less
than 1 for all n if
zero
as
oo
n
(i) go
(ii)
Ilall
is
small.
IIcll sufficiently
Fix an n and denote Cn
#tC2n, an (9/2n + g)an tan h(anh). Rescale the time
variable by T ct and apply Grhnwall’s inequality to (5.4) with c 0 considered as
a perturbation of (5.4) with a 0 to conclude that

It will suffice to show that the characteristic multipliers #,j,j

_

where Xn := 0, if C2n _< 4an, and Xn "= n, if C2n
4a, where (n :---- 1/2 V/C2n- 4a,
and m is a constant uniformly bounded in n. Results (i) and (ii) follow from easy but
tedious asymptotics in (5.5), using
6. The nonlinearities in equations (2.6)-(2.7). Fix a e (0, 1) and denote
DB(0),F Ds(0 + 1), where B is in equation (2.9). We can write equations
(2.6)-(2.7) abstractly as

E

dw
dt

(6.1)

(B + B1 (t))w + f(w),

,

where f(w) (fl(w), f2(w)), w (v, u). The purpose of this section is to show that
f" F E is C using a result of Lin [15].
Recall that

f (v, u)
(6.3)

f2(v, u)

-

VxU. VxV,

wlVxvl

[M2(v, u)],

M2(v, u)

1

.Me(v, u)
and

[Vxul +

mean value over

1

D,

w2(1 + iVxV[2 ),

N(v)u

w
is constructed from the solution

Cz(X, v(x, t), t)
of equations (2.1)-(2.3).

THEOREM 6.1 (Lin [15, Thm. 4.3, "fixed t" part of the

For sufficiently small
exists and is C c.

IV[H(D),

the map

(v, u)

proof]): Fix any r > 2.
x Hr(D)
Hr(D)
Hr(D)
N(v)u

The proof consists of mapping the region tv "= {(x,z) -h < z < v(x),x e D}
diffeomorphically to 0
v[--0 and solving a perturbation of Laplace’s equation in
Ft0. The diffeomorphism exists because ]VlH(D is small and r > 2; the perturbation
is small because [VlH,-(D is, SO the implicit function theorem can be applied. The
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proof uses a result of Zolesio [29] on multiplication of elements of Sobolev spaces of
fractional order.
To show f" F -+ E is C we use the following theorem.
THEOREM 6.2 (daPrato and Grisvard [8, Thin. 2.4]). Suppose 0 < 0 < l, f"
-+
X1 X2 is Frdchet differentiable and flY1 Y1 --+ Y2 is uniformly Lipschitz, where
lq --+ Xi are continuously imbedded Banach spaces. Then f (Y1,X1)e; --+ (Y2,

,

X2);oo

is continuous.

< 1, E DB(O),F DB(O-+-1), /X1 i8 an
and
0
E
2)(B)
b12 is an open neighborhood of 0 e 2)(B2). If
of
X and flu. "H2 c T)(B 2) --+ T)(B) is C then so is f l c F -+ E,
f H1 c 9(B)
for some 1? an open neighborhood of 0 F.
COROLLARY 6.4. Suppose 0 < 0 < 1,E DB(0),F Dt(O + 1),X XZ
and r > 2. If the region D is a
X/-(1/2),:D(B) Xfl+(1/2) x X+(/2), r2
rectangle, then there is an open neighborhood of 0 F such that f defined by (6.1)(6.2) satisfies f" 1 E is C
then :D(B) c /r(D) x /;r(D) and 2)(B 2)
Proof. First of all, if fl r-__A1
2
(XZ+ x XZ+) A {v, u) "yv + #u e Hz+(a/2)} C/+I(D) x/+(D). By Theorem
6.1, for sufficiently small 5 > 0, f maps//1
{(v,u) e )(B)’lv[y(D < 5} into
it
in
maps
fact,
into/-l(D) x -l(D) because clearly [f2] 0
H-I(D) Hr-l(D),
and [f] 0 is noted in Lin [15, 6]. Again the result on multiplication_of Zolesio_ [29] is
used. Likewise, f maps H2 {(v, u) e 2)(B2)’lvlYi+(D) < 5} into H(D) x H(D).
The only thing remaining is to check that f(v, u) satisfies any boundary conditions
required to have (i) f(v, u) e XZ x Xfl-(1/2) X when (v, u) e :D(B) XZ+(1/2)
Xfl+(/2) and (ii) f(v, u) e X/+(1/2) x X/+(/2), when (v, u) e :D(B2).
The only boundary conditions which might need to be satisfied are of the form
For example, if > r > 2,
Acfj 0, integer i > 0, j 1 or 2. Recall that fl
fl-(1/2)
then X
/r-2(D), XZ /-1 (D), XZ+(/2) -/;r (D)Cl {u" gg, 0 0 OD}.
Another example is if } > r > 25-, then XZ-(1/2) =/;r-2(D),XZ -/;r-l(D) Ci {u"
a 0 on OD}. Another example to
0 on OD}, and Xfl+(1/2) --/r(D) C {u" 8-g
note is that, if > r > XZ+(I/2)-/;r(D) ;q {u"
0 on OD}.
0,
In our problem, D is a rectangle, say D {x (Xl,X2)" 0 < xj < gj,j 1,2}
for some g,g2 > 0. The eigenfunctions are Cn(x)
cos(wa,nXl)COS(W2,,x2), where
the Cn’S are even functions
information
this
Because
of
that
explicit
2n.
+
w21, w22,n
of both Xl and x2 with respect to 0, we see that for r > 2, u, v, w H(D) are even
functions in Xl and x2 and that
COROLLARY 6.3. Suppose 0 <

-

,

open neighborhood

.

-

-

r.

,

on- u-

8-

-

fl
M2

na

1

WIVxV] 2 Vx?.t" VxV ( "-(D),
1
IVxl + w2(1 + iVxl e /-}r-1 (D),

f2

M2- [M2

are even functions of X and x2. Again, the result on multiplication of Zolesio [29] is
used. This implies that 0Aifj
0 on OD whenever it makes sense in terms of
trace of a distribution. It follows that (i) f satisfies the boundary conditions to be
in X XZ x Xfl-(1/2) whenever (v, u) e I)(B)
Zfl x Xfl-(1/2) and (ii) f satisfies
boundary conditions to be in D(B) XZ+(I/2) x XZ+(1/2) whenever (v, u) /)(B 2)

(Xfl+l X Xfl+l) ((V, t): "yV -}- ]_tt e H+(3/2)}.
This completes the proof of Corollary 6.4.
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THEOREM 6.5. For the nonlinear periodic problem (2.6)-(2.7), if/
>
there is a neighborhood bl of 0 E F DB(O + 1) C T)(B) X+(1/2) x Xf+(1/2) in
which there is existence and uniqueness of solutions, locally forward in time.
We note that if/ > 1, i.e., r > 3, the solutions are classical, i.e., C2(D) x C2(D),
by the Sobolev imbedding theorem. Theorem 6.5 can be proven by a standard use of
the contraction mapping theorem, along with Proposition 4.1 and Corollary 6.4.
We also have the following theorem.
THEOREM 6.6 (linearized stability). For the nonlinear periodic problem (2.6)(2.7), if > 1/2, then (v, u) 0 F is exponentially asymptotically stable in the sense

F,

I1 11

:= ma 0< <v

I (t)l

Theorem 6.6 can be proven in the usual way, using Proposition 4.1, Corollary
and
Corollary 6.4; see, e.g., the proof of daPrato and Lunardi [9, Thm. 2.2]. The
5.3,
restriction "locally in F" is due to the same restriction in Corollary 6.4.

7. A local center-unstable manifold theorem for problem (2.6):-(2.7).
As usual, we fix a
(0, 1).
DEFINITION. A C k local center-unstable manifold in Z for a T-periodic problem,
i.e., periodic with period T,
dw
dt

(7.1)
is a set

_

(B + Bl(t))w + f(w),w e Z

of the form
J4

{ (t,

+ h(t, 1))" 1 e Ul (t), t ]}

]t

Z,

where for all t, Z

-

Z1 (t) ( Z2(t),bll(t) is a neighborhood of 0 Zl(t)h(t, .) ://1
C
is
k, h(t, 0) 0, d.h(t, O) =_ O, where d denotes a Frdchet derivative, and A/[ is
Z2(t)
invariant forward in time t for (7.1).
We note from the proof of Corollary 5.3 that, for the linear problem (2.8), there
are at most finitely many unstable modes, corresponding to characteristic multipliers
of modulus greater than 1, no matter how large Ilall := max0<t<T la(t)l. We assume
a is such that (2.8) has a positive finite number of characteristic multipliers
(H) greater than or equal to 1.

Correspondingly, there is for each t 1 a finite-rank projection P1 (t) on the Hilbert
space A’; we denote P2(t) I- Pl(t). In an abuse of notation we use P (t) to denote
the restriction of Pl(t) to E DB(O) or F DB(O + 1); the latter are not Hilbert
spaces, but the linear operators Pl(t) are still uniformly bounded in t, by interpolation.
In fact, one can choose P(t)so that the evolution family {O(t,s)Pl(s)} satisfies

O(t, s)P1 (s)
Moreover, because dimPl(s)E

<

Pl (t)O(t, s), t >_

s.

oc for all s, the evolution family

can be extended to satisfy

O(t, s)P (s)

(t,

)P1

P1 (t)O(t, s),

)P1

{O(t,s)Pl(s)}
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for all t, s, T; in an abuse of notation, we have not bothered to renotate this extended
family. Recall that < oc. By hypothesis (H), there exists M1 _> 1,021 } 0 such that

(7.2)

IIg2(t,s)PI(s)IIL(E,F) <_ Mle-l(t-s)

IlO(t,s)Pl(s)lIi(E) <_ Mle-l(t-s)

for t _< s.
for t _< s,

i.e., backwards in time. In fact, since all of the characteristic multipliers of q)(t +
are of modulus greater than or equal to 1, one may choose positive Wl as
close to 0 as desired, although perhaps at the expense of increasing M. Because of
estimate (7.2) and the fact that dim Pl(s)E
< oc for all s, one has a backwards
maximal regularity result, as in daPrato and Lunardi [9, Thin. 2.4].
LEMMA 7.1(corollary to Proposition 5.2). Assume that B(.) is periodic with
period T, BI(.)" [0, T] -. i(Ep, E) is Hb’lder continuous, hypothesis (U) holds, and 7
is chosen so that w 7 < 0, where COl i8 a8 in (7.2). Then for all a E 1, the map

T, T)P (t)

_

(., s)P (s) f (s) ds

f(.) H

defines a bounded linear operator

E)

F).

By hypothesis (H) and the definitions of P (t) and P2(t), we have that there exists
M2 1, & < 0 such that

IIO(t,s)P2(s)IIL(E,F <_ M2e(t-8),

for t >_ s

by Proposition 5.1.
LEMMA 7.2 (corollary to Proposition 5.2). Assume that BI(.) is periodic with
period T, B (.): [0, T]
L(Ep, E) is HSlder continuous, hypothesis (H) holds, and 7
is chosen so that
7 < O, where ( is as in (7.3). Then for all a I, the map

-

f(.)

/’_

O(.,s)P2(s)f(s) ds

defines a bounded linear operator
_"

Cv((-oc, a]; E)

-

Cv((-oc, a]; F).

To help in what follows, here are some comparisons of notation in related papers.
Chow and Lu’s [6] -a- 7,- + 7, correspond to our w,&, and their 7, C(-,X)
correspond to our 7, Cv((-c, a]; F). Chow, Lin, and Lu’s [7] a and -/ correspond to
our w and &, and their /and Ej(-/,X) correspond to our -7 and Cu((-oc, a];F).
DaPrato and Lunardi’s [9, proof of Thm. 3.1] Wl and -it correspond to our & and 7.
Chow and Lu’s [6] condition/+ (k-1)7 > 0 corresponds to our condition &-k7 < 0.
Chow, Lin, and Lu’s [7] spectral gap conditions a < /_< k7 </ correspond to our
conditions w + < 0, 7 < 0, & k7 < 0, & < 0, and hypothesis (H). DaPrato and
Lunardi’s spectral gap condition 1 < 0 _< A2 and Wl / it < 0 correspond to our
conditions & < 0, hypothesis (H), and &-7 < 0.
THEOREM 7.3. Assume (H). For any integer k >_ 1, there exists a local centerunstable manifold All of dimension for the nonlinear periodic problem (2.6)-(2.7)
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and hence for a model of the Faraday resonance. If we fix 0 < 0 < 1, r > 2, then
J4 C
F, where F DB(O + 1) C D(B) Xr/2 Xr/2 C I(D) (D). If
r + 0 > 3 then the solutions are classical.
Proof. Fix any r > 2 and 0 < 0 < 1 and define E DB(O),F DB(O+
Fix
any a E I. Use Lemma 7.2 to define a bounded linear operator /_, and
1).
use Lemma 7.1 to define a bounded linear operator/+. The that one chooses is
determined by the Wl in Lemma 7.1 and & in Lemma 7.2. One chooses < 0 such
that &- kr] < 0 and Wl-7 < 0. By Corollary 6.4, there is a neighborhood of
0 E b/ C F such that f b/ E is C a. The proofs of Chow and Lu [6, 3 and 4]
for autonomous problems and Chow, Lin, and Lu [7, Lem. 3.1 and 3.2 and Thm. 3.3]
for nonautonomous problems work just as well. First, one defines a bounded linear
operator T Cv((-oc, a];E
Cv((-c,a];F by f(.) fO(.,s)Pl(s)f(s)ds +
f- (., s)P2(s)f(s)ds. After making the usual cutoff function alteration of f to get
a function with sufficiently small Lipschitz constant, the solution of the integral
equation

99(t)

(I)(t, a)l +

(t, s)Pl(s)((s)) ds +

is denoted by (t; a, 1) for t _< a, 1
manifold A/[ is then defined by

h(o’, 1)

(I)(t, s)P2(s)(ga(s)) ds

5/1 (a). The function h which gives the integral

(o’,s)P(s)’(q(s;o’,l))ds (o; o’,1)-1.

See also daPrato and Lunardi [9] for autonomous problems. The conclusion about
when the solutions are classical follows from (4.2)-(4.4) and the fact that F D(O +

1)- {w e D(B)" Bw e D(0)}.
We note that, as usual, .M may depend on k and the choice of the cutoff function
used in the proof. If, in addition, P1 (t + T) P1 (t), then h(t + T, 1
h(t, 1) follows
from (t + T, s + T) (t, s). So, if the lineariation has only decaying modes and
simple periodic solutions, then we get a periodic center manifold.
THEOREM 7.4 (exponential attractivity with asymptotic phase). For ny integer k >_ 1 the local center-nstable manifold 3d for problems (2.6)-(2.7) is locally ezponentiall attractive, i.e., there exists a neighborhood bl of 3d sch that, if
w(t) (v(t), (t)) is a solution of (2.6)-(2.7) which ezists for t e [cr, oc) and sch
that (t, w(t)) e bl for t e [a, oe), thee there ezists solution w*(t) of (2.6)-(2.7), (a,
w*(a)) .M, sch that Iw(t) w*(t)l --, o as t o, ezponentill.
Pro@ If necessary, by taking 5/smaller than in Theorem 7.a, one can make the
Lipschit constant of f as small as one needs. The proof is then similar to that of
Chow and Lu [6, Thm. 5.1]; again, one uses the integral operators
The hypothesis that (t, w(t)) E 5/ for a _< t < c ensures that the solution of
(2.6)-(2.7) also satisfies the problem with a cutoff of f.
8. An example. We mention in passing a result of a sequel in preparation. For
a square tank, Silber and Knobloch [23], following experimental work of Simonelli and
Gollub [24], studied excitation of the (3, 2) and (2, 3) spatial modes. We were able to
calculate an approximate, local center manifold which reduces the dynamics to that
of a periodic system of ordinary differential equations

xq(t, x, y)

9 yq(t,y,x)

}
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where q(t,x, y)
the (3, 2) and (2,

a(t)x2 / b(t)y 2. Here, x, y correspond
3) spatial modes.

to the center directions for
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