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ABSTRACT

Ghanbarian-Alavijeh, Behzad Ph.D., Environmental Sciences Ph.D. program, Wright
State University, 2014. Modeling Physical and Hydraulic Properties of Disordered
Porous Media: Applications from Percolation Theory and Fractal Geometry.

A fundamental component of the hydrologic cycle is the movement of fluids in the pore
space of geological formations and soils. Prediction of the motion of fluids in such
porous materials requires first modeling the physical properties of the medium itself, and
second, invoking a capable theory to describe fluid transport in tortuous interconnected
pathways. In this dissertation, for the former we use fractal geometry since most
phenomena in nature are fractal, and for the latter percolation theory is applied because it
has successfully described flow and transport in disordered networks and media. We
propose models for the soil water retention curve and tortuosity. We also focus on
modeling different kinds of transport, such as air permeability, gas and solute diffusion,
unsaturated hydraulic conductivity, and dispersion.
Applications of critical path based analyses of flow and conduction properties reveals
asymmetry between the saturation dependence of the air and water permeabilities as well
as distinctions between the electrical and hydraulic conductivities. In particular, the
saturation dependence of the hydraulic conductivity is strongly dependent on the pore
size distribution, but that of the electrical conductivity is only weakly so, and the air
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permeability is not dependent. Gas diffusion relates more closely to the air permeability,
while solute diffusion is, under a wide range of circumstances, tied directly to the
electrical conductivity. Comparisons with experiment confirmed this.
Applying critical path analysis and universal scaling from percolation theory to media
that could be treated within the pore-solid fractal (PSF) approach, we developed
unimodal and bimodal models for unsaturated hydraulic conductivity in porous media.
Predictions were developed for unsaturated hydraulic conductivity using the soil water
retention curve. To evaluate our unimodal model we used 104 experiments from the
UNSODA database and compared with two other models. The results obtained indicated
that our non-universal percolation based model predicted unsaturated hydraulic
conductivity better than the other two models. In order to evaluate the bimodal models
for soil water retention and unsaturated hydraulic conductivity curves, we compared them
with 8 measured experiments collected from the UNSODA database. Although the
bimodal unsaturated hydraulic conductivity model was fitted well to the experiments, we
found discrepancy between measurements and predictions. We found that the predictions
were relatively more successful for the first regime at large water contents than the
second regime at low water contents.
The universal scaling law from percolation theory was confirmed for the saturation
dependence of the air permeability. Analyzing two independent databases including 39
experiments showed that the experimental exponent was 2.028 ± 0.028 and 1.814 ± 0.386
for the first and second databases, respectively. We found the extracted exponent in the
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power law fit is most sensitive to the measured values of the air permeability at low
values of the air-filled porosity, and in cases where these experimental values are
missing, the data can yield values significantly different from 2. We also found that the
threshold value of the air-filled porosity could be predicted reasonably from the wet end
of the soil water retention curve.
Diffusion modeling in percolation clusters provided a theoretical framework to address
gas and solute transport in porous media. Theoretically, above the percolation threshold,
the saturation dependence of gas and solute diffusion should follow universal scaling
from percolation theory with an exponent of 2.0. In order to evaluate our hypothesis, we
used 71 and 106 gas and solute experiments, respectively, including different types of
porous media available in the literature. Although our results conclusively confirmed the
universality of gas diffusion, we found scatter in solute diffusion data. Nonetheless, the
experimental exponent of solute diffusion was very close to 2 (1.842). We found that
combining percolation and effective medium theories resulted in an accurate numerical
prefactor for both gas and solute diffusion.
We also developed a saturation dependence model for dispersion. Based on concepts
from critical path analysis, cluster statistics of percolation, and fractal scaling of
percolation clusters we derived an expression for the characteristic velocities along
different pathways through the network. We compared our theoretical framework for
solute transport with two experimental databases. Our model evaluation with experiments
indicated excellent results. In the first dataset, we fitted our model to the arrival time
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distribution calculated from the measured breakthrough curve at saturation and
determined the model parameters. Then those parameters were used to predict the arrival
time distribution at two other saturations, giving an excellent match with the
measurements. In the second dataset, the arrival time distribution was predicted from the
measured soil water retention curve. Our results indicated that we predicted the arrival
time distribution very well for 5 unsaturated experiments.

	
   vi	
  
	
  

TABLE OF CONTENTS
Page
I. GENERAL INTRODUCTION ........................................................................................1
1. Fractal approach .......................................................................................5
1.1. The Rieu and Sposito (RS) model ..........................................11
1.2. The pore-solid fractal model ...................................................13
1.3. A general fractal model ...........................................................16
2. Percolation theory ..................................................................................19
2.1. Site, bond and continuum percolation ....................................22
2.2. Universal properties in percolation theory ..............................29
2.3. Length scale dependence of universal properties ...................31
3. Widely applied soil hydraulic properties models...................................35
3.1. Soil water retention curve .......................................................36
3.2. Tortuosity in unsaturated media..............................................37
3.3. Air permeability ......................................................................38
3.4. Gas and solute diffusion..........................................................39
3.5. Unsaturated hydraulic conductivity ........................................41
3.6. Solute transport .......................................................................43
4. Scope and objectives ..............................................................................45

II. ESTIMATING THE SOIL WATER RETENTION CURVE FROM THE PARTICLESIZE DISTRIBUTION ......................................................................................................50
Article I. Estimation of Soil-Water Retention from Particle-Size Distribution:
	
   vii	
  
	
  

Fractal Approaches ................................................................................................51
1. Fractal approaches ...............................................................................51
2. The Kravchenko and Zhang model ........................................................51
3. The PSF model.......................................................................................52
4. The Hunt and Gee model .......................................................................53
5. Conclusions ............................................................................................54

III. TORTUOSITY IN SATURATED AND UNSATURATED POROUS MEDIA .......57
Article II. Tortuosity in Porous Media: A Critical Review ...................................58
1. Types of tortuosity .................................................................................59
2. Unifying concepts and contrasts ............................................................61
3. Specific tortuosity models for saturated porous media ..........................62
3.1. Geometric models ...................................................................62
3.2. Hydraulic conductivity models ...............................................64
3.3. Electrical conductivity models ................................................66
3.4. Liquid-phase diffusion-based models .....................................67
4. Existing tortuosity models for unsaturated porous media......................69
5. Tortuosity of porous catalysts ................................................................70
6. Conclusions ............................................................................................71
Article III. Percolation Theory Generates a Physically Based Description of
Tortuosity in Saturated and Unsaturated Porous Media ........................................75
1. Literature treatment of geometric tortuosity ..........................................76
2. Percolation-based geometrical tortuosity and finite-size scaling...........76
	
  viii	
  
	
  

3. Objectives ..............................................................................................77
4. Theory ....................................................................................................77
4.1. Percolation theory ...................................................................77
4.2. Finite-size scaling approach ....................................................78
4.3. Continuum percolation............................................................79
4.4. Tortuosity models for saturated and unsaturated media .........79
5. Results and discussion ...........................................................................80
5.1. Comparison with the existing models for saturated porous
media ..............................................................................................80
5.2. Comparison with existing models for unsaturated porous
media ..............................................................................................82
5.3. Tortuosity and connectivity ....................................................82
6. Conclusions ............................................................................................83

IV. SATURATION-DEPENDENT AIR PERMEABILITY MODEL .............................85
Article IV. Comparison of the Prediction of Universal Scaling of Saturation
Dependence of the Air Permeability with Experiments ........................................86
1. Introduction ............................................................................................86
2. Theory ....................................................................................................87
3. Application to the saturation dependence of the permeability...............88
4. Comparison with experiments ...............................................................89
5. Comparison with other methods ............................................................94
6. Conclusions ............................................................................................97

	
   ix	
  
	
  

V. SATURATION DEPENDENCE OF GAS AND SOLUTE DIFFUSION IN POROUS
MEDIA ............................................................................................................................100
Article V. Universal Scaling of Gas Diffusion in Porous Media .........................101
1. Introduction ..........................................................................................101
2. Theory ..................................................................................................104
2.1. Diffusion in percolation clusters ...........................................104
2.2. Continuum percolation..........................................................105
3. Materials and methods .........................................................................106
4. Results and discussion .........................................................................106
5. Conclusion ...........................................................................................113
Article VI. Saturation Dependence of Solute Diffusion in Porous Media:
Universal Scaling Compared with Experiments ..................................................116
1. Theory: universal scaling .....................................................................117
2. Results and discussion .........................................................................119
3. Conclusion ...........................................................................................120

VI. UNIMODAL AND BIMODAL MODELS OF UNSATURATED HYDRAULIC
CONDUCTIVITY ...........................................................................................................122
Article VII. Unsaturated Hydraulic Conductivity in Porous Media: Percolation
Theory ..................................................................................................................123
1. Introduction ..........................................................................................123
2. Theory ..................................................................................................124
2.1. Pore-size distribution ............................................................124
2.2. Unsaturated hydraulic conductivity model ...........................124
	
   x	
  
	
  

3. Materials and methods .........................................................................125
4. Results and discussion .........................................................................125
5. Conclusion ...........................................................................................129
Article VIII. Unsaturated Hydraulic Conductivity Modeling for Porous Media
with Two Fractal Regimes ...................................................................................131
1. Introduction ..........................................................................................131
2. Theory ..................................................................................................132
2.1. Soil water retention curve .....................................................132
2.2. Unsaturated hydraulic conductivity ......................................133
3. Materials and methods .........................................................................134
4. Results and discussion .........................................................................135
4.1. Unsaturated hydraulic conductivity prediction from soil water
retention curve ......................................................................135
4.2. Possible sources of error .......................................................135
4.2.1. Soil water retention curve may not represent the real
pore-size distribution .......................................................135
4.2.2. Poiseuille’s law may not be valid in natural porous
media ................................................................................137
4.3. Structural versus textural pores .............................................139
5. Conclusion ...........................................................................................140

VII. SATURATION DEPENDENCE OF DISPERSION IN POROUS MEDIA ...........142
Article IX. Saturation Dependence of Dispersion in Porous Media ....................143
1. Introduction ..........................................................................................143
	
   xi	
  
	
  

2. Theory ..................................................................................................144
2.1. Percolation theoretic approach ..............................................144
2.2. Basis for saturation dependence of percolation model .........144
2.3. Model ....................................................................................145
3. Results and discussion .........................................................................148
4. Comparison with experiments .............................................................151
4.1. Prediction of arrival time distribution at different saturations
from the breakthrough curve measured at saturation ...................151
4.2. Prediction of arrival time distribution at different saturations
from measured soil water retention data ......................................152
5. Summary ..............................................................................................154

VIII. GENERAL CONCLUSIONS & DIRECTIONS FOR FUTURE RESEARCH .....157
9.1. SWRC prediction from particle-size distribution .............................158
9.1.1. Finite-size effects at high saturations .................................159
9.1.2. Non-equilibrium condition at the dry end ..........................160
9.1.3. Contact angle assumptions.................................................161
9.2. Tortuosity in saturated and unsaturated porous media .....................162
9.3. Air permeability modeling in porous media .....................................164
9.4. Gas and solute diffusion in percolation clusters ...............................165
9.5. Unsaturated hydraulic conductivity ..................................................168
9.6. Saturation dependence of dispersion in porous media ......................172
9.7. Concluding remarks ..........................................................................177
	
   xii	
  
	
  

REFERENCES ................................................................................................................179
Appendix A. Permission to reprint ..................................................................................191

	
  xiii	
  
	
  

LIST OF FIGURES
Figure

Page

I. GENERAL INTRODUCTION ........................................................................................1
1.1. Exactly self-similar Sierpinski carpets after two iterations with fractal
dimension D = 1.893 and b = 3: (a) a solid fractal model constructed
of particles of the same size but pores of different sizes, (b) a pore
fractal model built up of particles of different sizes but pores of the
same size (after Ghanbarian et al., 2013). Note that the solid matrix is
shown in black, while pores are white .................................................9
1.2. Randomly (statistically) self-similar Sierpinski carpets after two
iterations with the same fractal dimension D = 1.893 and b = 3 used
in Fig. 1.1: (a) a solid fractal model, (b) a pore fractal model. Note
that black and white squares represent solid particles and pores,
respectively .........................................................................................11
1.3. 2D random pore-solid-fractal (PSF) models (generator on left and first
iterated on right) proposed by Perrier et al. (1999) where P = 0.375
(pore phase portion), S = 0.375 (solid phase portion), and F = 0.25
(fractal phase portion). Note that the scaling factor b = 4 ..................14
1.4. Square lattice (a), square lattice with 50% occupied sites (b), and
square lattice with 67% occupied sites (c) (After Berkowitz and
Ewing, 1998) ......................................................................................23
1.5. Bond percolation on a square lattice for which pc = 0.5, for two
different probability values 1/3 and 2/3 (After Golden, 2003)...........24
1.6. A Bethe lattice (Cayley tree) of coordination number 3 (a modified
version of Saberi, 2013) .....................................................................26
1.7. Continuum percolation of circles on a plane (after Ben-Avraham and
Havlin, 2000). This model is also known as Swiss-chees. The
percolation threshold of such a 2D system with overlapping circles is
0.312 (Ben-Avraham and Havlin, 2000) ............................................28
1.8. (Left axis:) Variation of the probability Π that a cluster spans the
sample for an infinite (L = ∞) and finite (L < ∞) system (after Stauffer
and Aharony, 1994). (Right axis:) The dashed line shows the p	
  xiv	
  
	
  

dependence of dΠ/dp, the probability that a spanning cluster appears
for the first time ..................................................................................35
II. ESTIMATING THE SOIL WATER RETENTION CURVE FROM THE PARTICLESIZE DISTRIBUTION ......................................................................................................50
Article I. Estimation of Soil-Water Retention from Particle-Size Distribution:
Fractal Approaches ................................................................................................51
1. Comparison of estimated SWRC using the Tyler and Wheatcraft (1990)
model (open squares) in which Dp was estimated from Eq. (8) with
measured one (filled diamonds) for the selected USDOE Hanford site
soils ........................................................................................................53
2. Comparison of estimated SWRC using the Rieu and Sposito (1991)
model (open squares) and algorithm developed by Hunt and Skinner
(2005) (open circles) with measured one (filled diamonds) for the
selected USDOE Hanford site soils (after Hunt and Skinner, 2005) ....55
III. TORTUOSITY IN SATURATED AND UNSATURATED POROUS MEDIA .......57
Article II. Tortuosity in Porous Media: A Critical Review ...................................58
1. Schematic of a possible (a) hydraulic (length Lh) and (b) geometric
(length Lg) flow pathway in a saturated porous medium (the porous
medium scheme is from Gvirtzman and Gorelick, 1991). Note that Lg is
shorter than Lh because Lg takes shortcuts that cross streamlines. As a
consequence, geometric tortuosity 𝜏!   < hydraulic tortuosity 𝜏! ...........60
2. The Wheatstone bridge configuration in which r1, r2, and r3 are pore
radii. Note that r3 is infinitely large. This simple model demonstrates
that geometric tortuosity 𝜏! < electrical tortuosity 𝜏! (or diffusive
tortuosity 𝜏! ) < hydraulic tortuosity 𝜏! . More details are given in Table
1 .............................................................................................................61
3. (a) A solid fractal model constructed of particles of the same size but
pores of different sizes, and (b) a pore fractal model built up of particles
of different sizes but pores of the same size. Note that the solid matrix
is shown in black, pores are white .........................................................63
4. Comparison of the prediction of geometric tortuosity 𝜏! using the Yu
and Li (2004) model, Eq. (7), the Lanfrey et al. (2010) model, Eq. (9), and
	
   xv	
  
	
  

the Li and Yu (2011) model, Eq. (10), in a saturated porous medium ......64
5. (a) Cubic and (b) tetrahedral arrays of monosized spheres used in the
Ahmadi et al. (2011) hydraulic tortuosity model (after Ahmadi et al.,
2011) ......................................................................................................65
6. Comparison of the prediction of hydraulic tortuosity 𝜏! using the
Mauret and Renaud (1997) model, Eq. (11), with contant P = 0.49; the
Motal et al. (2001) model, Eq. (12), with exponent 𝛽 = 0.4; the Du
Plessis and Masliyah (1991) model, Eq. (13); the Ahmadi et al. (2011)
model, Eq. (14); the Koponen et al. (1996) model, Eq. (16); the
Koponen et al. (1997) model, Eq. (17), with percolation threshold 𝜙! =
0.33; and the Matyka et al. (2008) model, Eq. (11), with P = 0.77 in a
saturated porous medium.......................................................................67
7. Comparison of the prediction of electrical tortuosity 𝜏! using the
Maxwell (1873) model, Eq. (19); Eq. (11) with constant P = 0.49; the
Archie (1942) model, Eq. (20), with exponent m = 2; and the Coleman
and Vassilicos (2008) model, Eq. (21), with random walk fractal
dimension Dw = 2.13 and Sierpinski carpet mass fractal dimension Dm
= 2.50 in a saturated porous medium ....................................................68
8. Comparison of the prediction of diffusive tortuosity 𝜏! using the
Weissberg (1963) model, Eq. (11), with constant P = 0.50; the Tsai and
Strieder (1986) model, Eq. (11), with P = 1; the Delgado (2006) model,
Eq. (12), with exponent 𝛽 = 0.40; the Beeckman (1990) model, Eq.
(22); and the Iversen and Jorgensen (1993) model, Eq. (23), with soil
texture related constant q = 1 in a saturated porous medium ................69
9. Comparison of the prediction of relative tortuosity 𝜏! using the Burdine
(1953) model, Eq. (25), with constant 𝜆 = 2; the Mualem (1976) model,
Eq. (25), with 𝜆 = 0.50; the Millington and Quirk (1961) model, Eq.
(27); and the Coleman and Vassilicos (2008) model, Eq. (29), with
random walk fractal dimension 𝐷! = 2.13 and Sierpinski carpet mass
fractal dimension 𝐷! = 2.50 in an unsaturated porous medium with
porosity of 0.40......................................................................................70
Article III. Percolation Theory Generates a Physically Based Description of
Tortuosity in Saturated and Unsaturated Porous Media ........................................75
1. One possible geometrical flow path 𝐿! (the porous medium scheme is
from Gvirtzman and Gorelick, 1991) ....................................................76
	
  xvi	
  
	
  

2. (a) Square lattice, (b) square lattice with 50% occupied sites, and (c)
square lattice with 67% occupied sites (after Berkowitz and Ewing,
1998) ......................................................................................................77
3. Comparison of predicted saturated geometrical tortuosity 𝜏! |!"# using
the percolation theory model, Eq. (8), where water content 𝜃 = 𝜙, the
fractal dimensionality of the optimal path 𝐷!"# = 1.21, and scaling
exponent 𝜈 = 4/3, with the two-dimensional numerical simulations
(hydraulic tortuosity) presented by Koponen et al. (1997) in saturated
porous media. The percolation threshold is 0.33, Ls = 100, and C = 0.85
(Kapitulnik et al., 1983) for 𝜙 > 0.55, and Ls = 200 and C = 0.85
(Kapitulnik et al., 1983) for 𝜙 < 0.55, where Ls is the sample size or
straight-line length across the medium and C is a numerical factor in
Eq. (2) ....................................................................................................80
4. Comparison of predicted saturated geometrical tortuosity 𝜏! |!"# using
the percolation theory model, Eq. (8), where water content 𝜃 = 𝜙, the
fractal dimensionality of the optimal path 𝐷!"# = 1.21, and scaling
exponent 𝜈 = 4/3, with the two-dimensional numerical results
(hydraulic tortuosity) of Matyka et al. (2008) in saturated porous media
as a functions of (a) porosity and (b) system size. The percolation
threshold is 0.367, Ls = 200, and C = 0.85 (Kapitulnik et al., 1983),
where Ls is the sample size or straight-line length across the medium
and C is a numerical factor in Eq. (2)....................................................80
5. Comparison of predicted saturated geometrical tortuosity 𝜏! |!"# using
the percolation theory model, Eq. (8), where water content 𝜃 = 𝜙, with
the functional fit extracted from three-dimensional experimental results
(hydraulic tortuosity) by Mota et al. (2001) in saturated porous media.
We used the three-dimensional values for the fractal dimensionality of
the optimal path 𝐷!"# = 1.43 and scaling exponent 𝜈 = 0.88, took the
percolation threshold water content 𝜃! = 0, and chose C ≪ Ls (C/Ls =
0), neglecting finite-size effects, where C is a numerical factor in Eq.
(2) & Ls is the sample size or straight-line length across the medium ..81
6. Comparison of predicted saturated geometrical tortuosity 𝜏! |!"# using
the percolation theory model, Eq. (8), where 𝜃 = 𝜙, with the threedimensional experimental results of Barrande et al. (2007) (electrical
tortuosity) and Delgado (2006) (diffusive tortuosity) in saturated porous
media. We used the three-dimensional values for the fractal
dimensionality of the optimal path 𝐷!"# = 1.43 and scaling exponent 𝜈
	
  xvii	
  
	
  

= 0.88. We chose the percolation threshold water content 𝜃! = 0.1𝜙 and
C ≪ Ls (C/Ls = 0), neglecting finite-size effects, where C is a numerical
factor in Eq. (2) and Ls is the sample size or straight-line length across
the medium ............................................................................................81
7. Comparison of predicted relative (geometrical) tortuosity 𝜏! applying
the percolation theory model, Eq. (9), with the three-dimensional value
of scaling exponent 𝜈 = 0.88, and using two different choices of
percolation classes (the fractal dimensionality of the backbone cluster
𝐷! = 1.87 and the fractal dimensionality the optimal path 𝐷!"# = 1.43),
with the Burdine and Mualem (hydraulic) tortuosity models, Eq. (12).
We used values for a typical soil of porosity 𝜙 = 0.5 and percolation
threshold water content 𝜃! = 0.05 (0.1𝜙), and chose C ≪ Ls (C/Ls = 0),
neglecting finite-size effects, where C is a numerical factor in Eq. (2)
and Ls is the sample size or straight-line length across the medium .....82
IV. SATURATION-DEPENDENT AIR PERMEABILITY MODEL .............................85
Article IV. Comparison of the Prediction of Universal Scaling of Saturation
Dependence of the Air Permeability with Experiments ........................................86
1. Comparison of air permeability with universal percolation scaling
(equation (2)). Data are from Unsal et al. (2005) ..................................89
2. Direct comparison of predicted and observed values of the air
permeability. Note that the linear regression rendered a slope of 0.974
and R2 = 0.997 .......................................................................................89
3. Comparison of air permeability with universal percolation scaling
(equation (3)) for 12 samples ................................................................90
4. Relative air permeability versus relative air-filled porosity for all
samples of (a) database 1 and (b) database 2 in log-log scale ...............94
5. Relative air permeability versus relative air-filled porosity for Columbia
sandy loam from Tuli and Hopmans (2004) with six lowest air
permeability values removed (open circles) ..........................................94
6. Schematic of the procedure proposed in this study to estimate water
content at the crossover point (𝜃! ) and, consequently, the threshold
value of the air-filled porosity. The open circles are measured points of
soil water retention, the solid lines represent changes in water retention
	
  xviii	
  
	
  

slopes, and the dashed line indicates the water content at the crossover
point .......................................................................................................95
7. The threshold value of the air-filled porosity (εt) calculated by directly
fitting equation (3) to the measured air permeability data versus the
estimated one (ϕ - θi) using the method proposed in this study ............95
8. Estimated relative air permeability using (a) the universal percolation
scaling approach (equation (3)), (b) the soil type-independent model of
Millington and Quirk (1960) (equation (4)), (c) the BBC model
(Equation (5)), and (d) the Kawamoto et al. (2006) model (equation (6))
versus the measured one. The solid line represents the fitted linear
equation, and the dashed line shows the 1:1 line ..................................96
V. SATURATION DEPENDENCE OF GAS AND SOLUTE DIFFUSION IN POROUS
MEDIA ............................................................................................................................100
Article V. Universal Scaling of Gas Diffusion in Porous Media .........................101
1. Relative gas diffusion Dp/D0 versus relative air-filled porosity (ε - εt)/(1
- εt) for (a) Moldrup et al. (2000a), (b) Moldrup et al. (2000b), (c)
Moldrup et al. (2003), (d) Moldrup et al. (2004), (e) Moldrup et al.
(2005a), (f) Moldrup et al. (2005b), and (g) Moldrup et al. (2005c)
databases used in this study .................................................................109
2. Relative gas diffusion Dp/D0 versus relative air-filled porosity (ε - εt)/(1
- εt) for all seven databases (including 632 data points) used in this
study ....................................................................................................110
3. A schematic interpretation of gas diffusion including both the universal
quadratic and linear scaling results from percolation theory and the
effective medium approach, respectively. Note that, we set εt = 0.05, the
average experimental value, and stipulated that εx = 0.75 (Kirkpatrick,
1973). Although numerical simulations confirmed the crossover to
linear scaling, of course they did not show an actual kink, but rather, a
gradual change from a quadratic to linear dependence on p – pc in the
vicinity of εx = 0.75 .............................................................................111
4. Comparison of two different values of air-filled porosity threshold (a) εt
= 0, and (b) εt = 0.102 in the fitting process for the undisturbed sample
Oss C in the Moldrup et al. (2000a) database. ....................................112

	
   xix	
  
	
  

5. Predicted gas diffusion versus measured one using (a) universal scaling
model (equation (15a)) with εt = 0.1ϕ (Hunt, 2004a) and εx = 0.75
(Kirkpatrick, 1973), (b) Buckingham’s model (equation (3)) with m = 2,
and (c) Millington and Quirk’s model (equation (5)) for all 71
experiments used in this study. Note that the largest measured air-filled
porosity was applied where porosity value was unknown ..................112
Article VI. Saturation Dependence of Solute Diffusion in Porous Media:
Universal Scaling Compared with Experiments ..................................................116
1. Bond percolation on a square lattice for two different occupation
probabilities p: (a) p = 1/3 (p < critical probability pc = 0.5), and (b) p =
2/3 (p > pc = 0.5) (after Golden, 2003) ................................................117
2. A schematic interpretation of solute diffusion on the cubic lattice with
critical probability pc = 0.2488 and coordination number Z = 6,
including the universal scaling results from percolation theory and the
effective medium approach. Here we stipulated that crossover
probability px = 0.75 (Kirkpatrick, 1973); Ds and D0 are solute diffusion
coefficients in the porous medium and free space, respectively .........118
3. Comparison of universal scaling (Eq. (7a)) with 106 experiments (766
data points) reported in the literature. The dashed line represents the
universal scaling and the solid line a fitted power-law equation. In this
analysis, we set the water content at the crossover point θx = 0.75, and
the critical water content θc is a fitting parameter; Ds and D0 are solute
diffusion coefficients in the porous medium and free space,
respectively. .........................................................................................119
VI. UNIMODAL AND BIMODAL MODELS OF UNSATURATED HYDRAULIC
CONDUCTIVITY ...........................................................................................................122
Article VII. Unsaturated Hydraulic Conductivity in Porous Media: Percolation
Theory ..................................................................................................................123
1. Soil samples textural distribution of the UNSODA database used in this
study ....................................................................................................125
2. Schematic plots of unsaturated hydraulic conductivity model (Eqs. (13)
and (16)) for different values of (A) fractal dimension, (B) 𝛽, and (C)
critical water content 𝜃! .......................................................................126

	
   xx	
  
	
  

3. Estimated unsaturated hydraulic conductivity using (A) percolation
theory, (B) van Genuchten-Mualem, and (C) PSF-Mualem models
versus measured one for silty clay and clay soils ................................127
4. Estimated unsaturated hydraulic conductivity using (A) percolation
theory, (B) van Genuchten-Mualem, and (C) PSF-Mualem models
versus measured one for loam, silt loam, sandy clay loam, and silty clay
loam soils .............................................................................................128
5. Estimated unsaturated hydraulic conductivity using (A) percolation
theory, (B) van Genuchten-Mualem, and (C) PSF-Mualem models
versus measured one for sandy, loamy sand and sandy loam soils .....128
6. Measured hydraulic conductivity curve as well as the predicted one
using the percolation model (Eqs. (13) and (16)) with D = 2.932 and 𝜃!
= 0.085 estimated from the SWRC for soil 1280 of the UNSODA
database. A change in the fractal dimension value D = 2.885 rendered
an excellent match between the measured and predicted K(θ) ...........129
7. Measured hydraulic conductivity curve as well as the predicted one
using the percolation model (Eqs. (13) and (16)) with D = 2.342, 𝛽 =
0.30 and 𝜃! = 0.026 estimated from the SWRC for soil 4061 of the
UNSODA database. A small change in the 𝛽 value (𝛽 = 0.315) resulted
in an excellent agreement between measured and predicted K(θ) ......129
Article VIII. Unsaturated Hydraulic Conductivity Modeling for Porous Media
with Two Fractal Regimes ...................................................................................131
1. The schematic soil water retention curve of a soil with two fractal
regimes ................................................................................................133
2. Three possible cases which may happen when 𝜃! < 𝜙! : (I) 𝜃 −    𝜃! >
  𝜙! and 𝜃 >    𝜙! , (II) 𝜃 −    𝜃! <    𝜙! and 𝜃 >    𝜙! , and (III) 𝜃 −    𝜃! <
  𝜙! and 𝜃 <    𝜙! ...................................................................................133
3. Two possible cases which may happen when 𝜃! >    𝜙! : (I) 𝜃 −    𝜃! <
  𝜙! and 𝜃 >    𝜙! , and (II) 𝜃 −    𝜃! <    𝜙! and 𝜃 <    𝜙! .........................134
4. Soil water retention and unsaturated hydraulic conductivity curves of 8
soil samples used in this study. The piecewise soil water retention
model Eq. (5) was fitted to the measured data. The unsaturated
hydraulic conductivity curve was predicted using unimodal (dash line;
	
   xxi	
  
	
  

results from Ghanbarian-Alavijeh and Hunt, 2012) and bimodal (solid
line. Eq. (23)) models ..........................................................................136
5. The fitted unsaturated hydraulic conductivity model (Eq. (23)) to the
measured curves ..................................................................................138
VII. SATURATION DEPENDENCE OF DISPERSION IN POROUS MEDIA ...........142
Article IX. Saturation Dependence of Dispersion in Porous Media ....................143
1. Dependence of the arrival time distribution on fractal dimensionality D
of the pore space in the generalized pore-size distribution model for a
typical 3D porous medium with 𝜙 = 0.40, 𝜃 = 0.40, 𝜃! = 0.08, x/L = 50,
t0 = 1, 𝛽 = 1.0, and Db = 1.87 (random percolation). The width of the
peak increases with increasing D, which represents increasing
heterogeneity in the flow, but the slope at long times remains the same.
However, if the slope is estimated in the vicinity of the peak, it will
appear to diminish slightly with increasing heterogeneity ..................148
2. Dependence of the arrival time distribution on the parameter 𝛽 in the
generalized pore-size distribution model for a typical 3D porous
medium with D = 2.90, 𝜙 = 0.40, 𝜃 = 0.10, 𝜃! = 0.08, t0 = 1, x/L = 50,
and Db = 1.87 (random percolation). As 𝛽 is reduced from 1 towards
the porosity (accompanying a transition from the Rieu and Sposito
model to the Tyler and Wheatcraft model), the peak width narrows ..148
3. Dependence of the arrival time distribution on the critical moisture
content for percolation, 𝜃! , in the generalized pore-size distribution
model for a typical 3D porous medium with D = 2.90, 𝜙 = 0.40, 𝜃 =
0.10, x/L = 50, t0 = 1, 𝛽 = 1.0, and Db = 1.87 (random percolation).
With increasing 𝜃! a slight narrowing of the peak occurs ...................148
4. Dependence of the arrival time distribution on saturation in the
generalized pore-size distribution model for a typical 2D porous
medium with D = 1.80, 𝜙 = 0.50, 𝜃! = 0.20, x/L = 50, 𝛽 = 1.0, and Db =
1.87 (random percolation). A slight narrowing occurs with increasing
saturation .............................................................................................149
5. Dependence of the arrival time distribution on saturation in the
generalized pore-size distribution model for a typical 3D porous
medium with D = 2.90, 𝜙 = 0.40, 𝜃! = 0.08, x/L = 50, 𝛽 = 1.0, and Db =
1.87 (random percolation). A slight narrowing occurs with increasing
	
  xxii	
  
	
  

saturation .............................................................................................149
6. Dependence of the arrival time distribution on length in the generalized
pore-size distribution model for a typical 3D porous medium with D =
2.90, 𝜙 = 0.40, 𝜃 = 0.30, 𝜃! = 0.08, 𝛽 = 1.0, and Db = 1.87 (random
percolation) ..........................................................................................150
7. Dependence of the typical system crossing time on average length for a
typical 3D porous medium with 𝜙 = 0.40, 𝜃 = 0.10, 𝜃! = 0.08, 𝛽 = 1.0,
and Db = 1.87 (random percolation). The range of fractal
dimensionalities from D = 1 to D = 2.5 produced insufficient change in
the predicted scaling to show up clearly in this figure ........................150
8. Comparison of dispersivity values of over 2200 experiments from
Pachepsky et al. [17] and Refs. [76-83] with predicted dependences for
reasonable variations in model parameters. Note that some of these
experimental values are the same ones reported in Ref. [12]; it was
important to check here whether the performance of the theory was
degraded by the correction in the limits of W(g|x), as well as to
investigate any resulting changes from model variability (Eq. (6) vs RS
model). The typical values of 𝜙 = 0.60, 𝜃 = 0.60, 𝜃! = 0.30, 𝛽 = 1.0,
and 𝜙 = 0.30, 𝜃 = 0.30, 𝜃! = 0.08, 𝛽 = 1.0 were used in 2D and 3D
systems, respectively ...........................................................................151
9. Comparison of the fitted and predicted arrival time distribution model to
the Jardine et al. [84] experiments with a choice of the backbone fractal
dimensionality from random percolation consistent with complete and
close to saturation (h = 0 and 10 cm) and invasion percolation
consistent with incomplete saturation (h = 15 cm) resulting from
entrapped air. D = 2.966, 𝜃! = 0.15, and 𝛽 = 0.8 were found by fitting
the model to the saturated arrival time distribution .............................152
10. The measured soil water retention curve from Ref. [86] and retention
model Eq. (6) fitted to the measured data with D = 1.95, hmin = 4.75 cm,
𝛽 = 0.4, and R2 = 0.96 .........................................................................153
11. Comparison of the prediction for the arrival time distribution with
experiment by Cherrey et al. [86] at saturation for parameters consistent
with the soil water retention data (D = 1.95, 𝜙 = 0.4, 𝜃! = 0.075, and 𝛽
= 0.4). The exponents from 3D random and 2D invasion percolation are
ν = 0.88 and Db = 1.87 and ν = 4/3 and Db = 1.46, respectively .........153
	
  xxiii	
  
	
  

12. Comparison of the prediction for the arrival time distribution with
experiment by Cherrey et al. [86] at different water contents 𝜃 = 0.237,
0.204, 0.172, 0.139, and 0.126 for parameters consistent with the soil
water retention data (D = 1.95, 𝜙 = 0.4, 𝜃! = 0.075, and 𝛽 = 0.4) and a
choice of the backbone fractal dimensionality from invasion
percolation, Db = 1.46..........................................................................153

	
  xxiv	
  
	
  

LIST OF TABLES
Table

Page

I. GENERAL INTRODUCTION ........................................................................................1
1.1. Threshold values of different 2D and 3D lattices (Stauffer and
Aharony, 1994) ...................................................................................25
1.2. The universal exponents and fractal dimension of percolation ..........30
II. ESTIMATING THE SOIL WATER RETENTION CURVE FROM THE PARTICLESIZE DISTRIBUTION ......................................................................................................50
Article I. Estimation of Soil-Water Retention from Particle-Size Distribution:
Fractal Approaches ................................................................................................51
1. Comparison of calculated pore-solid interface fractal dimension using
different methods for seven soil samples used in Hunt and Skinner
(2005) ....................................................................................................52
2. Comparison of calculated fractal dimensionality of pore space Dps using
different methods for seven soil samples used in Hunt and Skinner
(2005) ....................................................................................................54
III. TORTUOSITY IN SATURATED AND UNSATURATED POROUS MEDIA .......57
Article II. Tortuosity in Porous Media: A Critical Review ...................................58
1. Different types of tortuosity for two thread- and flux-based approaches
and different radius ratios for the Wheatstone bridge equivalent pore
network model presented in Fig. 2 ........................................................62
2. The geometric tortuosity models and their characteristics proposed in
the literature. Note that concavity is up for all models. See also the
equations mentioned for variable definitions and details ......................64
3. The hydraulic tortuosity models and their characteristics proposed in the
literature. See also the equations mentioned for variable definitions and
details.....................................................................................................66
4. The electrical tortuosity models and their characteristics proposed in the
literature. For all models, as porosity 𝜙 → 1, the saturated electrical
	
  xxv	
  
	
  

tortuosity 𝜏! |!"# → 1. See also the equations mentioned for variable
definitions and details ............................................................................68
5. The diffusional tortuosity models and their characteristics proposed in
the literature. For all models, as porosity 𝜙 → 1, the saturated
diffusional tortuosity 𝜏! |!"# → 1; all models are in three dimensions
and 𝜙 is the sole input quanity. See also the equations mentioned for
variable definitions and details ..............................................................69
6. Tortuosity models and their characteristics proposed for unsaturated
media in the literature. For all models, concavity is up and as the
volumetric water content 𝜃 → porosity 𝜙, relative tortuosity 𝜏! → 1.
See also the equations mentioned for variable definitions and details ..70
Article III. Percolation Theory Generates a Physically Based Description of
Tortuosity in Saturated and Unsaturated Porous Media ........................................75
1. Fractal dimensionality of the backbone cluster (Db) of random
percolation as well as various universality classes of invasion
percolation on two- (2-D) and three-dimensional (3-D) lattices
(Sheppard et al., 1999) ..........................................................................78
IV. SATURATION-DEPENDENT AIR PERMEABILITY MODEL .............................85
Article IV. Comparison of the Prediction of Universal Scaling of Saturation
Dependence of the Air Permeability with Experiments ........................................86
1. Physical properties and fitted parameters of the universal scaling
approach (Equation (3)) for experiments of database 1 ........................93
2. Physical properties and fitted parameters of the universal scaling
approach (Equation (3)) for experiments of database 2 ........................93
V. SATURATION DEPENDENCE OF GAS AND SOLUTE DIFFUSION IN POROUS
MEDIA ............................................................................................................................100
Article V. Universal Scaling of Gas Diffusion in Porous Media .........................101
1. Physical properties and fitted parameters of the universal scaling
approach (Equation (12)) for experiments of seven databases used in
this study..............................................................................................107
Article VI. Saturation Dependence of Solute Diffusion in Porous Media:
	
  xxvi	
  
	
  

Universal Scaling Compared with Experiments ..................................................116
1. Selected properties, including minimum and maximum critical water
content (𝜃! ), of the experiments used in this study .............................119
VI. UNIMODAL AND BIMODAL MODELS OF UNSATURATED HYDRAULIC
CONDUCTIVITY ...........................................................................................................122
Article VII. Unsaturated Hydraulic Conductivity in Porous Media: Percolation
Theory ..................................................................................................................123
1. Average and standard deviation (in parenthesis) values of the PSF
model parameters for each soil texture class .......................................126
Article VIII. Unsaturated Hydraulic Conductivity Modeling for Porous Media
with Two Fractal Regimes ...................................................................................131
1. The selected properties of the soil samples used in this study .............135
2. The fitted parameters of the piecewise PSF water retention model Eq.
(5) ........................................................................................................137
3. The fractal dimension values calculated by directly fitting the piecewise
soil water retention (Eq. (5)) and unsaturated hydraulic conductivity
(Eq. (23)) models to the measured curves ...........................................139
4. Pore size scaling of the hydraulic conductivity with the range of water
content given in parentheses................................................................139
VII. SATURATION DEPENDENCE OF DISPERSION IN POROUS MEDIA ...........142
Article IX. Saturation Dependence of Dispersion in Porous Media ....................143
I. The slope of the arrival time distribution at large times for different
model input parameters in 2D porous media.......................................149
II. The minimum and maximum slopes of the arrival time distribution at
large times for different model input parameters in 3D porous media150
III. Physical properties for column displacement experiments (Jardine et
al. [84])...............................................................................................151
IV. Physical and hydraulic properties of Hanford sediment experiments
xxvii	
  
	
  
	
  

reported by Cherrey et al. [86] .........................................................152

xxviii	
  
	
  
	
  

ACKNOWLEDMENGTS

Genius is 1 percent inspiration and 99 percent perspiration.
“Thomas Edison”

First and foremost, I would like to express my sincere appreciation to my main
supervisor, Allen Hunt, who inspired and motivated me in my academic life. Allen, you
are not only my best advisor ever, but also a very great friend forever. Working with you
was a dream which came true! I am heartily thankful to you and your family for your
scientific and spiritual supports during the past years.
I would like to acknowledge my co-advisor, Tom Skinner, for his outstanding support,
constructive comments, and invaluable contributions to this dissertation. I thank my
committee member, Muhammad Sahimi, for his continuous encouragements and advices
throughout my research. I am also grateful to Toby Ewing for his valuable scientific
supports and contributions.
Without doubt, I am indebted to Don Nielsen and Rien van Genuchten for supporting my
PhD application at Wright State University. Don and Rien, I am very much affected by
your integrity and commitment.
	
  xxix	
  
	
  

I would like to thank my committee members, Bob Ritzi and Chao Cheng Huang for their
thorough review and fruitful suggestions on my dissertation. I also appreciate Chris
Barton for his kind supports during the past years.
Last but not the least, I deeply appreciate my parents for their endless love, sacrifices,
kindnesses, inspirations, and understanding.

	
  xxx	
  
	
  

Dedicated to my father, Hassan Ali Ghanbarian-Alavijeh, who
instilled in me perspiration, and to my mother, Fakhri Kay, who
inspired me to be patient.

	
  xxxi	
  
	
  

I. GENERAL INTRODUCTION

Imagination is more important than knowledge. Knowledge is limited.
Imagination encircles the world.
“Albert Einstein”

Study of the movement of fluid e.g., water, solutes, and gases in porous media, such as
soils and fracture networks, is fundamental to the hydrologic cycle, environmental
protection and management, as well as terrestrial life. These different kinds of transport
are generally studied separately, and for each there exist numerous empirical and semiphysical models, which describe its variation with porosity, or with the distribution of the
fluids in the medium.
The basic problem involves the motion of fluids in the pore-space of a medium that can
be regarded as having both pore and solid portions. In order to predict the motion of
fluids it is necessary first to be able to develop information regarding the physical
properties of the medium itself. Such information is usually only incompletely available,
and any assumptions regarding its morphology are difficult to verify. One common
response to such difficulties is to develop models of porous media, from which concrete
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predictions of flow and transport properties can be made which can then be compared
with experiment. The drawback of this procedure is that, so long as no independent
comparison of the model and real media can be made, discrepancies between predictions
and experiment cannot, as a rule, be traced to inadequacies either in the model or in the
calculations. The strategy employed here is to apply the theory best suited for prediction
of flow and transport properties of disordered media to the most widely applicable
models of such media. For reasons that should become clear in the course of this
dissertation, the theory of choice is percolation theory, and the most widely applicable
models are fractal in nature. Nevertheless, many additional complications must, for the
present, be neglected.
Real media are typically deformable; such complications cannot yet be addressed in the
present framework, and only rigid media are considered. Real media are not ordinarily
static, but change over time due to processes such as chemical precipitation or
dissolution, freezing and thawing, or for agricultural soils, plowing and planting. Such
complications cannot be considered either. For rigid media the most important task is to
distinguish the pore space from the solid portion of the medium. In unconsolidated
media, the solid portion can be considered as composed of particles. Typically, the porespace is partitioned into pore bodies and pore throats. Pore bodies are the void space
between particles where the most of porosity exist in, and pore throats are narrow
channels connecting pore bodies (Sahimi, 2011). Thus, one may assume that information
regarding the pore space can be obtained from the particle-size (or grain-size)
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distribution, which is the measurement of the mass fractions of particles of different
sizes. Traditionally, it is measured through wet or dry sieving processes (Gee and Or,
2002). However, modern techniques e.g., light diffraction, allow determination of very
small particle sizes, and high resolution of the particle-size distribution. Although the
particle-size distribution does not provide any detailed information about the particles’
surface and shape, it is often used to estimate other properties, such as the soil water
retention curve (Arya and Paris, 1981; Arya et al., 1999a; Bird et al., 2000; Arya et al.,
2008; Ghanbarian-Alavijeh and Hunt, 2012a) and unsaturated hydraulic conductivity
(Arya et al. 1999b; Hunt and Gee, 2002).
The other possible strategy is to measure the pore-size distribution directly. Both
measurement (Dullien, 1975; Hall et al., 1986) and prediction of the pore-size
distribution are still contentious. Definition of the pore-size distribution is rather
ambiguous (Sahimi, 2011) since a natural pore network includes pore bodies and throats
of different sizes. Due to irregular shape of pore bodies or throats, one may define an
effective pore radius as the radius of a sphere of equivalent volume (Sahimi, 2011).
In this dissertation, we review three fractal approaches to predict the soil water retention
curve from the particle-size distribution and compare them with experiments. We also
review different geometrical, hydraulic, electrical, and diffusive tortuosity models
presented in the literature. Applying concepts from percolation theory and using a finitesize scaling approach, we develop a novel geometrical tortuosity model for saturated and
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unsaturated porous media. The saturation-dependent universal scaling model for the air
permeability first proposed by Hunt (2005) is reevaluated using two databases including
39 experiments. We also develop a new saturation-dependent model for diffusion in
porous media which combine universal scaling laws from percolation theory and the
effective medium approach. Our theoretical framework is evaluated using 106 solute
diffusion (766 data points) and 71 gas diffusion (632 data points) experiments available
in the literature. In addition, we apply critical path analysis (CPA) to media that could be
treated within the pore-solid fractal (PSF) approach and generalized the unsaturated
hydraulic conductivity model of Hunt (2001), using both a single fractal regime
(unimodal) and two fractal regimes (bimodal). The unimodal and bimodal models are
compared with 104 and 8 soil samples from the UNSODA database. We also present a
novel model for the saturation-dependence of dispersion in porous media and compare it
to experiments.
In the following, we briefly introduce fractal and percolation theories that were mainly
applied in this dissertation to develop models for transport e.g., gas and solute diffusion,
air permeability, hydraulic conductivity, tortuosity, dispersion, etc. in unsaturated porous
media. First, we focus on fractal geometry as a powerful method to describe hierarchical
structures of porous materials. We discuss how one can derive the soil water retention
curve (known also as the capillary pressure curve) based upon fractals. At the end we
review the ambiguities in measurement and prediction of soil water retention curves from
fractal models. Generally speaking, a more comprehensive theory is still required to
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include connectivity, accessibility (e.g., air must be able to enter a pore, and water must
be able to leave it), etc. in soil water retention curve modeling. The behavior of the fluids
in disordered networks is studied using percolation theory. We present a concise
introduction about percolation theory and its concepts and properties. In the next
chapters, we discuss broad applications of percolation theory e.g., universal scaling laws
and critical path analysis, to natural porous media by comparison with measured
experiments.

1- Fractal approach
Fractal geometry provides a promising framework for addressing the complexity of
disordered and hierarchical porous media, e.g., soils and rocks. Natural physical objects,
however, can at best only be approximated by fractal models, which span an infinite size
range and are (often) strictly deterministic. Turcotte (1986) elucidated a mechanism by
which scale-independent fragmentation processes could form a fractal distribution of
particles, giving theoretical legitimacy to the study of fractal models of porous media.
A fractal object is characterized by having a (typically non-integer) dimension less than
the Euclidean dimension it is embedded in. It also has the property of self-similarity or
self-affinity. If a synthetic fractal object is rescaled in all directions with the same scaling
factor, an exactly similar object is reproduced (Fig. 1.1). Self-affinity means that a fractal
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object has different scaling factors in different directions (Sahimi, 2011). Of course, most
natural objects that are self-similar or self-affine have that property only in a statistical
sense. The concepts of self-similarity and self-affinity have widely been used to model
physical and geometrical properties of soils and fracture networks (Turcotte, 1986; Rieu
and Sposito, 1991; Oron and Berkowitz, 1998; Mourzenko et al., 1999; 2001; Hunt and
Gee, 2002; Chen et al., 2009). It has been shown that fracture surfaces are statistically
self-affine (Zhang et al., 1996). Poon et al. (1992) modeled surface roughness of fractures
by means of self-affinity; see Sahimi (2011) for a comprehensive review of related work.
A feature of power-law functions that distinguishes them from all other functions is that
they are linear when plotted on a log-log scale. The power-law function for describing a
fractal number-size distribution is (Mandelbrot, 1982)

N (≥ l ) = kl −D , lmin < l < lmax

(1.1)

where N (≥l) is the number of fractal objects in which the size of the initiator (radius or
length, which will be clarified in later discussion related to Fig. 1.1) is equal or greater
than l, k is a constant coefficient, and the fractal dimension D typically ranges between 0
and 3 in natural porous materials. Note that Eq. (1.1) is a truncated power-law function: it
only applies within the specified range, lmin to lmax.
Tyler and Wheatcraft (1989) used Eq. (1.1) to estimate the fractal dimensionality of
particle-size distributions. To be consistent with Arya and Paris (1981), they applied the
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arithmetic mean particle radius derived from sieve data. Given that counting all particles
between two sieve sizes was impractical if not impossible, Tyler and Wheatcraft (1989)
inferred the number-size distribution from the mass-size distribution. For this purpose,
they divided the mass of particles retained on the lower sieve by the mass of a particle
with radius equal to the mean of the two sieve sizes. They found that D>3 for 9 of the 10
experiments they analyzed, a physically dubious result because we expect D (even for a
number distribution) to be less than E, the Euclidean dimension in which it is embedded.
The fractal dimension over-estimation by Tyler and Wheatcraft (1989) and later
researchers is likely due to incorrect assumptions used in deducing number-size
distributions from mass-size distributions. The first assumption is that particle density is
scale-invariant. This assumption would be especially unrealistic if the aggregate numbersize distribution were derived from aggregate mass-size data. However, analysis of
experimental aggregate data by Perfect et al. (1992) showed that the assumptions of
scale-invariant density and shape were valid for most samples. A second simplifying
assumption ignores aggregates’ or particles’ shape: for the sake of simplicity, particles
are assumed to be spherical, and aggregates cubic. A third assumption is that there are no
artifacts in applying the continuous Eq. (1.1) to discrete data (aggregate and particle
sizes). This may produce errors in determining the fractal dimension, because (for
example) the N (≥l) value in Eq. (1.1) depends on the choice of sieve size (Anderson et
al., 1998), and the arithmetic mean is not the appropriate mean.
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The probability density function of fractals – the number of objects dN (≥l) whose size is
within the range l to l+dl– is proportional to the first derivative of Eq. (1.1). Generally
one writes

f (l) = cl −1−D ,

lmin < l < lmax

(1.2)

where f(l) is the probability density function, and c is a constant coefficient which can be
found by taking the integral of Eq. (1.2) from lmin to lmax and setting it equal to 1:

(

)

−D
−D
(Ghanbarian-Alavijeh et al., 2012). Where lmin << lmax, as occurs in
c = D l min
− l max

D
many natural porous media, the constant coefficient c ≈ Dlmin .

While much experimental evidence indicates that the size distribution of particles,
aggregates, and pores follows power-law behavior, sometimes the lognormal distribution
is assumed instead (see e.g., Shirazi et al., 1988; Kosugi, 1994; Madadi and Sahimi,
2003):

f (l ) =

⎡ (ln(l ) − µ )2 ⎤
1
exp⎢−
⎥, 0 < l < ∞
2σ 2
2π σl
⎣
⎦

(1.3)

where µ is the mean, σ is the standard deviation, and l is the size of the object e.g., pore,
particle, or aggregate. In contrast to the power-law distribution, the lognormal
distribution has finite mean and variance. With appropriate parameters, the lognormal
distribution is similar in shape to the power-law distribution over much of its range. In
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particular, where variance of the lognormal distribution is large, its cumulative density
function may appear linear on a log-log plot for several orders of magnitude
(Mitzenmacher, 2003).
Among the many synthetic fractal objects, the 2D Sierpinski carpet (Fig. 1.1) and its 3D
equivalent, the Menger sponge, have been widely used to model porous materials. The
Sierpinski carpet is constructed by starting with a square of size L (the “initiator length”).
For the first iteration, the operational length scale l is L/b in which the scaling factor b=3
for the traditional Sierpinski carpet (Fig. 1.1). In the exactly self-similar Sierpinski carpet,
the central square of size l is removed, thereby creating a square pore of size l. For the
next iteration, l is divided by b, and all intact squares of size bl have their central l-size
squares removed (Ghanbarian-Alavijeh et al., 2011).

	
  
Fig. 1.1. Exactly self-similar Sierpinski carpets after two iterations with fractal dimension D = 1.893 and b
= 3: (a) a solid fractal model constructed of particles of the same size but pores of different sizes, (b) a pore
fractal model built up of particles of different sizes but pores of the same size (after Ghanbarian et al.,
2013). Note that the solid matrix is shown in black, while pores are white.
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Primary fractal models include just two phases, pore and solid, and may be either solid
fractal (Fig. 1.1a) or pore fractal (Fig. 1.1b) models (Rieu and Perrier, 1997). The main
characteristic of a solid fractal model is that, within each iteration of its construction, the
model is composed of identical-size particles but pores of different sizes (Fig. 1.1a). In
such a model, just the solid matrix is fractal. Its number-size distribution (and
consequently probability density function) follows a power-law function. Although the
pore phase in the solid fractal model (Fig. 1.1a) is not geometrically fractal, its numbersize distribution is given by a power-law function (Eq. (1.1)) and it has the same fractal
dimensionality as the solid phase (Rieu and Perrier, 1997). So in fact, one fractal
dimension scales both solid and pore phases, albeit in different ways. The same
argument applies to the pore fractal model (Fig. 1.1b).
The Sierpinski carpets presented in Fig. 1.1 are exactly self-similar. By contrast, natural
porous media are instead randomly self-similar, but the same power-law number-size
distribution can be applied. In Fig. 1.2, we show randomly (statistically) self-similar
Sierpinski carpets after two iterations for solid (Fig. 1.2a) and pore (Fig. 1.2b) fractal
models. The fractal dimensionality is identically 1.893 for carpets in both Figs. 1.1 and
1.2, but the random carpets shown in Fig. 1.2 are more heterogeneous and complex than
the deterministic carpets presented in Fig. 1.1, and appear more similar to real natural
porous media.
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Fig. 1.2. Randomly (statistically) self-similar Sierpinski carpets after two iterations with the same fractal
dimension D = 1.893 and b = 3 used in Fig. 1.1: (a) a solid fractal model, (b) a pore fractal model. Note that
black and white squares represent solid particles and pores, respectively.

1.1. The Rieu and Sposito (RS) soil water retention curve fractal model
The soil water retention curve or pressure-saturation curve is assumed to reflect the
underlying pore-size distribution. Typically either water (a strongly wetting liquid with a
contact angle near zero) is drained from the medium, or mercury (a non-wetting liquid
with a fairly consistent contact angle on mineral surfaces) is injected into the medium, at
controlled pressures. The soil water retention curve (SWRC) relates the incremental
pressures to fractions of the pore volume. But because of complex phenomena that are
not usually considered – accessibility, hysteresis, wettability, and trapping – the pore-size
distribution inferred from a capillary pressure curve may deviate significantly from the
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true pore size distribution. The RS model for the SWRC ignores these complications,
assuming perfect wetting (contact angle of 0°) and perfect accessibility.
Rieu and Sposito (1991; henceforth RS) developed a model of a pore space linked to a
fractal fragmentation model. Several studies have subsequently shown that soil water
retention curves can be predicted from particle-size or aggregate bulk density-size
distributions using the RS model (Filgueira et al., 1999; Hunt and Gee, 2002;
Ghanbarian-Alavijeh and Hunt, 2012a).
Now, we apply the following normalized probability density function (pdf) for pore radii,
W(r),

W (r) =

3− D −1−D
r
3−D
rmax

(1.4)

rmin ≤ r ≤ rmax

where D is the fractal dimensionality of the pore space. Note that Eq. (1.4) generates the
same result for the porosity as the RS model.
Assume spherical pores, equilibrium conditions, and a pore radius pdf equal to W(r) gives
the total porosity of the medium as (Hunt and Gee, 2002)

3− D
φ = 3−D
rmax

3−D

∫

rmax
rmin

3 −1−D

rr

#r &
dr = 1− %% min ((
$ rmax '

(1.5)

We should note that Eq. (1.5) is a continuous version of the discrete RS model.
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Then the total water content in the medium may be written

3− D
θ = 3−D
rmax

3−D

∫

r
rmin

3 −1−D

rr

# r &
dr = %%
((
$ rmax '

3−D

#r &
− %% min ((
$ rmax '

(1.6)

Combining Eq. (1.6) with the Young-Laplace equation (r = A/h; where A is a constant
coefficient, and h is tension head or matric suction) and Eq. (1.5) yields the RS soil water
retention curve model
3−D

" h %
θ = φ −1+ $
'
# hmin &

,

hmin < h < hmax

(1.7)

where hmin is the tension head of the largest pore radius in the medium (known as the air
entry value).

1.2. The pore-solid fractal model
The RS model described above includes two pore and solid phases to model the structure
and geometrical properties of porous media. However, in 1999, Perrier et al. proposed a
three-phase model (shown in Fig. 1.3) composed of pores, solids, and fractals (iterating
portion shown in gray in Fig, 1.3). A remarkable difference between two-phase (Figs. 1.1
and 1.2) and three-phase PSF (Fig. 1.3) models is that in these so-called pore-solid-fractal
(PSF) models, the mass of pore phase and solid phase remains finite even if the model is
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iterated infinitely many times. Although only the pore-solid interface is geometrically
fractal in the PSF approach, the number-size distributions of pore, solid and fractal
phases follow the same power-law equation with the same fractal dimensionality.
	
  

Fig. 1.3. 2D random pore-solid-fractal (PSF) models (generator on left and first iterated on right) proposed
by Perrier et al. (1999) where P = 0.375 (pore phase portion), S = 0.375 (solid phase portion), and F = 0.25
(fractal phase portion). Note that the scaling factor b = 4.

The porosity of the medium simulated by the PSF model at the ith step would be

φi =

P
i
(1− F )
P+S

(1.8)

where P (0 < P < 1) and S (0 < S < 1) respectively denote the pore and solid phase
portions, and F (0 < F < 1) represents the fraction of the generator within which the
whole shape is replicated at each iteration.
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For an infinite number of iterations (i →∞), the porosity reduces to

φi→∞ =

P
P+S

(1.9)

In contrast to two-phase fractal models e.g., pore fractal and solid fractal models in which
porosity reduces to 0 and 1, respectively, after infinite iteration, the PSF model porosity
diminishes to the constant (P /[P + S]).
Based on the properties of the PSF approach, Bird et al. (2000) presented a new,
generalized soil water retention curve which includes the Tyler and Wheatcraft (1990)
and Rieu and Sposito (1991) models as special cases. The Bird et al. (2000) model is
D−E +
( "
h % *
θ = φ − κ 1− $$
'
* # hmin '& )
,

(1.10)

where κ = P /[P + S], and the pore-solid interface fractal dimension D also scales the pore
and solid number-size distributions. The PSF soil water retention curve model (Eq. 1.10)
is similar to the Perrier et al. (1996) model, but their physical interpretations are different.
As Bird et al. (2000) point out, there are three special cases for Eq. (1.10). First, if S = 0,
the PSF model reduces to a solid mass fractal model, so the Bird et al. (2000) water
retention model reduces to the RS model. Second, when P = 0, the PSF model would be a
pore mass fractal structure where the water retention curve becomes a step function
indicating a monosize distribution; all pores are the same size. Third, assume both P and
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S values are non-zero, and infinite number of iteration. In this case κ = ϕ, and the Bird et
al. (2000) retention model reduces to the de Gennes (1985a) and Tyler and Wheatcraft
(1990) models.

1.3. A general fractal model for the soil water retention curve
We consider a two-phase (pore and solid) model with a continuous probability density
function like Eq. (1.2) rather than using a discrete fractal approach such as the RS model.
In such treatment, the power-law probability density function describing the pore sizes is
written

f (r) = cr

−1−Dp

,

rmin < r < rmax

(1.11)

where c is a constant coefficient (a normalization factor), and rmin and rmax are the lower
and upper limits of the (truncated) fractal distribution, and Dp is fractal dimensionality of
the pore space. As we mentioned previously, if we require the integral of Eq. (1.11) from
rmin to rmax to be equal to 1, then the coefficient c takes the value 𝐷!

!!

!!

!
𝑙!"#! − 𝑙!"#
.

The porosity of the medium (proportional to the total pore volume) may be found by
integrating r3 f(r) between rmin and rmax to obtain

φ=

∫

rmax
rmin

ξ r 3 f ( r ) dr =

ξ c # 3−Dp 3−Dp &
r
− rmin (
'
3− Dp $% max

(1.12)

16	
  
	
  

where ξ is a normalization factor with units length-3 and a numerical value that depends
on the pore shape. The water content as a function of r can then be defined as

θ=

∫

r
rmin

ξ r 3 f ( r ) dr =

ξ c # 3−Dp 3−Dp &
r
− rmin (
'
3− Dp $%

(1.13)

Eqs. (1.12) and (1.13) differ only in the upper limit of the integral: porosity is scaled over
all pore radii (from rmin to rmax) in Eq. (1.12), while water content as a function of pore
radius r is defined as the cumulative pore volume from smallest pore radius (rmin) to some
arbitrary value of r. Note that this ignores accessibility (percolation) issues, and water
held on the rough surfaces of pores with radii larger than r.
Combining Eqs. (1.12) and (1.13) with the capillary equation h = A/r gives the soil water
retention curve in terms of relative saturation
Dp −3 +
( "
h % *
θ = φ − ω 1− $$
'
* # hmin '& )
,

!!!

in which 𝜔 = 𝜙𝑟!"# !

hmin < h < hmax

!!!

(1.14)

!!!

𝑟!"# ! − 𝑟!"# ! . The bounds on the tension are hmin=A/rmax, and

hmax=A/rmin.
This general fractal model (Ghanbarian-Alavijeh et al., 2012) for the SWRC, Eq. (1.14),
reduces to the Tyler and Wheatcraft (1990) model for ω = φ , and to the RS model for ω
= 1. The increased generality of this model means that it is can address a wider range of
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media. Eq. (1.14) is consistent with the model developed by Perrier et al. (1996), except
that in their model ω = Vmax/Vt, where Vmax is the upper bound on the total pore volume as
rmin approaches 0, and Vt is the total volume of a soil sample.
Note that SWRC models discussed above ignore water trapped on the rough surfaces of
pores. While Bird (1998) included the residual water content in his treatment, its
contribution to the soil water retention curve model is as a fitting parameter rather than a
physically interpreted factor.
Crawford et al. (1995) argued that the SWRC “is a complicated function of both the poresize distribution and the connectivity, and does not depend in a simple way on the spatial
correlation of structure.” They further concluded that the interpretation of the SWRC is
ambiguous because a power-law relationship between tension head and water content
could be a consequence of a fractal pore space, a fractal solid matrix, a fractal pore-solid
interface, or a non-fractal self-similar pore-solid interface. They measured fractal
dimensions of both the pore space and the solid matrix from soil thin sections, and found
that the fractal dimension of the solid matrix was a better predictor of the exponent in the
Tyler and Wheatcraft (1990) model than the fractal dimension of the pore space.
However, they did not measure the surface fractal dimension from 2D images, and it is
not certain that the Tyler and Wheatcraft model is the best basis for comparison. Building
on the Crawford et al. (1995) results, Deinert et al. (2008) found that the exponent of the
soil water retention curve fractal model is produced not only when either the pore space
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or the pore-solid interface is fractal, but also when both are fractal. Thus the question
whether the surface fractal dimension determined from soil images could provide an
accurate characterization of soil water retention curve remains unanswered.

2- Percolation theory
Percolation theory, introduced in its present form by Broadbent and Hammersley (1957),
provides a capable theoretical framework to study interconnectivity and its effects on
hydraulic properties in porous media. Broadbent and Hammersley (1957) studied a plant
disease spreading in an orchard whose trees are located on the intersections of a square
lattice. As expected, when the distance between aligned trees increases, the probability of
spreading a disease decreases, then approaches a critical value (pc) below which the
disease does not spread over the orchard (Feder, 1988). This is an example of a site
percolation on the square lattice whose threshold is 0.592746 (Stauffer and Aharony,
1994). Other practical examples of percolation theory are fire spreading in a forest and
water or radioactive waste seepage in the fractures of rocks or cracks of soils. However,
optimal application of percolation theory to the prediction of flow and transport
properties of porous media requires subtlety and attention to detail. Sometimes the
distinction (Sahimi and Yortsos, 1990) between random (Larson et al., 1977; 1981a,b)
and invasion percolation (Wilkinson and Willemsen, 1983) is critical. Invasion
percolation is a modified form of percolation in which cluster growth proceeds
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dynamically along a path of least resistance or greatest capillary drive (Wilkinson and
Barsony, 1984). In yet other cases, (Hunt, 2001), the important application of percolation
theory is critical path analysis (Pollak, 1972; Friedman and Seaton, 1998). Critical path
analysis (CPA) is a powerful approach in which transport in a random system is
controlled by those conductances with magnitudes slightly greater than the threshold
conductance, the smallest possible value of the conductance for which the set of all larger
conductances still forms an infinite connected cluster (Katz and Thompson, 1987).
Percolation theory exists in three main forms: site, bond, and continuum, which are
explained in more detail in the next section. Application of either site or bond percolation
models to porous media requires the ability to distinguish pore bodies (the grid sites)
from pore throats (the connections between sites, or bonds) (Sahimi 1994; Hunt and
Skinner, 2008). A porous medium can be represented by a network, which includes bonds
and sites as pore throats and bodies. Wetting is best considered as a site percolation
process, while drying should be considered to be an example of bond percolation
(Sahimi, 1993b), although in both cases the problem should be discussed in terms of
continuum percolation variables (Hunt, 2001). Thus we find it necessary in the following
to discuss different variants of percolation (e.g., site, bond and continuum) in more detail.
We defer discussions of the relative importance of invasion and random percolation until
we discuss properties related to tortuosity of flow paths. Generally speaking, percolation
theory addresses the situation of a fluid spreading randomly through a medium (Feder,
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1988). Fluid here could be liquid or gas that spreads through a random (stochastic)
system (Sahimi, 2011).
A remarkable concept in percolation theory is that of a percolation threshold pc, below
which a medium (or system) loses its connectivity. Below the percolation threshold pc (p
< pc where p is the fraction of bonds or sites that are occupied or present, which
physically means the bonds or sites through which a physical phenomenon such as fluid
flow occurs) all clusters are finite in size, and the largest clusters have a typical size of
the order of the finite correlation length (χ) (Kirkpatrick, 1973; Ben-Avraham and Havlin,
2000; Hunt and Ewing, 2003). In general, there is no spanning (“infinite”) cluster when p
< pc (Feder, 1988). At pc, an incipient infinite cluster (a random fractal percolation cluster
(Feder, 1988)) occurs along with other finite clusters, which are not different from those
which form below pc (Kirkpatrick, 1973; Ben-Avraham and Havlin, 2000). In this case,
the mass of the spanning cluster increases with the size, L, of the lattice as a power-law
d

L f where df is the mass fractal dimension of the fractal cluster (Feder, 1988). Above the
percolation threshold (p > pc), there are still incipient infinite cluster and finite clusters
(Kirkpatrick, 1973). At or below the percolation threshold, the typical size of the largest
finite clusters is on the order of the finite correlation length. However, the infinite cluster
above pc is different than the one at pc (Ben-Avraham and Havlin, 2000). When the
system size L is less than the correlation length (L < χ), the system is a heterogeneous,
statistically self-similar fractal (Gefen et al., 1983; Sahimi, 1993b). For L > χ the system
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is macroscopically homogeneous, and the geometry is Euclidean (Feder, 1988; Sahimi,
1993b).

2.1. Site, bond and continuum percolation
Here we first describe site and bond percolation within a simple square lattice (Fig. 1.4a).
Assume a square network in which the sites are the line intersections and the bonds are
the segments connecting the sites (using the terminology of Berkowitz and Ewing, 1998).
We assume that black dots are randomly distributed on the sites, with the occupation (or
presence) probability of any site being independent of the occupation status of its
neighbors (Fig. 1.4b). The simplest definition of local connectivity is that only nearest
neighbor sites that are both occupied will be connected. The probability p of a site being
occupied by a black dot is 0.5 in Fig. 1.4(b). In this case, several small clusters with
different shapes and sizes exist. As the probability p approaches 0.6, which is the
approximate critical probability pc for site percolation on the square network, i.e. for the
formation of a cluster of occupied sites that spans the network from one side to the
opposite side, many individual clusters become connected to each other, making a large
interconnected cluster. Figure 1.4(c) shows the square network with p = 0.67. In this case
a large cluster connects the right side of the square network to its left side, and the top to
the bottom, meaning that percolation across the network has occurred.
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Fig. 1.4. Square lattice (a), square lattice with 50% occupied sites (b), and square lattice with 67% occupied
sites (c) (After Berkowitz and Ewing, 1998).

In bond percolation (Fig. 1.5), the bonds of a network are occupied (or open) randomly
and independently from each other with probability p. In single-phase flow modeling in
porous media, open (or occupied) bonds represent high-permeability regions in the pore
space, while closed (or unoccupied) bonds may be thought of as low-permeable regions
which do not contribute significantly to flow transport (Sahimi, 2011).
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Fig. 1.5. Bond percolation on a square lattice for which pc = 0.5, for two different probability values 1/3
and 2/3 (After Golden, 2003).

Sahimi (1995, 2011) argued that wetting (e.g., infiltration and imbibition) is a site
percolation process, while drying (e.g., drainage) is a bond percolation process. One of
the differences between site and bond percolation is that the threshold in bond percolation
(pcb) is different than the threshold in site percolation (pcs) on the same lattice in both 2D
and 3D systems. The main reason is, for example, in 2D bond percolation on a simple
square lattice, each bond or segment can be connected to at most 6 other bonds. In 2D
site percolation each site is linked via at most 4 bonds to its neighbors. Since the
probability of a bond being connected to another is higher than the probability that a site
can be connected to a neighbor, the percolation threshold in bond percolation is smaller
than its value in site percolation.
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Determination of the exact value of the percolation threshold is extremely difficult in
complicated systems. Its value calculated either numerically or analytically is reported for
some 2D and 3D specific lattices in Table 1.1 (Stauffer and Aharony, 1994).

Table 1.1. Threshold values of different 2D and 3D lattices (Stauffer and Aharony, 1994).
E
Z
Lattice
Site
Bond
2
3
Honeycomb
0.6962
0.65271
2
4
Square
0.592746
0.5
2
6
Triangular
0.5
0.34729
3
4
Diamond
0.43
0.388
3
6
Simple cubic
0.3116
0.2488
3
8
BCC*
0.246
0.1803
*
3
12
FCC
0.198
0.119
*
BCC is body-centered cubic and FCC is face-centered cubic

In the Bethe lattice (or Cayley tree), an endlessly branching structure without any closed
loops, as shown in Fig. 1.6, the exact derivation of bond and site percolation thresholds
(pcb and pcs) is a function of coordination number Z, the number of bonds connected to
the same site, as follows:

pcb = pcs =

1
Z −1

(1.16)
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However, the Bethe lattice is not appropriate for natural porous media modeling, since its
structure is loopless.

Fig. 1.6. A Bethe lattice (Cayley tree) of coordination
number 3 (a modified version of Saberi, 2013).

For bond percolation and invariant percolation networks, one can use the following
approximation to estimate the percolation threshold

pcb =

E
Z E −1

(

(1.17)

)

where E is the Euclidean dimension (2 and 3 in two and three dimensional systems). Note
that coordination number is one of the simplest concepts to characterize the topology of a
pore network. For typical consolidated porous media, the average coordination number
ranges between 6 and 14 (Sharma and Yortsos, 1987). In a disordered irregular pore
space like natural porous materials, one should define the coordination number as the
average number of bonds connected to a site. Jerauld et al. (1984) indicated that as long
as the coordination number of a regular network equals the average coordination number
of an irregular network, transport properties of the two networks should be identical.
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Equation (1.17) may provide a rough approximation for pcb in natural porous materials
because their networks are irregular, including bonds of different lengths and
conductance (radii) like the lattice in continuum percolation, which we consider next.
Indeed, continuum percolation has an advantage in comparison with site and bond
percolation. As we mentioned before, in bond and site percolation, the position of bonds
and sites are fixed on a regular lattice, while continuum percolation is defined without
reference to a lattice (Ben-Avraham and Havlin, 2000). However, in continuum
percolation, the percolation variable p corresponds to a fractional volume, and pc to a
specific value of that fractional volume. In particular, p can be porosity, or, for two-phase
flow it can refer either to moisture content, θ, or air-filled porosity, ε. In all three cases
the theoretical bounds on the values of p are 0 and 1, as required for a variable interpreted
as a probability.
We present a well-known model for continuum percolation. Assume a number of circles
that are randomly placed over a plane (Fig. 1.7). Circles are connected through their
partial overlap (Ben-Avraham and Havlin, 2000). Although such a model, often called
Swiss cheese in the literature, is more representative than regular lattices (e.g., square,
cubic, diamond) and its bond strength (pore throat-size) distribution follows a power-law
form (see Sen et al., 1985; Feng et al., 1987), its pore body-size distribution is uniform
and non-realistic in natural porous media. Nevertheless, as has been discussed for
decades (see e.g., Sen et al., 1985; Bunde et al., 1986; Feng et al., 1987; Berkowitz and
Balberg, 1992; 1993), continuum percolation exponents for conduction can take on non27	
  
	
  

universal values. We discuss non-universal exponents of percolation in greater detail in
Chapters 4 and 5, and demonstrate that one should expect only universality for nonwetting phase flow in two-phase continuum percolation.

Fig. 1.7. Continuum percolation of circles on a plane
(after Ben-Avraham and Havlin, 2000). This model is also
known as Swiss-chees. The percolation threshold of such
a 2D system with overlapping circles is 0.312 (BenAvraham and Havlin, 2000).

In real rock and soils, the value of the percolation threshold has to be determined by
simulations (Feder, 1988) or through experiments. There exist several techniques,
including series-expansion analyses, Monte Carlo simulations, and real-space
renormalization group methods, to estimate the percolation threshold of continuum
models (Torquato, 2002). Recently, Liu and Rogenauer-Lieb (2011) proposed a purely
morphological technique to determine the percolation threshold in porous materials.
However, their method has not been tested generally. The critical water content has also
been suggested (Ghanbarian-Alavijeh and Hunt, 2012b) to be identical to what is
frequently referred to as the irreducible moisture content (Luckner et al., 1989), which
would be obtainable from a soil water retention curve. But possibilities for investigations
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of this hypothesis are also limited, although Ghanbarian-Alavijeh and Hunt (2012c) used
an analogous procedure for finding a critical air content from the soil water retention
curve. Hunt (2004) found that 10% of the porosity would be a good approximation to the
percolation threshold in sand-rich soils. However, in fine textured soils, the Moldrup et
al. (2001) model (their Eq. (2)) relating threshold water content to specific surface area
can be applied for the purpose of threshold water content estimation. In another study,
Moldrup et al. (2007) presented empirical regression-based functions between threshold
water content and other soil physical and hydraulic properties e.g., clay content and
organic matter, Philips soil-water sorptivity, and Campbell’s pore-size distribution index.

2.2. Universal properties in percolation theory
Perhaps the most important feature in percolation theory is universal behavior of different
properties e.g., correlation length and conductivity, above but near the percolation
threshold. However, near has not been defined satisfactorily in the literature. This
universality means that such properties follow power laws near pc, independent of
medium characteristics, e.g., particle shape and coordination number. The critical
exponents characterizing such power laws are universal, depending merely on the
Euclidean dimension E of the system (Sahimi, 2011). These universal scaling laws are
X A p ∝ p − pc

( ) (

)

β

(1.18)
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X B p ∝ p − pc

( ) (

χ ( p ) ∝ p − pc

( ) (

g p ∝ p − pc

)

βb

(1.19)

−ν

(1.20)

µ

(1.21)

)

where XA is the accessible fraction (the fraction of the occupied or present bonds or sites
which belong to the sample-spanning cluster), XB is the backbone fraction (the fraction of
occupied or present bonds or sites in the sample-spanning cluster that effectively
participate in the transport process), χ is the correlation length (the typical radius of the
holes for p > pc), g is the conductivity, and β, βB, ν and µ are universal exponents whose
values are presented in Table 1.2 for two and three dimensions (Sahimi, 2011).

Table 1.2. The universal exponents and fractal dimension of percolation.
Exponent
β
βB
ν
µ
Df

E=2 (2D)
5/36
0.48
4/3
1.3
91/48

E=3 (3D)
0.41
1.05
0.88
2
2.53

Bethe lattice
1
2
1/2
3
4

These universal scaling laws (Eqs. 1.18 to 1.21) are accurate near and above the
percolation threshold. Sahimi (1993a) states “ … although the above scaling laws [e.g.,
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Eqs. 1.18 to 1.21] are supposed to be valid in the critical region close to pc, where the
extent of this region is roughly estimated by p – pc ≤ 1/Z [where Z is the coordination
number], in many systems the above scaling laws [e.g., Eqs. 1.18 to 1.21] are actually
valid over a much broader region.” The relevant question here would be, “How far above
the percolation threshold do these scaling laws provide accurate results?” To our
knowledge, this question has never been satisfactorily answered. In the chapter on
diffusion, however, we combine the universal scaling (Eq. 1.21) of percolation theory,
valid for p values near pc, with a universal scaling from effective medium theory, valid at
values of p near 1, to propose gas and solute diffusion models for the range pc < p < 1.

2.3. Length scale dependence of universal properties
The correlation length χ given in Eq. (1.20) (known also as the connectedness length) can
be also defined as the average of the root mean square distances between occupied sites
that belong to the same finite cluster (Feder, 1988). Since the exponent ν in Eq. (1.20) is
positive, χ diverges at the percolation threshold, i.e., as p approaches pc, χ becomes
infinitely large. However, above the threshold, χ plays an important role. If the length
scale is greater than the correlation length (L > χ), the percolation system would be
macroscopically homogeneous and its geometry is Euclidean (Sahimi, 1993a,b). In such a
case, the cluster’s mass scales as
(1.22)

M ∝ LE , L > χ
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where M is the cluster’s mass, and L is length scale. Recall that E is the Euclidean
dimension.
In contrast, at length scales less than the correlation length (L < χ), the system is
inhomogeneous, fractal and self-similar, and its macroscopic properties depend on L
(Sahimi, 2011). Under this condition, the cluster’s mass scales as
D

M ∝L f, L< χ

(1.23)

where Df is the cluster’s fractal dimensionality whose universal value for 2 and 3
dimension is reported in Table 1.2.
When L < χ, the properties of a network, e.g., Eqs. (1.18) to (1.21), become scale−1 ν
dependent (Sahimi, 2011). In this case, one should replace (p – pc) by L in Eqs. (1.18)

to (1.21). This length scale dependence has been experimentally proved for some
hydraulic and physical properties of porous media. For example, Larson and Morrow
(1981) demonstrated that soil water retention curve became sharper at high saturations as
the measurement scale decreased, which affects the air entry value. Mallants et al. (1997)
investigated the spatial variability of saturated hydraulic conductivity measurements
using three different column sizes (small, medium, and large). They found that the
geometric mean of saturated hydraulic conductivity decreased as the column size
increased. In another study, Lai and Ren (2007) reported similar results using double-ring
infiltrometers in the field scale. They found that in highly heterogeneous soils,
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infiltrometers should have an inner ring diameter larger than 80 cm to obtain reliable
measurements.
Hillel (2004) pointed out that the scale dependence of hydraulic conductivity
measurements is due to inhomogeneity. He explains, “owing to soil heterogeneity, the
apparent hydraulic conductivity measured often depends on the scale of the measurement.
Thus, the K [hydraulic conductivity] value measured on a cubic centimeter or decimeter
may differ from the average value measured on a cubic meter. Too often, this is ignored
and K values are reported without specifying the scale of the measurement.”
The universal scaling laws presented in the previous section (Eqs. 1.18 to 1.21) are
applicable to systems which are infinitely large (i.e., the typical bond length is negligible
compared to the system size). For finite system size, such as occurs in many practical
cases and also in computer simulations, one should apply finite-size scaling.
Let’s define Π(p, L) as the probability that a lattice of size L percolates at concentration
p. In an infinite network (L = ∞), Π = 1 for all p values above the percolation threshold pc
(p > pc), and Π = 0 for p < pc (see Fig. 1.8). Thus
$"1,
Π( p, L) = #
$%0,

p > pc

(1.24)

p < pc

in which Π(p, L) is a Heaviside step function of p.
In a finite system (L < ∞), however,
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Π( p, L) = Φ $% p − pc L1 υ &'

(

)

(1.25)

where Φ is a scaling function (presented in Fig. 1.8) increasing from 0 to 1 if its argument
increases from −∞, far below the threshold, to +∞, far above the threshold (Stauffer and
Aharony, 1994).
The first derivative of Eq. (1.25) i.e., dΠ/dp shown schematically in Fig. (1.8) (the dashed
line) gives the probability that, at concentration p, a spanning cluster appears for the first
time for a finite system. This gives

dΠ 1 υ %
= L Φ"& p − pc L1 υ '(
dp

(

)

(1.26)

where for L → ∞ , Eq. (1.26) approaches a delta function whose integral returns the
Heaviside step function (Eq. 1.25).
We discuss practical applications of finite-size scaling in more detail in Chapter 3 in
which we derive a scale-length-dependent tortuosity model.
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Fig. 1.8. (Left axis:) Variation of the probability Π that a cluster spans the sample for an infinite (L = ∞)
and finite (L < ∞) system (after Stauffer and Aharony, 1994). (Right axis:) The dashed line shows the pdependence of dΠ/dp, the probability that a spanning cluster appears for the first time.

3. Widely applied soil hydraulic properties models in the literature
Before we develop physically based models for various kinds of transport in disordered
media, we would like to review some models that have been historically favored. Thus,
the main purpose of this session is introducing well-known and widely-applied models
proposed either empirically or theoretically in the soil physics literature to describe
hydraulic properties, such as soil the water retention curve, unsaturated hydraulic
conductivity, air permeability, and solute transport in porous media.
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3.1. Soil water retention curve
The soil water retention curve describes a relationship between the soil matric potential
(or tension head) and water content remaining in the sample. Although such a property is
measured discontinuously e.g., at specific water contents or tension heads (h), the most
widely used soil water retention curve model proposed by Martinus Th. van Genuchten
(van Genuchten, 1980) has a continuous sigmoid-shape form as follows:
−m
n$
θ − θr !
= #1+ (α h ) &
%
φ − θr "

(1.27)

where θr is the residual water content, and α, n and m are empirical shape parameters.
Note that θr is merely a fitting parameter.
The other widely applied model is the discontinuous model of Brooks and Corey (1964),
which provides a better understanding of air invasion into a saturated sample than the van
Genuchten model. The power-law model of Brooks and Corey (1964) is
−λ
θ − θr ! h $
=# &
φ − θ r #" ha &%

(1.28)

where ha is the air entry value, and λ is the pore-size distribution index (Brooks and
Corey, 1964). Although the Brooks and Corey (1964) model was proposed empirically,
based on the power-law behavior of the water retention curve, later de Gennes (1985a),
Tyler and Wheatcraft (1990), and Bird et al. (2000) found that the power-law behavior of
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the soil water retention curve can be formulated within fractal geometry (λ = 3 – D;
where D is the fractal dimensionality of either surface or mass).

3.2. Tortuosity in unsaturated media
The concept of tortuosity is fairly straightforward. Most simply, tortuosity refers to the
curvature in flow pathways in porous media. However, in practice, tortuosity τ is not
consistently defined in the literature, and it is often misleading (Tye, 1983; Epstein,
1989). Among the empirical, semi-physical and analytical models developed for
tortuosity, the following simple empirical power-law function has widely been used in
unsaturated hydraulic conductivity modeling (τ > 1):

τr =

τ (θ )
τ (θ = φ )

(1.29)

= Se−η

where Se, the effective degree of saturation, is (θ – θr)/(ϕ – θr), τ(θ) and τ(θ = ϕ) are the
tortuosity in unsaturated and saturated conditions, respectively, and η is a constant whose
value was suggested to be 2 and 0.5 by Burdine (1953) and Mualem (1976), respectively.
However, in Chapter 3 we show that the exponent 2 is a combination of tortuosity and
connectivity factors. Other proposed power-law models, such as Millington and Quirk
(1961) are discussed in detail in Chapter 3.
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3.3. Air permeability
Air permeability is another important hydraulic property of partially saturated porous
media. However, it is typically modeled linked with the unsaturated hydraulic
conductivity. That means models, such as Burdine (1953) and Mualem (1976) described
in the following, are modified to explain the saturation dependence of the air permeability
in unsaturated porous media. The revisited Burdine and Mualem models for air
permeability, respectively, are:
#

ka

&
dSe h 2 (
Se
(
1
dSe h 2 (
0
'

( ) = 1− S % ∫
( )%
(φ )
%$ ∫

ka θ

2

e

1

(1.30)

and
2

# 1
&
ka θ
η % ∫ S dS e h (
= 1− Se % 1e
(
ka φ
%$ ∫ 0 dSe h ('

()
(
()

)

(1.31)

where ka(θ) and ka(ϕ) are air permeability in unsaturated and completely dry conditions,
respectively.
To study air permeability in disturbed and undisturbed soils, Tuli et al. (2005) combined
Eq. (1.31) with the Campbell’s soil water retention curve model (Campbell, 1974). By
fitting their model to measured air permeability data they indicated that the value of 0.5
reported by Mualem (1976) for water permeability may not be valid for air permeability.
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Tuli et al. (2005) found that η ranged from 0.007 to 2.454 and 0.871 to 7.728 in
undisturbed and disturbed samples, respectively. The theoretical issues with Burdine
(1953) and Mualem (1976) are discussed in the following section 3.5 in more detail.

3.4. Gas and Solute diffusion
Diffusion is spreading of solute particles due to thermal energy of molecules. Net
transport by diffusion occurs in response to spatial differences in concentration.
Generally speaking, diffusion may happen in solid, liquid, and gas phases. However, it
has been declared that diffusion properties in each phase should be unique because the
pore geometry and connectivity are different (Moldrup et al., 2001; Flury and Gimmi,
2002). Therefore, various models were developed to describe the saturation dependence
of solute and gas diffusion in porous media. Perhaps the most well-known model is that
of Millington and Quirk (1961), which was first developed to model the hydraulic
tortuosity factor in unsaturated hydraulic conductivity. However, Millington and Quirk
(1961) proposed their model to predict diffusion in unconsolidated porous media. In
addition to gas and solute diffusion (Moldrup et al., 2000; Moldrup et al., 2005a,b,c;
Kawamoto et al., 2006a; Resurreccion et al., 2007; Chamindu Deepagoda et al., 2011a,b),
Millington and Quirk’s model was also applied to predict air permeability (Moldrup et
al., 1998). The Millington and Quirk model is
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D pm
D0

=

θ 10 3
φ2

(1.32)

where Dpm is the solute diffusion coefficient in the porous medium and D0 is the one in
free liquid. One should substitute ε (air-filled porosity) for θ to apply Eq. (1.32) to gas
diffusion prediction (Moldrup et al., 2001).
Some other researchers, such as Resurreccion et al. (2007) and Chamindu Deepagoda et
al. (2012) proposed the following power-law function for gas and solute diffusion

D pm

!θ $
=# &
D0 " φ %

X

(1.33)

and related the exponent X to matric potential (or equivalently volumetric water content).
In Chapter 5, however, we demonstrate that Eq. (1.33) is a special case of the universal
scaling from percolation theory in which the exponent is fixed and equal to 2. Using 71
and 106 gas and solute diffusion experiments collected from published papers in the
literature we confirm the application of universal scaling. We demonstrate that combining
the universal scaling from percolation theory with the universal scaling from the effective
medium approach correctly normalizes both solute and gas diffusion.

40	
  
	
  

3.5. Unsaturated hydraulic conductivity
Unsaturated hydraulic conductivity modeling and prediction has attracted a great deal of
attention since the 1940s. The most-applied theory to model the conductivity of porous
media is as a bundle of capillary tubes. A porous medium is represented by a bundle of
straight tubes with different radii and no interconnectivity.
Applying the capillary-tubes-bundle approach, Burdine proposed the broadly-used
unsaturated hydraulic conductivity model (Burdine, 1953):

( ) = S "$ ∫

K θ
Ks

2
e

%
dSe h 2 '
$ 1
2 '
# ∫ 0 dSe h &
Se

(1.34)

0

in which K(θ) and Ks are the unsaturated and saturated hydraulic conductivity,
respectively, and the factor Se2 represents the tortuosity factor (T = 1/τ < 1) of the
medium. In Burdine’s model, each individual tube has a constant radius, meaning that the
cross-sectional area of the fluid does not change along the flow path. To overcome this
drawback in Burdine’s model, Mualem (1976) assumed that two flow paths with different
cross sectional area are connected in series and proposed
2

" Se
%
K θ
dSe h '
η $ ∫0
= Se
$ 1
'
Ks
# ∫ 0 dSe h &

()

(1.35)
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where η is an empirical constant whose value was suggested to be 0.5 by Mualem (1976).
Later, however, it was acknowledged that η takes a negative value. Kosugi (1999) found
η < 0 for 71% of soils; Schaap and Leij (2000) reported that η was predominantly
negative, with an optimum value for all soils of −1.0; Shinomiya et al. (2001) found a
high frequency of optimized values of η in the range −2.0 to 0; and Børgesen et al. (2006)
reported an average of η = −1.0 for their Danish soil samples. Schaap and Leij (2000)
finally concluded that it was unlikely that the Mualem hydraulic conductivity model
(Mualem, 1976) combined with the van Genuchten soil water retention curve model (van
Genuchten, 1980) could be physically interpreted.
Kosugi (1999) and Hoffmann-Riem et al. (1999) proposed a general form of Burdine
(1953) and Mualem (1976) in which layers of parallel tubes are connected in series.
However, Hoffmann-Riem et al. (1999) stated that their general form should not be
interpreted as a physically-based model; rather, it should be justified as a flexible
equation which can be used to obtain a better description of measured unsaturated
hydraulic conductivity data.
In the Burdine (1953), Mualem (1976), Hoffmann-Riem et al. (1999) and Kosugi (1999)
models, hydraulic conductivity at specific values of the water content is calculated by
integrating conductivity over individual relevant pore sizes. This analogy is equivalent to
the arithmetic averaging which is only applicable to parallel flow pathways, consistent
with parallel resistors in physics. However, flow paths in a real pore network have
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variable cross-sectional areas and are interconnected like connected resistors. In such a
case, the pore network is a complicated combination of parallel (arithmetic mean) and
series (harmonic mean) flow pathways, and we require an approach such as percolation
theory that accounts for how the resistors are connected. Later in Chapter 6, we describe
critical path analysis from percolation theory as a promising technique to calculate
effective conduction properties of a disordered medium.

3.6. Solute transport
Increased deposition of contaminants, correlated with industrial growth and resulting in
polluted surface and ground water sources during the past decades, led researchers to
focus on flow and contaminant transport in fracture networks and porous media.
Compounds dissolved in water in the subsurface are transported by molecular diffusion
and advection (motion of the fluid). A very common approach to study solute transport is
a differential equation describing the spatio-temporal behavior of dissolved solutes,
including both advection and diffusion processes, called the Advection-Diffusion
equation (ADE), (Bear, 1972). The one-dimensional ADE model is

∂C
∂C
∂2C
=− v
+ Dh 2
∂t
∂x
∂x

(1.36)
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where C is the macroscopic mean concentration, t is time, <v> is the mean flow velocity,
and Dh is the hydrodynamic dispersion coefficient.
As Sahimi (1987) points out, an approach based the ADE is purely phenomenological
and provides no insight into how longitudinal and transverse dispersion coefficients
depend on the morphology of the pore space. We also caution that the ADE model is
limited to specific media (e.g., homogeneous), and particular conditions (e.g., Fickian
transport with a Gaussian arrival time distribution). It is well known that the ADE cannot
describe long tails in the distribution seen in the breakthrough curve, known as nonFickian transport (Scheidegger, 1959; Cortis and Berkowitz, 2004; Bijeljic et al., 2011).
In addition to the ADE equation, the fractional advection-dispersion equation (FADE)
was proposed by Benson (1998) based on Levy’s α-stable densities to eliminate the scale
dependence of the ADE. However, as Pachepsky et al. (2000) indicated, the dispersion
coefficient of the FADE model is still scale dependent. In addition, the FADE still
underestimates solute arrivals at short time scales (Cortis and Berkowitz, 2004).
The other approach to model solute transport, especially non-Fickian transport in
heterogeneous porous media, is called the continuous-time random walk (CTRW).
Although the CTRW formulation of dispersion is a promising approach, which has been
demonstrated to accurately model experimental breakthrough curve data which cannot be
described by the ADE model, the CTRW framework is still phenomenological, since the
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waiting-time distribution must still be fitted to experimental data for the purpose of
predictions (Sahimi, 2012).
In Chapter 7, we propose calculations of the entire distribution of arrival times, W(t), for
non-sorbing solutes in advective flow in unsaturated heterogeneous porous media. The
goal of our approach is to predict general relationships for the dispersion coefficient and
solute transport breakthrough curves from our derived distribution of solute arrival times,
W(t), under conditions for which diffusion can be neglected. Calculation of W(t) is based
on percolation theory. We use 1) critical path analysis to quantify flow on the dominant
flow paths, 2) cluster statistics of percolation theory to find their occurrence, and 3)
percolation scaling to find their lengths. As we show, comparison with experimental data
indicates excellent results.

4. Scope and objectives
Fractals and percolation theory have broad ranges of application in science. In porous
media, fractals are used to construct the hierarchical structure of a medium, and
percolation theory is applied to model fluid flow in percolation clusters. In fact, when the
system size is less than the correlation length, the structure of clusters would be
statistically self-similar and geometrically fractal, and consequently, percolation theory
would be applicable to different kinds of transport e.g., unsaturated hydraulic
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conductivity, air permeability, gas and solute diffusion, tortuosity and dispersion in
porous media. In the following chapters, we develop and evaluate fractal- and
percolation-based models for hydraulic properties of porous media, in particular,
universal scaling and critical path analysis from percolation theory. Apart from the case
of saturation-dependent hydraulic conductivity, transports such as air permeability and
gas diffusion follow universal scaling relationships. The appropriate scaling function
follows the universal behavior predicted from percolation theory near the percolation
threshold, while far from the percolation threshold it crosses over to effective-medium
theory (Kirkpatrick, 1973). Scaling in accord with percolation theory indicates that the
saturation-dependence of flow is primarily determined by connections between pores
(topology), rather than by the sizes of the pores. However, in unsaturated hydraulic
conductivity modeling, we postulate that fluid flow is dominated by those pores whose
size is larger than a critical pore radius rc. This approach, called critical path analysis, is
explained in detail in Chapter 6.
Hunt and Ewing (2009) emphasize that percolation theory, as a powerful approach, is
potentially applicable to modeling the hydraulic properties of many porous media. For
example, Hunt (2005) demonstrated that air permeability in porous media follows
universal scaling. However, his model was evaluated using only two experiments. Ewing
and Hunt (2006) have already shown that the electrical conductivity as a function of
saturation follows universal scaling from percolation theory. Hunt and Ewing (2009) also
proposed that the universal scaling should be used to model solute diffusion and thermal
46	
  
	
  

conductivity. However, in the case of thermal conductivity, universal scaling would be
relevant mostly to the density dependence. In addition for the hydraulic conductivity,
universal scaling is relevant at most in a relatively narrow range of moisture contents near
the threshold moisture for percolation (also known as the irreducible moisture content).
Among the porous media properties, the saturation dependence of gas diffusion,
tortuosity, bimodal hydraulic conductivity, and dispersion together with the wide
agreement of theoretical air permeability and solute diffusion values with experiment
remain to be investigated. Thus, the main objectives of this dissertation are: (1) to
develop theoretically- and physically-based models using concepts e.g., critical path
analysis and universal scaling laws, within percolation theory, and (2) to evaluate their
potential applications to experiments in the literature. We should note that we do not
discuss thermal and electrical conductivity here in this dissertation. The former is
affected by some complicated factors, such as the amount of water between individual
grains (Hunt and Ewing, 2009), multi-phase components (air, water, solid particles), etc.
The universal scaling of the latter has been already demonstrated by Ewing and Hunt
(2006). In this dissertation, just two-phase flow is investigated in which the wetting and
non-wetting fluids are e.g., water and air, respectively. As we suggest in the last chapter
(General conclusions and directions for future research) extending the results obtained
here to multi-phase flow would be interesting; in particular, to derive analytical multiphase hydraulic conductivity and dispersion expressions.
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The structure of this dissertation is as follows:
In Chapter 2, we discuss three different approaches to estimate the soil water retention
curve from the particle-size distribution using fractals. We also point out some
conceptual errors within the Kravchenko and Zhang (1998) model.
In Chapter 3, we classify tortuosity into four main types, geometrical, hydraulic,
diffusive, and electrical. We review different porosity- and saturation-dependent
empirical, semi-physical, and physical models proposed in the literature. We also develop
a theoretical framework based on percolation theory to predict tortuosity in saturated and
unsaturated porous media.
In Chapter 4, universal scaling of air permeability is evaluated using 39 experiments
reported in the literature. We demonstrate that the saturation dependence is a universal
power law in the air-filled porosity (less a threshold) with an exponent of 2. We also
propose a method to estimate the percolation threshold for air permeability from the wet
end of the soil water retention curve.
Chapter 5 discusses the saturation dependence of gas and solute diffusion in porous
media. We combine universal scaling laws from percolation theory and the effective
medium approach and develop a model in which the quadratic behavior from percolation
theory switches (crosses over) to the linear universal scaling of the effective medium
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approach. This crossover point predicted by the model is tested using a very wide range
of experiments for both gas and solute diffusion.
In Chapter 6, we develop uni- and bi-modal pore-size distribution and hydraulic
conductivity models to predict the unsaturated hydraulic conductivity from the soil water
retention data. We apply critical path analysis from percolation theory and combine it
with the pore-solid fractal model. Our theoretical frameworks for soils having unimodal
or bimodal pore-size distribution are compared with measured experiments from the
UNSODA database.
In Chapter 7, we develop a saturation-dependent model of dispersion in porous media
using concepts from critical path analysis, cluster statistics of percolation, and fractal
scaling of percolation clusters. We calculate spatial solute distributions as a function of
time and calculate arrival time distributions as a function of system size. We also
compare our results with measured breakthrough curves.
In Chapter 8, we summarize our results and discuss general conclusions and possible
future research.
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II. ESTIMATING THE SOIL WATER RETENTION CURVE FROM THE
PARTICLE-SIZE DISTRIBUTION

Article I.
Ghanbarian-Alavijeh, B.; Hunt, A.G. Estimation of soil-water retention from particle-size
distribution: Fractal approaches, Soil Sci. 2012a, 177, 321-326.
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TECHNICAL ARTICLE

Estimation of Soil-Water Retention From Particle-Size
Distribution: Fractal Approaches
Behzad Ghanbarian-Alavijeh1 and Allen G. Hunt1,2
Abstract: Soil-water retention curve (SWRC) is one of the most
important properties of porous media whose estimation is still under
investigation by either physically based approaches or empirically developed models. In this short communication, the authors reviewed three
well-known fractal approaches, that is, Kravchenko and Zhang, the poresolid fractal, and Hunt and Gee methods, which estimate SWRC from
particle-size distribution. The authors argue that the most reliable method
is to use Hunt and Gee’s approach to estimate SWRC, then modify the
estimated equilibrium water content by the Hunt and Skinner algorithm
for nonequilibrium conditions.
Key words: Fractal dimension, particle-size distribution, porosity,
soil-water retention curve.
(Soil Sci 2012;177: 321Y326)

S

oil-water retention curve (SWRC) is one of the most important properties of porous media whose estimation is still
under investigation. The development of models to estimate
SWRC from particle-size distribution is one of the challenging
questions in soil science. In the past decades, several methods,
such as empirical (e.g., pedotransfer functions), semiphysical
(e.g., uniformly packed particle models), and physical (e.g.,
fractal approaches) models, have been developed to estimate
SWRC from other relatively easily measurable data such as
the particle-size distribution (Arya and Paris, 1981; Tyler and
Wheatcraft, 1989; Comegna et al., 1998; Bird et al., 2000;
Hwang and Choi, 2006; Nimmo et al., 2007; Ghanbarian-Alavijeh
and Millán, 2010), aggregate bulk density-size distribution (Rieu
and Sposito, 1991; Filgueira et al., 1999), and fragment masssize distribution (Ghanbarian-Alavijeh, 2007).
In this short communication, we focus only on the fractal
approaches, in particular, Kravchenko and Zhang (1998), poresolid fractal (PSF) (Perrier et al., 1999; Bird et al., 2000), and
Hunt and Gee (2002a, b), which estimate SWRC from particlesize distribution and review their assumptions and limitations.

particle-size distribution is still one of the challenging questions.
In the literature, there are three well-known fractal approaches,
e.g., Kravchenko and Zhang (1998), PSF (Perrier et al., 1999;
Bird et al., 2000), and Hunt and Gee (2002a, b), which estimate
fractal dimensionality of pore space and consequently SWRC
from particle-size distribution data. In the following, we focus
on these three methods and discuss each one.

THE KRAVCHENKO AND ZHANG MODEL
Kravchenko and Zhang (1998) developed a semiphysical
model based on the characteristics of cumulative pore length.
Although their method is simple and easy to use, there are
several points about this model worth mentioning here. These
authors started with the relationship between pore volume and
pore radius presented in the article of Perrier et al. (1996) (Eq. 2
in the original article), then derived a differential equation for
cumulative length of pores with radii less than or equal to r, by
assuming that pores are cylindrical as follows:
dLðe rÞ 2
Pr ¼ AðEjDs ÞrðE$Ds $1Þ
ð1Þ
dr
where E is the Euclidean dimension (E = 3 for a 3-D system),
Ds is the surface fractal dimension (0 G Ds G E) (Perrier et al.,
1996), and A is a constant.
To determine the cumulative length of pores, Eq. (1) is
integrated from rmin, the minimum pore radius, to r with respect
to the pore radius (r) as follows:
AðEjDs Þ EjDs j3
r
dr
P
AðEjDs Þ
ðEjD j2Þ
¼
½rðEjDs j2Þ jr min s &; 0 G Ds G E ð2Þ
PðEjDs j2Þ
r

Lðe rÞ ¼ Xrmin

The first point that must be mentioned is that Kravchenko
and Zhang (1998) assumed that rmin can be equal to 0, and then
simplified Eq. (2) into (Eq. 5 in the original article):
Lðe rÞ ¼

FRACTAL APPROACHES
In the last 2 decades, the fractal approach has been widely
applied to model hierarchical structures and hydraulic properties
of porous media. However, basing a determination of a fractal
dimensionality of the pore space on either the SWRC or the
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AðEjDs Þ EjDs j2
r
PðEjDs j2Þ

Eq. (2) can be simplified to Eq. (3) if and only if term
(E j Ds j 2) is a positive value. Otherwise, when rmin Y 0 ,
L(e r)YjV, in fact, term (E j Ds j 2) is positive, if
0 G Ds G 1 covering a narrow range of surface fractal dimension (0 G Ds G 3). Ghanbarian-Alavijeh and Millán (2009)
reported a range of 2 to 3 for surface fractal dimension determined from soil-water retention data in most of the soils of
different databases. Furthermore, when 1 G Ds G 3, Eq. (3)
returns a negative value for cumulative pore length that is
physically meaningless. Sahimi (2003) explains that natural
porous media like soils that show self-similarity typically lose
their fractal properties below the lower cutoff and above the
upper cutoff scales. Therefore, a lower cutoff of scale rmin
needs to be included, just as in Eq. (2). Note that the other
models discussed here do contain such a cutoff.
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Following the Tyler and Wheatcraft (1989) approach in
combination with the Arya and Paris (1981) model, Kravchenko
and Zhang (1998) developed another equation for pore length
formed by particles, l(R), as follows (Eq. 9 in the original
article):
!
"
W ðRÞ Ds j1 4j3Ds
lðRÞ ¼ 2
R
ð4Þ
Qs s

where W(R) is the mass of particles of size R, Qs is particle
density, and s is a shape factor of particles. These authors
integrated Eq. (4) from Rmin to R to determine cumulative pore
length formed by particles as follows:
R

LðerÞ ¼ XR min lðRÞdR

R

#

¼ 2ðQs SÞ1jDs XR min W ðRÞ

$

Ds j1 4j3Ds

R

dR

ð5Þ

The main difficulty in the Kravchenko and Zhang’s derivation is simplifying Eq. (5) into (Eq. 10 in the original article):
#
$
2ðQs sÞ1jDs R5j3Ds W ðRÞ Ds j1
LðerÞ ¼
ð6Þ
5j3Ds
which requires assuming that W(R) is constant and that Rmin is
equal to 0. The second assumption is not realistic as pointed
out above, whereas the first assumption constitutes an internal
contradiction as W(R) already, in this derivation, has been treated
as a function of particle radius, R, [as defined in Eq. (6) in the
original article Kravchenko and Zhang (1998), or in Eqs. (1) and
(6) of Arya and Paris, 1981].
In addition, assuming that Rmin is equal to 0 here requires a
positive value for the exponent (5 j 3 Ds), meaning that surface
fractal dimension has to be less than 1.667, which does not cover
the typical range of surface fractal dimension (2 G Ds G 3).
Furthermore, Eq. (6) returns a negative value of cumulative pore
length corresponding to 5/3 G Ds G3. Therefore, simplifying Eq.
(5) to (6) is not supported.

THE PSF MODEL
Perrier et al., in 1999, proposed the PSF model, which
assumes the same geometric shapes and distributions of pores
and solid fractions and leads to the same scaling exponent (the
pore-solid interface fractal dimension) for both. In this approach,
considering three phases, e.g., pore, solid, and fractal, the pore
phase and the solid phase both have volume fractions greater
than 0 and less than 1, even for an infinite number of iterations,
which indicates a main difference from traditional fractal pore
models with only two phases (pore and solid).
Theoretically, the PSF model provides a direct way to estimate the pore-solid interface fractal dimension Dp and consequently SWRC from particle-size distribution data. Following
Bird et al. (2000), the pore-solid interface fractal dimension can
be determined from the line slope of cumulative mass of particles versus particle radius in log-log scale. The Bird et al. (2000)
model for particle-size distribution is as follows (Eq. 17 in Bird
et al., 2000):
%
&
S
R 3jDp
M ðeRÞ ¼ L3 HQp
þk
ð7Þ
S þ P Rmax

where M(eR) is the total mass of particles of radius less than or
equal to R; L is the linear size of the initiator; H is a constant; HL3
is the bulk volume of the PSF; Qp is the particle density; S and
P are solid and pore fractions of the PSF, respectively; Rmax is
the largest particle radius; k is a constant; and Dp is the poresolid interface fractal dimension of the PSF structure.
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When the number of iterations increases to infinity, generating arbitrarily small scales, Eq. (7) reduces to (Bird et al.,
2000):
%
&
S
R 3jDp
M ðeRÞ ¼ L3 HQp
ð8Þ
S þ P R max
Based on the characteristics of the PSF approach, Bird et al.
(2000) also developed an expression for the SWRC as follows:
" %
#
&
P
h Dp j3
1j
5 ¼ Ej
; hmin G h G hmax ð9Þ
SþP
hmin

where E is soil porosity, h is matric potential, and hmin is air
entry value.
Again, with arbitrarily small scales, and in the case P / (P +
S )Y E (Perrier et al., 1999), Eq. (9) reduces to the Tyler and
Wheatcraft (1990) model as follows (Bird et al., 2000):
%
&
h Dp j3
5¼E
ð10Þ
hmin

Wang et al. (2005) compared Dp value calculated from
SWRC data (Eq. 9) with Dp value determined from PSD curves
(Eq. 8) for 13 soil samples. They found that, in most cases,
the pore-solid interface fractal dimension values of SWRC
(Eq. 9) were greater than the pore-solid interface fractal dimension of particle-size distribution curves (Eq. 8), which
shows some inconsistencies with the PSF model (Wang et al.,
2005). Although the ratio P / (P + S) ranges from E to 1 (Fallico
et al., 2010; Ghanbarian-Alavijeh et al., 2011), Wang et al.
(2005) reported P / (P + S) values less than E as can be inferred
from 5s/A values greater than 1 presented in Table 2 of Wang
et al. (2005), in which A is P / (P + S).
Bird et al. (2000) used Dp calculated from PSD data (Eq. 8),
measured porosity, and a manually fitted value of hmin to estimate SWRC with Eq. (10) for only two data sets. Their results
showed good agreement between the measured and estimated
SWRC only for one data set.
We calculated the pore-solid interface fractal dimension
Dp using different methods, e.g., Eqs. (7) to (10) for seven soil
samples of the USDOE Hanford site used in Hunt and Skinner
(2005). Each particle-size distribution curve included more
than six measured points, and each SWRC covered the range
of saturation to permanent wilting point (j1,500 kPa) and
TABLE 1. Comparison of Calculated Pore-Solid Interface
Fractal Dimension Using Different Methods for Seven Soil
Samples Used in Hunt and Skinner (2005)
Pore-Solid Interface Fractal Dimension Dp
Soil
ITS 1-1418
ITS 2-2232
ITS 2-2230
ITS 2-2229
FLFT D11-08
USMW 10-45
USMW 10-86

Eq. (7)

Eq. (8)

Eq. (9)

Eq. (10)

2.437
2.434
2.379
2.327
2.493
2.485
2.28

2.514
2.125
2.326
2.029
2.312
2.227
1.965

2.733
2.616
2.885
2.573
2.929
2.513
2.381

2.733
2.616
2.733
2.573
2.812
2.513
2.381

Eqs. (7) and (8) refer to particle size measurements, Eq. (9) and Eq.
(10) to inferences from SWRC, whereas Eqs. (8) and (10) are the results
for infinite iterations in the PSF model, a mathematical technique that
allows arbitrarily small structures.
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consisted more than 13 data points. For more information, the
interested reader is referred to Hunt and Skinner (2005) and
Freeman (1995).
Following Rasiah et al. (1995), we used the nonlinear
least-square optimization method in Curve Fitting toolbox of
MATLAB (The MathWorks, 2006) to determine fractal dimension Dp by directly fitting Eqs. (7) to (10) to the measured data.
The values for Dp depend on the model used and are given in
Table 1, discussed below.
The results presented in Table 1 confirm the obtained
results by Wang et al. (2005). Although Dp values calculated
using Eq. (7) are greater than Dp values computed from Eq. (8),
both models underestimated Dp value with regard to Dp value
determined from SWRC using Eqs. (9) and (10).
Following Bird et al. (2000), we used Dp values estimated
by Eq. (8) as well as measured porosity and adjustable air
entry value to estimate SWRC by the Tyler and Wheatcraft
(1990) model. The obtained results presented in Fig. (1) indicate

Analysis of Fractal Soil-Water Retention Models

good agreement between the measured and estimated SWRC at
moderate matric potentials. However, a large discrepancy was
observed at the dry end of SWRC, which confirms the results
obtained by Hunt and Gee (2002b) as well as those of Hunt and
Skinner (2005).

THE HUNT AND GEE MODEL
Hunt and Gee (2002a, b) proposed the following continuous probability distribution function of pores:
W ðrÞ ¼

3jDps
3jD

rmax ps

rj1jDps rmin e r e rmax

ð11Þ

where r is the pore radius, rmax is the largest pore radius in the
medium, rmin is the smallest pore radius, and Dps is fractal
dimensionality of pore space.

FIG. 1. Comparison of estimated SWRC using the Tyler and Wheatcraft (1990) model (open squares) in which Dp was estimated
from Eq. (8) with measured one (filled diamonds) for the selected USDOE Hanford site soils.
www.soilsci.com
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The total soil porosity is defined as follows:
ð12Þ

By analogy, one may obtain the following:
r

K f ð5Þ ¼ K s

"
!
"
r 3jDps
rmin 3jDps
j
rmax
rmax

h
hmin

"Dps j3

ð14Þ

Hunt and Gee (2002a, b) assumed that the ratio of the
smallest pore radius to the largest pore radius can be approximately equal to the ratio of the smallest particle radius to the
largest particle radius. Therefore, following Eq. (12), the fractal
dimensionality of pore space Dps in Eq. (14) can be estimated
from the largest and smallest particle radii as well as porosity:
Dps ¼ 3j

logð1jEÞ
logðRmin =Rmax Þ

ð15Þ

The values for Dps determined from Eqs. (14) and (15) are
presented in Table 2. The obtained results indicated that Eq. (15)
underestimated Dps values.
The estimated SWRC using the Rieu and Sposito (1991)
model, in which fractal dimensionality of pore space Dps was
calculated from Eq. (15) and air entry value was an adjustable
parameter, agreed well with the measured SWRC at moderate
matric potentials (Hunt and Gee 2002b; Hunt and Skinner,
2005). However, a relatively large discrepancy was found for the
estimation at low matric potentials due to lack of water percolation as well as complicating behavior of water surface films
(Hunt and Skinner, 2005; Hunt and Ewing, 2009).
Hunt and Gee (2002a) assumed a crossover point 5d on
unsaturated hydraulic conductivity curve dividing the curve into
two regions: (i) when 5d G 5 G E, combination of critical path
TABLE 2. Comparison of Calculated Fractal Dimensionality
of Pore Space Dps Using Different Methods for Seven Soil
Samples Used in Hunt and Skinner (2005)
Fractal Dimensionality
of Pore Space Dps
Soil
ITS 1-1418
ITS 2-2232
ITS 2-2230
ITS 2-2229
FLFT D11-08
USMW 10-45
USMW 10-86

Eq. (14)

Eq. (15)

2.966
2.976
2.924
2.983
2.927
2.945
2.949

2.953
2.880
2.853
2.902
2.802
2.859
2.764

Eqs. (14) and (15) refer to soil-water retention curve (Rieu and
Sposito, 1991) and particle size measurements (Hunt and Gee, 2002a, b),
respectively.
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ð17Þ

where Ks is saturated hydraulic conductivity; Kf (5) and Kp(5)
are unsaturated hydraulic conductivity obtained from fractal
scaling and percolation scaling, respectively; 5t is critical water
content for percolation; t is a constant equal to 2.
The crossover point 5d in unsaturated hydraulic conductivity curve is calculated as follows (Hunt and Skinner, 2005):
2
3
6 tð1jEÞ 7
7
5d ¼ 5t þ 6
4 3
5
jt
3jDps

ð18Þ

Hunt and Skinner (2005) further assumed that equilibrium
water content 5e, water content estimated by the Rieu and
Sposito (1991) model, can be related to the actual water content
5a as follows:
d5a ¼

K p ð5a Þ
d5e
K f ð5a Þ

ð19Þ

By integrating Eq. (19) with respect to water content and
substituting Kf (5) and Kp(5) from Eqs. (16) and (17), respectively, Hunt and Skinner proposed a Gauss hypergeometric
function to modify the estimated water contents at the dry end of
SWRC for nonequilibrium conditions:
5j5d ¼ Gð5a ÞjGð5d Þ

ð20Þ

where G(x) is a function of the Gauss hypergeometric function
2F1 and is defined as follows:
GðxÞ ¼

#
$
#
$ 3
Ks
1jE 3jDps
3
5t jx
ð21Þ
ðxj5t Þ1jt 2 F 1 1jt;
; 2jt;
3jDps
1jE
ð1jtÞK o 1j5t

The estimated SWRC using the Hunt and Gee (2002a, b)
model as well as Hunt and Skinner (2005) algorithm for seven
soil samples are presented in Fig. 2 (after Hunt and Skinner,
2005). Although the developed algorithm by Hunt and Skinner
(2005) was simple, the results were robust. The results shown in
Fig. (2) indicate that Hunt and Skinner (2005) algorithm estimates nonequilibrium (or actual) water content and SWRC
accurately.

CONCLUSIONS
In this short communication, we reviewed three well-known
fractal approaches estimating the SWRC from the particlesize distribution. We did not actually address whether the
Kravchenko and Zhang (1998) model describes experiment
for two reasons. We argued that their assumption that one can
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ð16Þ

K p ð5Þ ¼ K o ð5j5t Þt
#
$ 3 #
$
1jE þ 5j5t 3jDps 5j5t t
¼ Ks
; 5t G 5 G 5d
1j5t
5d j5t

ð13Þ

Combination of Eqs. (12) and (13) with the Young-Laplace
equation gives the Rieu and Sposito (1991) SWRC:
5ðrÞ ¼ Ej1 þ

#
$ 3
1jE þ 5j5t 3jDps
; 5d G 5 G E
1j5t

(ii) when 5tG 5G 5d, percolation scaling theory yields
(percolation scaling model):

!

!
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analysis with random fractal model of Rieu and Sposito (1991)
gives (fractal scaling model):

!
"
rmin 3jDps
rmax
E ¼ Xrmin r3 W ðrÞdr ¼ 1j
rmax

5ðrÞ ¼ Xrmin r3 W ðrÞdr ¼

&
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FIG. 2. Comparison of estimated SWRC using the Rieu and Sposito (1991) model (open squares) and algorithm developed by
Hunt and Skinner (2005) (open circles) with measured one (filled diamonds) for the selected USDOE Hanford site soils
(after Hunt and Skinner, 2005).

neglect the physical limit of minimum length scales in particle
and pore size leads to negative values of cumulative lengths for
ranges of surface fractal values normally observed. We are not
aware of any experiments that imply negative cumulative
lengths. Furthermore, their assumption of a constant W(R) in
deriving their Eq. (10) is an internal contradiction, which makes
any comparison inconclusive.
We actually compared values of the fractal dimensionality
as obtained from particle-size or SWRC for the PSF and the
Hunt and Gee (2002a, b) treatments. We did not incorporate here
the effects of phase continuity (i.e., percolation and equilibration
complications) for the latter comparison. We implied the inconsistency with the PSF model, assuming the same scaling
exponent (fractal dimensionality Dp) for both pore and solid
distributions. However, experiment results indicated that the
fractal dimensionality of solid phase (e.g., calculated from PSD
data) was less than the fractal dimensionality of pore space (e.g.,
determined from SWRC data). We found by experiment that the
fractal approach proposed by Hunt and Gee (2002a, b) in

combination with the algorithm presented by Hunt and Skinner
(2005) is a robust method to estimate SWRC from particle-size
distribution data. However, this treatment incorporates an explicit relationship between pore and particle sizes that, although
rather frequently assumed in the literature (Arya and Paris, 1981;
Haverkamp and Parlange, 1986; Gvirtzman and Roberts, 1991),
cannot be generally confirmed.
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The concept of tortuosity is used to characterize the structure of porous
media, to estimate their electrical and hydraulic conductivity, and to study
the travel time and length for tracer dispersion, but different types of tortuosity—geometric, hydraulic, electrical, and diffusive—have been used essentially interchangeably in the literature. Here, we critically review the tortuosity models developed empirically, analytically, and numerically for flow in
both saturated and unsaturated porous media. We emphasize that the proposed tortuosity models are distinct and thus may not be used interchangeably. Given the variety of models that have been developed, and the sharp
differences between some of them, no consensus has emerged unifying the
models in a coherent way. Related treatments of tortuosity are found in the
literature on porous catalysts. In such materials, nonlinear reactions ordinarily accompany transport, and the effective diffusivity within the pore space in
the presence of the reactions is distinct from the one in their absence. Thus,
because tortuosity may be defined as the ratio of the effective diffusivities in
the bulk material and within the pore space, a careful treatment of tortuosity
may need to distinguish between transport with and without reactions. This
complication is ultimately relevant to soils as well, because bioremediation
and biodegradation in soils are always accompanied by nonlinear reactions.
Common models of tortuosity include both logarithmic functions and power
laws. In many cases, the differences between the logarithmic and power-law
phenomenologies are not great, but power laws can usually be reconciled
with percolation concepts. Invoking percolation theory provides both insight
into the origin of the power functions and a framework for understanding differences between tortuosity models.

P

orous media, particularly natural ones such as rock and soil, constitute a
broad class of complex systems. Their pore space is highly chaotic, with pore
sizes that vary across a broad range. But what makes porous media particularly complex is that the paths that they provide for fluid flow are not straight, but
tortuous and meandering. A molecule often must traverse a path that is several
times longer than the straight line between its original source and its destination.
Not surprisingly, until the early 1970s pore-scale modeling of porous media and
the flow and transport processes that take place in them was considered a hopeless
task, precisely due to the complex morphology of the pore space. Fluid flow and
transport processes were often modeled by averaging the microscopic conservation
laws—the continuity and momentum equations—over a suitably selected segment
of the pore space, such that on the scale of that segment a porous medium could be
considered homogeneous. Such equations then contained effective flow and transport coefficients, such as the effective permeability, diffusivity, and electrical and
thermal conductivities. These coefficients had to be measured experimentally for
each medium—unless they could be predicted based on some hypothetical model
of the pore space. Due to the complexity of pore space morphology, the most used
model was the bundle of capillary tubes, in which the tubes, representing the pores,
Soil Sci. Soc. Am. J. 77:1461–1477
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were arranged either in series or parallel (Scheidegger, 1974).
While such models were amenable to the analytical derivation
of expressions for the effective flow and transport properties, the
predictions that they provided rarely agreed with experimental
data, simply because the structure (e.g., interconnectivity) of the
pore space of almost any natural porous medium was nothing
like a bundle of tubes.
To address this glaring shortcoming, the concept of tortuosity was introduced by Carman (1937). The purpose (Dullien,
1979) was to match the permeability, calculated based on the
bundle of capillary tubes, to experimental data. In effect, all relevant length scales were divided by the tortuosity to make them
longer than what was provided by the bundle of capillary tubes
so as to approximate the actual length of the paths that fluid molecules travel through the pore space.
While the concept of tortuosity seems straightforward, in
practice tortuosity is not consistently defined, and its treatment
in the literature is often misleading (Tye, 1983; Epstein, 1989;
Sahimi, 1993; Moldrup et al., 2001). It is sometimes claimed
that tortuosity depends on the type of flow or transport process
being studied, and comparisons between predicted and measured fluid flow and transport are used to support that assertion
(Moldrup et al., 2001; Vervoort and Cattle, 2003). Such a claim
for the nature of tortuosity suggests, however, that its use in practice is often as an adjustable parameter—a “fudge factor”—hence
implying that a clear understanding of tortuosity is lacking.
A fundamental question, rarely addressed, is whether
tortuosity is an intrinsic property of the medium, of a process
within the medium, or neither, being simply an ad hoc parameter used to improve the agreement between theory and experiment. Because the tortuosity has a pronounced saturation
dependence, tortuosity cannot simply be a property of the medium itself but must be derived from the actual paths of flow,
conduction, or transport involved. This review provides a comprehensive discussion of the concept of tortuosity, its varying
definitions in the literature, and their significance. It also provides a conceptual background to help the reader organize the
various results discussed for tortuosity. The review was motivated by the observation that the many definitions of tortuosity
do not fulfill their intended purpose in the calculation and prediction of flow and transport properties of porous media and
may in fact contribute to further confusion. As already pointed
out, there are several types of tortuosity in the literature; we begin by discussing them. Our discussion necessarily omits many
details of the experimental and numerical procedures, but references are provided for those wanting more information.

TYPES OF TORTUOSITY
In the literature, tortuosity has been defined as either a geometric parameter or one that is related to the hydraulic, electrical, or diffusive properties (Scheidegger, 1974; Sahimi, 1993;
Clennell, 1997; Matyka et al., 2008). Geometric tortuosity, g ,
is the ratio of the average length, <Lg>, of the geometric flow

paths through the medium to the straight-line length, Ls, across
the medium ( g > 1):

Lg
g

[1]

Tortuosity could instead be defined as the ratio of the shortest pathway (Lmin) to the straight-line length Ls (Adler, 1992);
however, the form presented in Eq. [1] is the more general definition. Note that Lmin, the shortest pathway, is different from
the chemical length, the length of the path corresponding to
the minimal travel time of tracer particles that are dispersed in
flow through a pore space (Lee et al., 1999). The geometric tortuosity coefficient may also be expressed as the inverse of the
above definition (Tg = 1/ g ), and it is always the case that Tg
< 1 (Hillel, 2004).
There are two main alternatives for calculating the average length of the flow paths. One may average across the actual
lengths of all the flow lines themselves, disregarding the fact that
fluid particles move along these flow lines at different velocities.
Alternatively, one may average the lengths of the flow lines of
all fluid particles passing through a given cross-section during a
given period of time, giving a flux-weighted average. The latter
alternative appears more natural when fluid flow in porous media is considered (Koponen et al., 1996). Other approaches have
also been used, such as estimating the average path length from
the pore size distribution (e.g., Feng and Yu, 2007).
The hydraulic tortuosity, h, is the square of the ratio of the
flux-weighted average path length for hydraulic flow, <Lh>, to
the straight-line length (Clennell, 1997). Bear (1972) defined
the (hydraulic) tortuosity coefficient as the square of the inverse
of that ratio, Th = (Ls/<Lh>)2, with reported literature values
in the range of 0.56 to 0.8 for the ratio itself (Bear, 1972). In the
definition of tortuosity given by Carman (1937, 1956), which
was followed by Bear (1972) and Epstein (1989) among others, tortuosity is not simply a ratio of distances but also involves
projecting the local potential gradient along a flow path onto a
vector parallel to the macroscopic gradient; this is the origin of
the square of the length ratio used by Bear (1972) and others. In
other words, based on the Dupuit relation, for isotropically and
randomly distributed pore space we might expect that the pore
velocity parallel to the direction of flow is u/ (where u is the
Darcy flux and is the porosity), where the fractional free area is
. If a random pore space does not exist, the Dupuit assumption
should be modified. Therefore, the pore velocity must instead be
taken as (u/ )(<Lh>/Ls) because the actual flow path is tortuous (Carman, 1956). Carman (1956, p. 12) postulated that the
time taken for a fluid particle to cross a tortuous pathway at a
velocity (u/ )(<Lh>/Ls) corresponds to the time taken to cross
a distance Ls at a velocity u/ . This tortuosity coefficient has often been used as an additional input, beyond the effects of the
pore-size distribution, for predicting the hydraulic conductivity
(Dullien, 1979).
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Ls

Fig. 1. Schematic of a possible (a) hydraulic (length Lh) and (b) geometric (length Lg) flow pathway in a saturated porous medium (the porous
medium scheme is from Gvirtzman and Gorelick, 1991). Note that Lg is shorter than Lh because Lg takes shortcuts that cross streamlines. As a
consequence, the geometric tortuosity g < the hydraulic tortuosity h.

When experimental results do not conform to predictions
from Carman (1937) based on the aforementioned bundle of
tubes model, the discrepancy is frequently interpreted in terms
of tortuosity. But inferring the hydraulic tortuosity h by comparing the Kozeny–Carman (Kozeny, 1927; Carman, 1937) prediction with experiment is not supported by experimental data
for all porous media: the Kozeny–Carman model does not hold
for complex porous materials (Wyllie and Gregory, 1955; Carman, 1956; Bernabé and Bruderer, 1998). For media whose solid
particles deviate strongly from a spherical shape and/or whose
particle size distributions are broad, and for consolidated materials, the Kozeny–Carman equation is not valid (Carman, 1956,
p. 13; Dullien, 1979, p. 171). In addition, the Kozeny–Carman
equation based on the assumption of conduit (pipe or tube)
flow is not valid for porous media with high porosities (e.g.,
0.95), where the frictional drag dominates the viscous shear
and, consequently, the resistance to flow (Dullien, 1979, p. 172).
Thus, comparison of experimental data with the Kozeny–Carman prediction does not so much yield a tortuosity value (in the
sense of a length ratio squared) as a rationale for invoking it as an
adjustable parameter.
In general, geometric tortuosity and hydraulic tortuosity
are not the same, and g < h. Imagine running a thread through
a porous medium such that it lies precisely along a streamline
(Fig. 1a). That is one possible hydraulic flow pathway Lh. If one
then pulls the thread tight, without moving any solid particles,
the result is the corresponding geometric flow pathway, Lg (Fig.
1b), which is shorter because it takes shortcuts that cross streamlines: hydraulic flow paths are smooth curves rather than straight
lines or close tangents to the solid particles (Clennell, 1997).
Consider the direct-current (DC) electrical conductivity.
The electrical tortuosity, e, in the spirit of Carman’s definition,
can be defined as (Childs, 1969; Tindall et al., 1999; Wong, 1999)

e

Le
Ls

2

[2]
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e

F

[3]

where F is the quotient of the electrical resistivity of the saturated
porous medium p and the resistivity of the saturating liquid l.
The formation factor is a dimensionless quantity whose value is
always >1 in the absence of solid and/or surface conduction. In
such cases, its value is supposedly determined uniquely by the
pore geometry (Dullien, 1979), although pore topology (connectivity) must also be relevant. A form of Eq. [3] with an empirical exponent has also been reported: [ e|sat = ( F) ] (Shen
and Chen, 2007). For example, Winsauer et al. (1952) measured
the transit time of ions flowing through saturated porous media
under a sufficiently high electric potential gradient (to increase
the rate of ionic migration relative to the speed of diffusing molecules), calculated the ratio <Le>/Ls, and experimentally found
that F = (<Le>/Ls)1.67, which is not greatly different from F
= (<Le>/Ls)2, the combination of Eq. [2] and [3].
Equation [3] has been used to estimate hydraulic tortuosity for the Kozeny–Carman equation. Wyllie and Rose (1950)
used F = (<Lh>/Ls), while Cornell and Katz (1953) used F =
(<Lh>/Ls)2. In the study of Wyllie and Rose (1950), the equivalent Kozeny–Carman pipe had a constant cross-sectional area
A (where A is the sample cross-sectional area), with an effective length Leff, whereas Cornell and Katz (1953) considered a
pipe with constant cross-sectional area AL/Leff and the same
effective length as Wyllie and Rose (1950) (noted by Wyllie and
Gregory, 1955).
Lorenz (1961) demonstrated that the geometric tortuosity
g of flow lines accounting for both sinuosity and converging–
diverging pore geometry was smaller than the electrical tortuosity: g < e = F. Note that, in contrast to the Kozeny–Carman
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where <Le> is the average path length for electrical flow.
The electrical tortuosity can be also inferred by measuring
the electrical resistivity of a medium as the product of its porosity and the formation factor F (Wyllie, 1957; Schopper, 1966;
Dullien, 1979; Coleman and Vassilicos, 2008):

formulation for the hydraulic conductivity, Eq. [3] does not
explicitly account for a pore size distribution influence on the
electrical conductivity. This distinction is based on the argument
that the electrical conductivity of a given pore is independent of
its radius, a justification that has, however, been shown to be appropriate only in relatively homogeneous media (Hunt and Ewing, 2009).
Analogously to electrical tortuosity, diffusive tortuosity, d,
can be defined (Epstein, 1989) as

Ld
Ls

d

2

[4]

where <Ld> is the average length of a chemical’s diffusive pathway.
The diffusive tortuosity d is sometimes defined as the diffusion coefficient of diffusing species in free fluid, df, relative
to its value in a porous medium, dp (Satterfield and Sherwood,
1963; Greenkorn, 1983; Clennell, 1997; Shen and Chen, 2007;
Sahimi, 1993, 2011):
d

df
dp

[5]

which results in a tortuosity term that includes a direct porosity
effect. An alternative relation, common in soil science and analogous to Eq. [3], removes porosity from the tortuosity value in Eq.
[5] (Currie, 1960; Epstein, 1989; Moldrup et al., 2001; Hillel,
2004; Kirkham, 2005):
d

df
dp

[6]

Equation [6] is the theoretical result of Currie (1970) (cited in
Troeh et al., 1982), who applied Fick’s first law to describe diffusion in a tortuous channel. Moldrup et al. (2001) substituted
for to apply Eq. [6] to unsaturated conditions. The resulting
parameter 1/ d is sometimes called pore continuity in the gas diffusion literature (Moldrup et al., 2001).
In contrast to Eq. [5], Eq. [6] accounts directly for the porosity (or water content in unsaturated media) contribution, in-

Fig. 2. The Wheatstone bridge configuration in which r1, r2, and
r3 are pore radii. Note that r3 is infinitely large. This simple model
demonstrates that geometric tortuosity g < electrical tortuosity e
(or diffusive tortuosity d) < hydraulic tortuosity h. More details are
given in Table 1.

terpreting dp as depending on both the tortuosity of the medium
and on the fractional volume (water content) or porosity (Hillel,
2004). Tortuosity, however, is itself a function of porosity or water content. Equations [5] and [6] also illustrate how tortuosity
has been defined and applied inconsistently in the literature.
The diffusive tortuosity, d, including the effects of chemical
interactions, must depend on the molecular size of the diffusing
particles (Sahimi, 2011) because some paths may become inaccessible to larger ones. If the molecular size becomes comparable
to the pore size, the term df/dp is multiplied by a dimensionless
constrictivity factor (Boving and Grathwohl, 2001). In a different interpretation of constrictivity, van Brakel and Heertjes
(1974) used a constrictivity factor to correct for the cross-section of a pore varying over its length or, more specifically, for
transport being restricted by the pore necks. Their is largely a
function of the ratio of the pore’s maximum and minimum crosssections (van Brakel and Heertjes, 1974).
For special conditions, e.g., steady-state diffusion under an
established concentration gradient and volume or time-averaged
flux in one-dimensional transport, Clennell (1997) demonstrated that diffusive and electrical tortuosity are identical, implying
that <Le> = <Ld>. By using Einstein’s relation (
d, where
is electrical conductivity and d is a diffusion coefficient), Sahimi
(1994) and Wong (1999) obtained the same result. Others, e.g.,
Fatt (1959), Klinkenberg (1951) and Garrouch et al. (2001),
found experimentally that e and d were almost the same.
Nonetheless, sometimes measurements of electrical conductivity
do not correctly predict diffusion (see, e.g., Bezzar and Ghomari,
2013). In such cases, the disparity must stem from secondary
phenomena that violate the analogy between diffusion and electrical conductivity, for example, (i) solid-phase conduction, (ii)
reactions between the diffusing solute and the solid phase, (iii)
a diffuse double layer in which diffusion is slowed by electrokinetic drag while electrical conductivity is enhanced by the higher
charge density, or (iv) anion exclusion, which reduces diffusion
while increasing electrical conductivity.

UNIFYING CONCEPTS AND CONSTRASTS
To put the discussion on a firmer foundation, let us use an abstract, but nevertheless reasonable, model of a pore space, namely
a network of interconnected bonds in which each bond represents
a pore of a porous medium. Thus, imagine that we have a square
network of cylindrical pores, with pore radii assigned at random
from a given statistical distribution. Consider various types of
transport, e.g., hydraulic or electrical, through the pores. Let the
conductance g of an individual pore be proportional to its radius
to the nth power (g rn, where r is the pore radius). The geometric
tortuosity would force a choice of n = 0, while electrical and diffusive tortuosities require n = 2 and hydraulic n = 4 (Ewing and
Hunt, 2006; Hunt and Ewing, 2009). As the exponent increases,
flow is increasingly concentrated in fewer pathways, which become increasingly tortuous. Therefore, theoretically, g < e < h.
We use a Wheatstone bridge configuration, a simple model shown
in Fig. 2, to investigate this proposition. The connection across the
Soil Science Society of America Journal
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middle in a Wheatstone bridge is essentially a short circuit, corresponding in fluid flow to a pore of infinite radius. We define the
tortuosity relative to the shortest possible path across the system,
which is twice the length of an individual element. If one wanted
to define the tortuosity relative to a straight-line length through
the middle of the bridge, one would simply divide each of our values by the ratio 3/2 0.866; such a constant factor would have
no influence on our conclusions.
Our findings are shown in Table 1. Note that for the case
of no pore size variability, the geometric tortuosity is identical
to both flux-based calculations. The hydraulic tortuosity increases more rapidly with increasing pore-size variability than
does the electrical tortuosity, but in the limit of infinite poresize variability, both reach the same maximum of 1.5. This is
analogous to previous findings (Ewing and Hunt, 2006) for the
saturation dependence of hydraulic conductivity K( ) and electrical conductivity ( ), both of which follow universal results
from percolation theory for homogeneous media (analogous to
Kozeny–Carman and Archie’s law); with increasing heterogeneity, however, the hydraulic conductivity develops a nonuniversal
behavior earlier. Finally, in the limit of high heterogeneity, both
conductivities exhibited nonuniversal behaviors predicted by
relationship K( ) = rc2 ( ) (where rc is the critical pore radius
for percolation, the smallest pore in the connected path on the
sample-spanning [percolating] cluster that has the largest possible value of the smallest pore and controls the flow as a bottleneck) (Friedman and Seaton, 1998), implying that both forms of
transport occurred along precisely the same pathways.
At this point, we require some perspective on the expected
and possible values of tortuosity. All conceptual formulations of
tortuosity should be consistent with a value of 1 in the limit that
porosity is 1. In contrast, at zero porosity, the system cannot percolate so defining a tortuosity would be meaningless; there is no
path through the pore space across the system. In most cases, one
expects the percolation transition (Hunt and Ewing, 2009) at a
small but finite porosity value called the percolation threshold, t;
tortuosity is a meaningful quantity only for > t.
As a further consideration, the mathematics of fractals allows path lengths and their associated tortuosities to diverge
(meaning path lengths get infinitely large), at least in principle.
Consider the Wheatcraft and Tyler (1988) fractal curve length
definition L( ) = LDs T 1 DT, where DT is the tortuosity fractal
dimension, varying in the range 1 to 3 in a three-dimensional medium, is the scale of measurement, Ls is the straight-line length,
and L( ) is the total length of a curve or path. The length of the
pathway approaches infinity either when the system size is infinitely large or as the scale of measurement
0. In fact, since
the only connected pathways at the percolation threshold are
fractal in nature, a calculation such as that presented by Wheatcraft and Tyler (1988) should always apply at t. In practice,
however, the scale of measurement does not approach zero, nor
does the sample size Ls approach infinity. Thus, while the tortuosity may become large in this limit, it remains bounded.
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Radius ratio
(r2/r1)
1
2
10
Infinite

Thread-based

Flux-based

Geometrical

Electrical

Hydraulic

1.25
1.25
1.25
1.5

1.25
1.30
1.49
1.5

1.25
1.44
1.4999
1.5

SPECIFIC TORTUOSITY MODELS FOR
SATURATED POROUS MEDIA
Geometrical Models

Models of geometric tortuosity have been commonly developed based on geometric (e.g., particle size, shape, and arrangement) properties, and also topological (e.g., the dimensionality
and connectivity of the network, the coordination number—the
number of pores connected to each other at each intersection—
etc.) properties of a porous medium. These models, which approximately describe the geometric characteristics of the flow
path, are generally applicable only to specific artificial porous
media. For example, Yu and Li (2004) proposed a tortuosity model for a porous medium consisting of two-dimensional
square solid particles, given by

g sat

1
1
1
1
2
2

1

1
1

2

1

1

4

[7]

This model allows flow only between square particles in an equilateral-triangle arrangement with either (i) the flow path changing with a specific angle that depends on the particle size and
pore space, or (ii) the streamline direction changes are limited
to multiples of 90 . However ingenious its derivation, a porous
medium with such underlying assumptions is far from any natural porous material.
Yun et al. (2006) developed geometric tortuosity models
in three-dimensional porous media consisting of spherical, cubic, or rectangular solid particles. The particles were positioned
in the form of equilateral triangle and square unit cell arrangements; however, Yun et al. (2006) did not state explicitly how the
unit cells were arranged in a network, i.e., whether the unit cells
formed parallel planes or more complicated structures. Because
the flow vector was implied to lie within the plane formed by
the triangles (or squares), our interpretation is that the unit cells
were arranged in a single sheet, and introducing additional sheets
would not affect the final results. Note that in their model using
spherical particles for tortuosity, any < 0.476 (calculated from
their Eq. [8]) and 0.395 (calculated from their Eq. [5]) leads to a
case of overlapping spheres in the square and triangular unit cells,
respectively. But natural granular porous media are rarely monosized, and may have a porosity as small as 0.3 to 0.4 (gravel), 0.3
to 0.35 (gravel and sand), 0.1 to 0.2 (sandstone), or 0.01 to 0.1
(shale or limestone), as given by Bear (1972, p. 46). A poorly
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Table 1. Different types of tortuosity for two thread- and fluxbased approaches and different radius ratios for the Wheatstone
bridge equivalent pore network model presented in Fig. 2.

Fig. 3. (a) A solid fractal model constructed of particles of the same size but pores of different sizes, and (b) a pore fractal model built up of particles of different sizes but pores of the same size. Note that the solid matrix is shown in black, while pores are white.

sorted material and a cubic arrangement of spherical grains of
two sizes may have porosity values of 0.17 and 0.125, respectively
(Bear, 1972, p. 47). Clearly, models based on monosize particles
cannot represent natural sedimentary materials. Nonetheless,
the results of Yun et al. (2006) broadly agree with the results of
Wyllie and Gregory (1955) and Comiti and Renaud (1989), described below (Eq. [11]) with a logarithmic function of porosity.
Feng and Yu (2007) defined tortuosity in porous media by
means of fractal geometry. They used the Wheatcraft and Tyler
(1988) fractal curve length definition and derived a fractal tortuosity model assuming a hierarchical structure in a saturated
porous medium. Their model takes the form:
rmax
g sat

rmin

r f r dr

Ls
D
D D T 1 rmin

DT 1

[8]

where (r) = (Ls/r) DT 1 is the tortuosity for a pore pathway
with radius r, with Ls being the straight-line length, f(r) =
D
Drmin
r 1 D is the pore size probability density function, D
is the fractal dimension of the pore space, rmin and rmax are the
smallest and largest pore radii, respectively; and DT is the tortuosity fractal dimension, restricted to the interval 1 < DT < E
(where E is the Euclidean dimension). The Feng and Yu (2007)
approach (Eq. [8]) is restricted to saturated media because the
full range of the pore sizes is used. Because Eq. [8] is based on
concepts of geometric fractals applied to the structure of the
medium itself, we argue that applying Eq. [8] to unsaturated
conditions has no correspondence to the real flow path in porous media: it gives a cumulative pore length rather than the
distance actually travelled by the fluid. Additionally, in Eq. [8]
Feng and Yu (2007) assumed that pore length is related to pore
size by the Wheatcraft and Tyler (1988) fractal curve length
given above, but this means that a pore’s length L(r) is inversely
proportional to its radius r. Although Fatt (1956) considered
this to be the case, in a self-similar fractal medium L(r) should
be proportional to r (Ghanbarian-Alavijeh and Hunt, 2012b).
This direct proportionality is in agreement with the Mualem

(1976) approach, as well as with experiments on fracture networks (Bonnet et al., 2001).
Lanfrey et al. (2010) assumed that each tortuous path is represented by a sinuous tube with constant cross-sectional area and
perimeter, and developed a theoretical model for the tortuosity
of a fixed bed of randomly packed identical particles:
g sat

4 3

1

[9]

2

where is the sphericity (or roundness) factor, equal to 1 for
spheres and <1 for nonspherical particles (Lanfrey et al., 2010).
A shortcoming of this model is that as
1, g
0; this is
physically unrealistic because in this limit the tortuosity must be
1, and by definition the tortuosity cannot be <1.
Recently, Li and Yu (2011) developed a tortuosity model
based on the hierarchical structure of the deterministic Sierpinski carpet; however, heterogeneous soils and fractured networks
are better analyzed as statistical (random) fractals rather than deterministic Sierpinski (or Menger sponge) models. The Sierpinski carpet used by Li and Yu (2011) is a pore fractal model that
includes particles of different sizes and pores all of the same size
at each iteration (Rieu and Perrier, 1997) (Fig. 3b). Although in
the pore fractal model (Fig. 3b) only the pore phase is fractal (the
solid phase is not geometrically fractal), the solid phase is scaled
with a power-law function and the same exponent and fractal dimension scaling the fractal pore phase (Rieu and Perrier, 1997).
In contrast to the pore fractal model, a solid fractal model has
particles of the same size and pores of a range of discrete sizes at
each iteration (Fig. 3a). The Li and Yu (2011) model yields

g sat

19
18

ln

/ln 8/9

[10]

Characteristics, descriptions, and comments on different geometric models are summarized in Table 2. Comparing the predicted saturated geometric tortuosity g|sat (Fig. 4) from the
Yu and Li (2004), Lanfrey et al. (2010), and Li and Yu (2011)
models indicates that the power-law form (Eq. [9]) diverges
more sharply than the Yu and Li (2004) model (Eq. [7]). Equations [7], [9] and [10] all yield g|sat
in the limit of zero
Soil Science Society of America Journal
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Table 2. The geometric tortuosity models and their characteristics proposed in the literature. Note that concavity is up for all
models. See also the equations mentioned for variable definitions and details.
Eq.
[7]
[8]

Input
quantities†
D, DT, Ls, rmin
,

[9]
[10]
–#
–#
–#

Threshold Dimensions

As
1,
g|sat‡

Divergence for
0

Remarks

Description

Reference

0
–

two
two, three

1
1

power
–

square particles
fractal media

analytical
analytical

Yu and Li (2004)
Feng and Yu (2007)

0
0
–
0
0

three
two
three
three
three

0
1
NA††
1
1

power§
power¶
none
power§
power¶

sinuous channel
Sierpinski carpet
spherical particles
cubic particles
plate-like particles

analytical
analytical
analytical
analytical
analytical

Lanfrey et al. (2010)
Li and Yu (2011)
Yun et al. (2006)
Yun et al. (2006)
Yun et al. (2006)

† , porosity; D, pore space fractal dimension; DT, tortuosity fractal dimension; Ls, straight-line length; , sphericity factor.
‡ Saturated geometric tortuosity.
§ Power equal to −1.
¶ Nonintegral power.
# Corresponding equation is not presented in the text.
†† NA, not available.

porosity. Figure 4 also shows that the Yu and Li (2004) and
Li and Yu (2011) models predict the tortuosity similarly for
porosities >0.60. Equation [8] is not written explicitly in terms
of the porosity, so we have not graphically compared it with the
other models.

Hydraulic Conductivity Models
Perhaps the first rough estimate of hydraulic tortuosity was
proposed by Carman (1937) as <Lh>/Ls = sec( ), where is
the average angle between the flow pathway and the apparent
direction of flow. For cubic packing of equal-sized spheres,
45 ; thus <Lh>/Ls
2 and h 2 (Carman, 1937). A value of
h = 3 was then proposed by Dullien (1975) for a cubic network
built up from the parallel capillary model (more references given
in Dullien, 1979, p. 225).
One of the most invoked models of tortuosity in the literature is a logarithmic function of porosity, given by
h sat

1 P ln

[11]

not be a function of porosity only. Consequently, the exponent
in Eq. [12] cannot be universal, at least not without replacement
of the porosity by some more general function, i.e., inclusion
of a threshold. The variability of is probably due to variations
in pore connectivity, but this has not been examined. A similar
power law, but in terms of water content rather than porosity, has
been widely used in unsaturated hydraulic conductivity models
and is discussed below in that context.
In addition to empirical equations, analytical models have
also been developed to describe tortuosity in porous media. Using volume-averaging concepts, Du Plessis and Masliyah (1991)
derived an analytical model for isotropic granular media:
h sat

1

1

2/3

[13]

Note that the saturated hydraulic tortuosity h|sat in Eq. [13]
ranges between 1 and 1.5 and does not include a percolation
threshold, or the critical porosity for macroscopic connectivity,
in the medium.

where P is a constant found experimentally to be 1.6 (Pech,
1984) for wood chips (cited in Comiti and Renaud, 1989). Comiti and Renaud (1989) found a range of 0.86 to 3.2 for plates
with different height/side ratios. Using the results of Molerus
(1980), Mauret and Renaud (1997) reported that a value of P
= 0.49 is appropriate for a capillary model of high-porosity beds
composed of spheres and fibers.
Mota et al. (2001) proposed an empirical tortuosity–porosity power law for binary mixtures of spherical particles:
h sat

[12]

where = 0.4 was found by measuring the conductivity of porous
media. A problem with empirical models is that by definition the
coefficient(s), in this case the exponent, must be determined experimentally or numerically; however, two porous media with
the same porosity may have different transport path lengths, as
demonstrated by Valdés-Parada et al. (2011), so tortuosity canwww.soils.org/publications/sssaj
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Fig. 4. Comparison of the prediction of geometric tortuosity g using
the Yu and Li (2004) model, Eq. [7], the Lanfrey et al. (2010) model,
Eq. [9], and the Li and Yu (2011) model, Eq. [10], in a saturated porous medium.

Fig. 5. (a) Cubic and (b) tetrahedral arrays of monosized spheres used in the Ahmadi et al. (2011) hydraulic tortuosity model (after Ahmadi et al., 2011).

Ahmadi et al. (2011) also proposed an analytical derivation of tortuosity for monosized spheres using a volume-averaging approach:

2
h sat

3 1 B 1

2/3

1
3

[14]

in which B is a constant equal to 1.209 for cubic packings (Fig.
5a, after Ahmadi et al., 2011) and 1.108 for tetrahedral (Fig.
5b, after Ahmadi et al., 2011). Note that Eq. [14] diverges as
the −1/2 power of − t at the threshold porosity t = 1 −
B−3/2. For cubic and tetrahedral packings, the threshold porosity t as calculated from Eq. [14] would therefore be 0.248
and 0.143, respectively, close to 0.2488 and 0.15, the bond
percolation threshold values reported by Stauffer and Aharony
(1994), Sahimi (1994), and Renault (1991). Note that we have
respected the original authors’ choice in regard to the significant figures reported.
In the approach of Dullien (1979, p. 225), as followed by
Hager et al. (1997), a theoretical model was proposed to calculate h|sat from the intrinsic permeability, porosity, and pore size
distribution. This model yields
rmax
h sat

8k

rmin

r 2 f r dr

[15]

where k is the intrinsic permeability, f(r) is the pore size distribution function, and rmin and rmax are the smallest and largest pore
radii of the medium, respectively. Because k is typically assumed
to be given by an arithmetic average of the individual pore conductivities (i.e., the integral in Eq. [15]), this definition of tortuosity amounts to saying that tortuosity defines the discrepancy
between the calculated value of k and experiment; however, the
assumption regarding the arithmetic average is erroneous (Kirkpatrick, 1973; Sahimi, 1994; Stauffer and Aharony, 1994; Milton, 2002; Hunt and Ewing, 2009; Sahimi, 2011), and one could
less charitably refer to tortuosity so defined as a highly refined
fudge factor.
Numerical methods have also been applied to model the
hydraulic tortuosity in saturated porous media using lattice-gas
cellular automata (Zhang and Knackstedt, 1995; Koponen et al.,
1996, 1997) and lattice-Boltzmann models (Matyka et al., 2008;

Duda et al., 2011); however, hydraulic tortuosity modeling using
numerical simulations includes many hidden problems that may
lead to incorrect conclusions. For example, splitting and merging
of a fluid stream as it hits a solid particle causes discontinuities
in streamlines. Because the location of each streamline is a priori
unknown, the discontinuity in a streamline may lead to ill-conditioned results (Matyka et al., 2008).
Using a lattice-gas cellular automaton method, Koponen
et al. (1996) investigated flow in a two-dimensional porous
medium, constructed by randomly distributed solid rectangles
of equal size and with unrestricted overlap. They found that the
hydraulic tortuosity was linearly related to the porosity:
h sat

[16]

Equation [16] indicates that when
1, the hydraulic tortuosity approaches 1 ( h 1). As
0, however, h 1.8.
Koponen et al. (1997) used lattice-gas cellular automata and
numerically modeled the hydraulic tortuosity for flow of a Newtonian uncompressible fluid in a two-dimensional porous medium with a threshold porosity of 0.33 ( t = 0.33). In contrast
to Koponen et al. (1996), Koponen et al. (1997) used periodic
boundary conditions in the lattice to decrease the finite-size and
boundary effects. In addition, to include the effect of nonconducting pores, they considered the effective porosity, the ratio of
the volume of the conducting pores to the total volume ( eff ),
rather than the total porosity ( ) of the medium. Koponen et
al. (1997) proposed the porosity-dependent tortuosity function
h sat

1 a

1

[17]
t

where a = 0.65 and = 0.19 are constant parameters, t is the
threshold porosity, and is the total porosity. Note that as
1, the saturated tortuosity approaches 1. Note also that a power
law with a small exponent is often difficult to distinguish from a
logarithmic law.
Matyka et al. (2008) used a lattice-Boltzmann model to
simulate the porosity dependence of tortuosity for laminar fluid
flow in a two-dimensional porous medium composed of freely
overlapping solid squares that had a percolation threshold of
0.367. In contrast to Koponen et al. (1996), who weighted the
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1 0.8 1

[20]
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t, threshold porosity.

Matyka et al. (2008)

Duda et al. (2011)
numerical
porosity value >0.8
power§
1
up
two

logarithmic

power¶
1

1
up

up
two

two
0.367

0.33
= 0.19

P = 0.77

,

t

a = 0.65,

0.367

Koponen et al. (1997)
numerical

numerical

Koponen et al. (1996)
numerical
none
1
none
two
–

Reference

Pech (1984)
Comiti and Renaud (1989)
Mauret and Renaud (1997)
Mota et al. (2001)
Du Plessis and Masliyah (1991)
Ahmadi et al. (2011)
Ahmadi et al. (2011)
Dullien (1979)
empirical
empirical
empirical
empirical
analytical
analytical
analytical
analytical

Description
Remarks

wood chips
platy particles
high-porosity beds
binary mixtures of spherical particles
isotropic granular media
cubic packing
tetrahedral packing
–
randomly distributed squares
with unrestricted overlap
randomly distributed squares
with unrestricted overlap
freely overlapping squares
logarithmic
logarithmic
logarithmic
power
none
power§
power§
none
1
1
1
1
1
1
1
–
up
up
up
up
down
up
up
up
three
three
three
three
three
three
three
three
0
0
0
0
–
0.248
0.143
–

Divergence for
0 or t
As
1,
h|sat‡
Concavity
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† , porosity; B, constant coefficient; k, intrinsic permeability; f(r), pore size distribution function;
‡ Saturated hydraulic tortuosity.
§ Nonzero threshold.
¶ Nonintegral power.

m 1

[18]

,

[11]

1 m
e sat

[17]

Equation [19] implies that as
0, e|sat
1.5. Note that
Maxwell’s derivation was for the dilute limit (i.e., when the volume fraction of the nonconducting particles is small) and was
never intended to be extrapolated to zero porosity.
If the empirical Archie’s law (F = −m) (Archie, 1942) is
combined with Eq. [3], the resulting equation would be

–

[19]

[16]

1
1
2

, B = 1.209
, B = 1.108
, k, f(r)

1

= 0.40
–
–
–
–

e sat

P = 1.6
P = 0.86–3.2
P = 0.49

Based on the solution of Laplace’s equation for steady-state
conduction, Maxwell (1873) proposed a formula for the electrical conductivity of a conducting medium having a dilute suspension of nonconducting spheres, indicating that the electrical tortuosity, e, satisfies

[11]
[11]
[11]
[12]
[13]
[14]
[14]
[15]

Electrical Conductivity Models

Dimensions

best described the results of their simulations. Note that the value of was not reported by Duda et al. (2011).
The saturated hydraulic tortuosity models (Table 3) make
some similar predictions (Fig. 6). For example, Eq. [11] with P
= 0.49, Eq. [12] with = 0.4, and Eq. [14] with B = 1.209 all
predict similar h|sat for > 0.4. Differences are greater for
< 0.4. In particular, h|sat predicted by Eq. [14] with B = 1.209
increases rapidly as decreases, and diverges at = 0.248. Figure
6 also indicates that the shape of the saturated hydraulic tortuosity predicted by the Du Plessis and Masliyah (1991) model (Eq.
[13]) is convex, whereas all other models predicted a concave
shape for h|sat. In fact, given the suggested bounds of
1 for
1, and
for
0, the concave shape is required. Experimental (Delgado, 2006; Barrande et al., 2007) and numerical (Koponen et al., 1997; Matyka et al., 2008; Duda et al., 2011)
results also support a concave curve for this relationship.

Threshold

[18]

Adjustable
parameters

1

Input
quantities†

1

Eq.

h sat

Table 3. The hydraulic tortuosity models and their characteristics proposed in the literature. See also the equations mentioned for variable definitions and details.

tortuosities of each streamline by local fluid velocities, Matyka
et al. (2008) weighted with local fluxes and found a value of 0.77
for the constant P in Eq. [11].
Recently, Duda et al. (2011) presented a brief overview of
the aforementioned three numerical approaches, namely, those
of Zhang and Knackstedt (1995), Koponen et al. (1996), and
Matyka et al. (2008), as well as a new method that enables calculation of the hydraulic tortuosity without the need to determine
streamlines. Determining streamlines is often an ill-conditioned
numerical problem, especially if only the approximate fluid velocity field is available. Duda et al. (2011) assumed a percolation
threshold of 0.367 and provided an analysis of their numerical
results as a function of system size that would support a divergence of the tortuosity at the percolation threshold. Because
they were particularly interested in the analytical limit
1,
they concentrated their analysis of the porosity dependence in
the region > 0.8, where they found that the empirical function

Fig. 6. Comparison of the prediction of hydraulic tortuosity h using
the Mauret and Renaud (1997) model, Eq. [11], with constant P =
0.49. the Mota et al. (2001) model, Eq. [12], with exponent = 0.4;
the Du Plessis and Masliyah (1991) model, Eq. [13]; the Ahmadi et al.
(2011) model, Eq. [14]; the Koponen et al. (1996) model, Eq. [16]; the
Koponen et al. (1997) model, Eq. [17], with percolation threshold t
= 0.33; and the Matyka et al. (2008) model, Eq. [11], with P = 0.77 in
a saturated porous medium.

which is similar to Eq. [12] but with an exponent that generally lies between −3.4 and −0.2 (Friedman, 2005). The larger
the m value, the more tortuous the path (Wong, 1999). The
exponent m may depend on a variety of factors, as discussed in
detail by Sahimi (2003), including the shape and polarization
of the particles.
Using Einstein’s equation (Einstein, 1905) that expresses the
relationship between electrical conductivity and the diffusion
coefficient, Coleman and Vassilicos (2008) applied an approach
similar to that of Roy and Tarafdar (1997), defined electrical
tortuosity as Eq. [3], and consequently found a power-law divergence of e as a function of porosity under saturated conditions:
e sat

( D w 2 )/( Dm E )

[21]

where Dw is the random walk fractal dimension, i.e., 2 divided
by the exponent that defines the power-law dependence of the
mean-square displacement of a diffusant with time (Dw > 2; Dw
= 2 refers to Fickian diffusion), Dm is the mass fractal dimension of the Sierpinski carpet (or the Menger sponge in three
dimensions) (0 < Dm < E), and E is the Euclidean dimension.
One should substitute for to apply Eq. [21] to unsaturated
conditions. Coleman and Vassilicos (2008) reported a range of
−0.4 to −2 for the exponent in Eq. [21]. Note that electrical
tortuosity in Eq. [21] tends to 1 as porosity approaches 1 and
diverges at zero porosity. In addition, in Eq. [21] the percolation
threshold is zero: the system remains connected down to zero
porosity or saturation.
Comparison of Eq. [20] and [21] with Eq. [12] ( h|sat =
− ) would imply that
e > h in a saturated medium; however, Eq. [12] was proposed empirically for binary mixtures of
spherical particles. Dullien (1979), David (1993), and Zhang
and Knackstedt (1995) found h > e. As we explained above,
the geometric, electrical (or diffusive), and hydraulic tortuosities
require the pore conductances to be proportional to their radius

to the zeroth, second, and fourth powers, respectively, meaning
that the hydraulic flow is concentrated in fewer (and, accordingly, more tortuous) pathways than the electrical (or diffusive) and
geometric flows. As a result, one can theoretically assume that g
< e ( d) < h, as pointed out above.
Using the data presented in Wyllie and Gregory (1955),
and calculating electrical tortuosity from Eq. [3], Comiti and
Renaud (1989) found P = 0.41 for monosized and polydisperse
spheres and P = 0.63 for cubes in Eq. [11].
Larson and Davis (1982) introduced three distinct definitions of the tortuosity in terms of the electrical conductivity and
percolation properties of random conductance networks. These
definitions are: (i) the ratio of p, the conducting volume fraction, and the conductivity fraction of the network, the ratio of
the conductivity of a lattice with a random fraction p of identical
conducting bonds to the conductivity of the same lattice with all
bonds conducting, (ii) the ratio of percolation probability—the
conducting volume fraction in the sample-spanning cluster—
and the conductivity fraction, and (iii) the ratio of the backbone
fraction—the conducting volume fraction of in the backbone of
the network, i.e., the current-carrying part (some parts are deadend and carry no current)—and the conductivity fraction of the
network. All three definitions yield a tortuosity that diverges at
the percolation threshold (critical porosity) and approaches 1 in
the limit of unit porosity.
Barrande et al. (2007) measured the porosities and formation factors of porous media composed mostly of spherical particles and calculated the tortuosity using Eq. [3]. They found that
Eq. [11] with P = 0.49 reported by Mauret and Renaud (1997)
was in agreement with their calculated electrical tortuosity in a
monosized glass bead medium.
The various electrical tortuosity models (Table 4) give similar predictions at high porosity values (Fig. 7). Specifically, the
predicted saturated electrical tortuosity e|sat using the Maxwell
(1873) model and the Barrande et al. (2007) model (with P =
0.49) are quite close for porosity >0.6. This result was mathematically anticipated by Weissberg (1963), as we explain below.

Liquid-Phase Diffusion-Based Models
Solute species spreading due to the thermal energy of molecules is called diffusion. Net transport of solutes by diffusion
occurs in response to spatial differences in concentration. Diffusion may happen in the solid, liquid, and gas phases. It has
been asserted that diffusion characteristics in each phase should
be unique because the pore geometry and connectivity are different (Moldrup et al., 2001; Flury and Gimmi, 2002). This
statement, while apparently obvious, tends to obscure certain
unifying characteristics in, e.g., the saturation dependence of the
tortuosity in the different phases, which can be predicted using
percolation theory (Sahimi, 1993; Hunt and Ewing, 2003). Insofar as descriptions of the air permeability (Ghanbarian-Alavijeh
and Hunt, 2012a) and electrical conductivity (Ewing and Hunt,
2006) follow universal scaling from percolation theory, the associated tortuosities should also.
Soil Science Society of America Journal
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Table 4. The electrical tortuosity models and their characteristics proposed in the literature. For all models, as porosity
saturated electrical tortuosity e|sat
1. See also the equations mentioned for variable definitions and details.
Eq.

Input
quantities†

Adjustable
parameters Threshold Dimensions

Concavity

Divergence
for
0

three

none

none

Remarks

–

–

m

0

three

up

power‡

dilute suspension of
nonconducting spheres
petroleum industry

–

0

two, three

up

power‡

fractal media

[11]

P = 0.41

0

three

up

logarithmic

spherical particles

[11]

P = 0.63

0

three

up

logarithmic

cubic particles

[11]

P = 0.49

0

three

up

logarithmic

monosized glass beads

[19]
[20]
[21]

, Dw, Dm, E

1, the

Description

Reference

analytical

Maxwell (1873)

empirical

Archie (1942)
Coleman and
Vassilicos (2008)
Comiti and
empirical
Renaud (1989)
Comiti and
empirical
Renaud (1989)
empirical Barrande et al. (2007)

analytical

† , porosity; Dw, random walk fractal dimension; Dm, Sierpinski carpet mass fractal dimension; E, Euclidean dimension.
‡ Nonintegral power.

Penman (1940) was a pioneer of the study of gas diffusion
in soils. He experimentally found a constant tortuosity coefficient of 0.66; however, it was later acknowledged (see, e.g., Currie, 1960, 1961; Currie and Rose, 1985; Moldrup et al., 2000a,
2000b) that it was unlikely for the diffusive tortuosity coefficient
to take on the same value for all types of soils and under all conditions because the tortuous path length should increase as the
air-filled pore volume decreases (Hillel, 2004). In this section, we
focus on liquid-phase diffusive tortuosity models.
Weissberg (1963) analytically derived a result similar to Eq.
[11] with P = 0.5 for diffusive tortuosity in porous media, applicable to randomly overlapping spheres of either uniform or
nonuniform sizes. Weissberg (1963) also demonstrated that for
dilute media where
1, Eq. [11] with P = 0.5 would be identical to the Maxwell (1873) model (Eq. [19]) up to the first term
(1 − ).
Equation [11] with P = 1 or ⅔ has been also reported for
diffusive tortuosity and various arrangements of cylinders (Tsai
and Strieder, 1986). Beeckman (1990) developed an analytical
approach to model the nature of highly interconnected pores in
a heterogeneous catalyst in two- and three-dimensional systems.
His theory is based on a travel process through the catalyst and
enables the properties of the pore space to be predicted. Beeckman (1990) found that
d sat

1 1

1/3

1 q 1

[23]

where q = 2 for sandy sediments and 3 for clay and silt sediments.
Delgado (2006) determined the diffusive tortuosity using
Eq. [5] after measuring diffusion in free fluid, df, and in packed
beds of silica sand with a narrow range of particle sizes, dp. The
diffusive tortuosity in packed beds agreed well with the empirical model of Mota et al. (2001) (Eq. [12]), with exponent =
0.4, and with Eq. [11] with P = 0.5 (Weissberg, 1963); it also
agreed with the theoretical model proposed by Yun et al. (2005)
for the case of porosities >0.4.
The characteristics of different diffusive tortuosity models
are summarized in Table 5. Equation [11] predicts divergence of
the tortuosity at a critical porosity (in particular = 0), but its
logarithmic form diverges more slowly than power laws do (Fig.
8). In many of the comparisons with simulations, the tortuosity
varies over less than an order of magnitude, even when a critical
porosity is approached, probably providing the chief rationale
for using Eq. [11]. Figure 8 also indicates that prediction of d|sat
using Eq. [11] with P = 0.5 is consistent with Eq. [12] with =
0.4 as porosity decreases from 1 to 0.35.

[22]

As
0, d|sat 3, meaning that d|sat varies in the range 1 to
3. Although for networks with the usual range of coordination
numbers of four and more, h|sat 3 is the upper limit for hydraulic tortuosity (Dullien, 1979, p. 225), the range 1 to 3 is unlikely to suffice for describing tortuosity in natural porous media
such as soils and rocks. In such materials, hydraulic and electrical
conductivities vary across many orders of magnitude; hence the
tortuosity will probably also vary widely.
Iversen and Jorgensen (1993) measured diffusion coefficients of SO4 and CH4 in seawater and sediments. They determined the diffusive tortuosity d using Eq. [5], finding a linear
relationship between d and similar to Maxwell’s formula:
www.soils.org/publications/sssaj

Fig. 7. Comparison of the prediction of electrical tortuosity e using
the Maxwell (1873) model, Eq. [19]; Eq. [11] with constant P = 0.49;
the Archie (1942) model, Eq. [20], with exponent m = 2; and the
Coleman and Vassilicos (2008) model, Eq. [21], with random walk
fractal dimension Dw = 2.13 and Sierpinski carpet mass fractal dimension Dm = 2.50 in a saturated porous medium.
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d sat

Table 5. The diffusional tortuosity models and their characteristics proposed in the literature. For all models, as porosity
1,
the saturated diffusional tortuosity e|sat
1; all models are in three dimensions and is the sole input quantity. See also the
equations mentioned for variable definitions and details.
Adjustable
parameters

Eq.

Threshold

Concavity

Divergence
for
0

Remarks

Description

Reference

0
0
–
–
0
0

up
up
down
none
up
up

logarithmic
logarithmic
none
none
logarithmic
power†

randomly overlapping spheres
cylinders
catalyst
sandy (clay–silt) sediments
packed beds of silica sand
packed beds of silica sand

analytical
empirical
analytical
empirical
empirical
empirical

Weissberg (1963)
Tsai and Strieder (1986)
Beeckman (1990)
Iversen and Jorgensen (1993)
Delgado (2006)
Delgado (2006)

P = 0.50

[11]
[11]

P = 1 or ⅔
–
q = 2 (3)
P = 0.50

[22]
[23]
[11]
[12]

= 0.40

† Nonintegral power.

EXISTING TORTUOSITY MODELS FOR
UNSATURATED POROUS MEDIA
To be truly useful, a tortuosity relationship should work
across the complete range of saturation, but developing such a
model is a formidable task. Many expressions for the saturationdependent tortuosity are given without specific reference to the
property addressed. Consequently, we discuss all saturationdependent expressions together: geometric, hydraulic, electrical,
and diffusive. Where the researchers have made specific mention
of the form of the tortuosity intended, our notation will indicate
their choice.
Fatt and Dykstra (1951) proposed an empirical microscopic
representation for the hydraulic tortuosity h as a function of
pore size
h

r

hr
h sat

rmax
r

j

[24]

where hr is the relative hydraulic tortuosity (the subscript r
denotes relative), h|sat is the hydraulic tortuosity of the saturated medium, h(r) is the hydraulic tortuosity of the unsaturated medium, r is the radius of the largest water-filled pore in
the unsaturated medium, and rmax is the medium’s largest pore
radius. The empirical exponent j was estimated to be 0.5 by Fatt

and Dykstra (1951), but they found that j values varied in soils.
Specifically, they mentioned that j tended to take on values <½
for Basal Tuscaloosa sand and equal to ½ for Gatchell sand. They
also found that for some types of sand j values >½ led to more
accurate hydraulic conductivity predictions but did not provide
upper and lower limits. Fatt and Dykstra (1951) may have been
the first to use this power-law formulation for tortuosity modeling in porous media.
Burdine (1953) also presented a relative hydraulic tortuosity
model as a function of effective saturation (cited in Corey, 1994):
h
h sat

where effective saturation Se = ( − r)/( − r) in which is
water content, r is residual water content (the volume fraction
of water that remains in a pore space after displacement because
it is disconnected), is porosity, and is a constant suggested
to be equal to 2. Mualem (1976) proposed a similar power function, but in his unsaturated hydraulic conductivity equation, the
factor Se– (with = 0.5) was intended to correct simultaneously for both pore correlation and flow path tortuosity, with no
attempt to distinguish between the two. Equation [25] (and also
Eq. [24], in the case that r is given by the Tyler and Wheatcraft
[1990] model) is consistent with a power-law divergence of the
tortuosity as saturation approaches a critical value (the residual
water content). Fitting the Mualem–van Genuchten (Mualem,
1976; van Genuchten, 1980) hydraulic conductivity function
to measured unsaturated conductivity values, Schaap and Leij
(2000) and Shinomiya et al. (2001) found exponents −1 and
−0.77, respectively. Exponents less than zero, however, result in
h( )/ h|sat < 1, which is physically nonsensical: it implies that
removing connections (by draining pores) makes flow less tortuous rather than more.
The widely used Millington and Quirk (1961) saturationdependent tortuosity model is
2

Fig. 8. Comparison of the prediction of diffusive tortuosity d using
the Weissberg (1963) model, Eq. [11], with constant P = 0.50; the Tsai
and Strieder (1986) model, Eq. [11], with P = 1; the Delgado (2006)
model, Eq. [12], with exponent = 0.40; the Beeckman (1990) model, Eq. [22]; and the Iversen and Jorgensen (1993) model, Eq. [23],
with soil texture related constant q = 2 in a saturated porous medium.

h

10/3

2
4/3

[26]

Although Millington and Quirk (1961) derived Eq. [26] to
predict unsaturated hydraulic conductivity, they also proposed
Soil Science Society of America Journal
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[25]

Se

hr

Table 6. Tortuosity models and their characteristics proposed for unsaturated media in the literature. For all models, concavity is
up and as the volumetric water content
porosity , relative tortuosity r
1. See also the equations mentioned for variable
definitions and details.
Input
variables†

Eq.

r, rmax

[24]
[25]

, r,
, r,
, r,
, r,

[25]
[25]
[25]
[27]
[29]

,
, , Dw, Dm, E

Adjustable
Divergence for
parameters Threshold Dimensions
0 or r
j = 0.5

–

=2

r

= 0.5
= −1
= −0.77
–
–

r
r
r

0
0

Remarks

Description

Reference

three
three

power
power

hydraulic tortuosity
hydraulic tortuosity

empirical
empirical

Fatt and Dykstra (1951)
Burdine (1953)

three
three
three
three
two, three

power
power
power
power
power

hydraulic tortuosity
hydraulic tortuosity
hydraulic tortuosity
hydraulic tortuosity
electrical tortuosity

empirical
Mualem (1976)
empirical
Schaap and Leij (2000)
empirical
Shinomiya et al. (2001)
theoretical Millington and Quirk (1961)
analytical Coleman and Vassilicos (2008)

† r, radius of the largest water-filled pore in the unsaturated medium; rmax, medium’s largest pore radius; , volumetric water content; r volumetric
residual water content; , porosity; Dw, random walk fractal dimension; Dm, Sierpinski carpet mass fractal dimension; E, Euclidean dimension.

its use to estimate diffusion in unconsolidated media, implying
that hydraulic and diffusive tortuosities are equivalent. Equation
[26], with tortuosity diverging as the water content approaches
zero, has been widely used to estimate the ratio dp/df in either
gas (replacing by ) or liquid phases (see, e.g., Moldrup et al.,
2000a, 2003; Hamamoto et al., 2012).
If the medium is saturated, Eq. [26] reduces to h|sat =
−4/3, which differs markedly from the Mota et al. (2001) and
Delgado (2006) results (Eq. [12] with = 0.4). Dividing Eq.
[26] by the saturated tortuosity h|sat = −4/3, we have
2

4/3

[27]

h
hr
h sat

Note that in the absence of the second factor, ( / )−4/3, Eq. [27]
would reduce to the Burdine model, Eq. [25].
Coleman and Vassilicos (2008) developed a power-law expression for electrical tortuosity as a function of water content in
unsaturated porous media:
( D w 2 )/( Dm E )

e

[28]

a new definition of tortuosity for saturated and unsaturated porous media based on the interfacial area ratio. For unsaturated
media, their tortuosity is

a aw
a aw,0

[30]

where aaw is the air–water interfacial area of the unsaturated
medium and aaw,0 is the same parameter for the corresponding,
idealized capillary bundle. This phenomenological relationship
does not fit readily into any useful classification scheme and has
been used to estimate both unsaturated hydraulic conductivity
and unsaturated diffusion in porous media (Saripalli et al., 2002;
Khaleel and Saripalli, 2006; Khaleel, 2008).

TORTUOSITY OF POROUS CATALYSTS
Due to the immense industrial significance of porous catalyst pellets, mass transfer phenomena in catalyst pellets have been
intensively studied since the early 1960s. The goal was to estimate the tortuosity or (equivalently) the diffusion coefficient of
the diffusing species in a given catalyst (Evans et al., 1961; Scott
and Dullien, 1962; Wakao and Smith, 1962, 1964; Johnson and
Stewart, 1965). Diffusion is the most significant, and often the

If Eq. [28] is divided by Eq. [21], the relative electrical tortuosity
is given by
( D w 2 )/( Dm E )
e
er

[29]

e sat

Characteristics of tortuosity models proposed for unsaturated
media are summarized in Table 6. Comparison (Fig. 9) shows
that the Burdine (1953) model (Eq. [25]) with = 2 and the
Millington and Quirk (1961) model (Eq. [27]) predict r values
that are one to two orders of magnitude greater at small porosity values than values from the Mualem (1976) model (Eq. [25]
with = 0.5). The discrepancy between the Burdine (1953) and
Millington and Quirk (1961) models is due to the ( / )−4/3 factor in the Millington and Quirk (1961) model.
Saripalli et al. (2002) assumed that the ratio of the air–water
interfacial area in a real porous medium to that in an idealized
porous medium is equal to the square of <Lh>/Ls and proposed
www.soils.org/publications/sssaj
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Fig. 9. Comparison of the prediction of relative tortuosity r using
the Burdine (1953) model, Eq. [25], with constant = 2; the Mualem
(1976) model, Eq. [25], with
= 0.50; the Millington and Quirk
(1961) model, Eq. [27]; and the Coleman and Vassilicos (2008)
model, Eq. [29], with random walk fractal dimension Dw = 2.13 and
Sierpinski carpet mass fractal dimension Dm = 2.50 in an unsaturated
porous medium with porosity of 0.4.

only, reactant transport mechanism in porous catalysts, so tortuosity of a catalyst pellet is usually defined via Eq. [6]. The pore
structure of most catalyst pellets is as chaotic as that of natural
porous material, so advances in modeling pore structures in these
two different systems have advanced in parallel.
Similar to early studies of flow through porous media, early
studies of the tortuosity of porous catalysts used a one-dimensional model of pore space: a bundle of capillary tubes. Wakao
and Smith (1964), for example, proposed a random pore model
in a porous catalyst with both micropores and macropores. Diffusion in their model took place through three parallel paths:
macropores, micropores, and composite pores consisting of
macro- and micropores in series, with diffusion through macropores assumed proportional to 2. In a similar spirit, Johnson
and Stewart (1965) integrated the diffusion flux over the entire
pore size distribution of the pellet, arriving at a tortuosity value
of 3. Due to the wide range of pore sizes in many catalyst pellets,
many studies considered molecular, Knudsen, and surface diffusion; the derived tortuosity value depended on both molecular
and Knudsen diffusion. For example, using a one-dimensional
model, Wang and Smith (1983) derived the following equation
for dp and, hence, the tortuosity:

dp df
d

1
d

rmin

1

f r
dr
y A d A 1 d KA

[31]

where f(r) is the pore size distribution of the catalyst, d A and dKA
are the molecular and Knudsen diffusivities of species A, respectively, yA is the mole fraction of A, is a constant that depends
on the molecular weight of A, and rmin is the lower limit of the
pore size (determined by the molecular size). Early work in this
field was well summarized by Satterfield (1970), while Carniglia
(1986) reviewed the range of tortuosity values found in industrial catalyst pellets. The early pore space models yielded tortuosity
values that were roughly consistent with experimental values determined by Eq. [6], but because the models were oversimplified
and unrealistic, predictions were generally considered unreliable
until more realistic catalyst models were developed in the 1980s.
Sahimi and Tsotsis (1985) were the first to use a pore network model and percolation concepts to model diffusion and
reaction in porous catalysts. Pore network models were soon recognized as the most realistic models of catalyst pellets (Sahimi
et al., 1990). This recognition enabled researchers to carry out
precise and large-scale computations and determine the effective
diffusivities and, hence, tortuosity values via Eq. [6]. Advances
in instrumentations, such as pulsed-gradient spin echo nuclear
magnetic resonance (PGSE-NMR) (Vasenkov and Kortunov,
2005), also enabled precise measurement of the diffusivities.
These advances were reviewed by Rigby and Daut (2002).
Typical of catalyst pore network models is that of Hollewand and Gladden (1992), building on the earlier work of Sa-

himi (1988). They varied the connectivity of the pore network,
built on a simple cubic lattice and randomized so that the average coordination number could be varied, and showed that the
tortuosity was not too sensitive to the connectivity. Most of the
tortuosity values that they computed were around 4, remarkably
close to what Johnson and Stewart (1965) had computed using
a one-dimensional model. But when they used a network with
a completely random topology, the resulting tortuosities sometimes differed from those computed on regular networks of the
same coordination numbers, although they were still around 4.
Mass transfer in catalyst pellets is always accompanied by
chemical reactions, with either linear or nonlinear kinetics. Over
the years, a question of great interest has been whether the effective
diffusivity of a species in a catalyst is the same with and without
reaction. If the two diffusivities are not the same, then the tortuosity value defined by Eq. [6] will be greatly influenced by reaction.
The same question is relevant in soil, where transport is typically
accompanied by chemical reactions such as sorption and degradation. Experimentally, the subject was controversial for years, with
conflicting results abounding in the literature, as summarized by
Dadvar and Sahimi (2007). There was thus a real need for precise
and large-scale computations to address the issue.
A first step toward addressing this question was taken by Sahimi (1988), who used a variety of network models, an effectivemedium approximation, and numerical simulation to study the
problem in the presence of a first-order reaction. He reported
that effective diffusivities with and without first-order reaction
do not differ much unless the pore space is poorly connected (is
near its critical porosity or percolation threshold); in that case
the two diffusivities (and therefore the tortuosity values) may
differ greatly. A more refined simulation study (Hollewand and
Gladden, 1992) varied the rate of reaction relative to diffusion
and also reported that the tortuosity value is different under reactive and nonreactive conditions if the reaction is first order.
Most reactions in industrial applications of porous catalysts—as
well as in soil—follow nonlinear kinetics, such as second-order
reactions and Michaelis–Menten kinetics. Dadvar and Sahimi
(2007) performed extensive numerical simulations using pore
network models, as well as analytical analysis, and showed that
the effective diffusivities in a pore space in the absence and presence of nonlinear reactions are fundamentally different. The diffusive tortuosity of catalyst pellets and soil therefore depends on
reaction kinetics, as well as the other factors we have discussed
in this review.

CONCLUSIONS
In the vast literature on porous media, four types of tortuosity—geometric, hydraulic, electrical, and diffusive—have been
defined and used. Although the basic concept and definition of
tortuosity seem simple, we find that analytical, empirical, and
numerical models have been used to estimate different kinds of
tortuosity interchangeably, in both saturated and unsaturated
media. Because the geometric, electrical (or diffusive), and hydraulic tortuosities require a pore’s conductance to be proporSoil Science Society of America Journal
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tional to its radius to the zeroth, second, and fourth power, respectively, we postulated that for higher powers flow is concentrated in fewer pathways; consequently, hydraulic flow becomes
more tortuous than electrical (or diffusive) flow, which is more
tortuous than geometric “flow”. Using a Wheatstone bridge
model, we demonstrated the result that g < e ( d) < h. In
practice, however, it seems to us that it would be better to restrict
definitions of tortuosity to the purely geometric in the sense of
path lengths.
Given the remarkable diversity of definitions and concepts
of tortuosity in the literature, the subject would benefit from a
unifying concept. Experimental inferences regarding tortuosity
to date have largely been confounded by inconsistently modeled
effects of pore size variability. But some properties, such as the
saturation dependence of liquid- and gas-based diffusion, may
be related to tortuosity by the universal scaling of percolation
theory. Some models concentrate on the geometry of the individual pores for calculating tortuosity, rather than on the geometry of the flow paths. We suggest that approaches that do not
recognize this fundamental distinction should be avoided, which
means also that experimentally determined values of the tortuosity should not be expected to yield information regarding the
structure of the medium.
Many proposed tortuosity functions diverge at a porosity
of (or near) zero, while others either do not diverge or diverge
only logarithmically. Power-law divergences can probably be related to the relevance of percolation theory. When applicable,
scaling relationships from percolation theory, expressed in terms
of power laws, can yield useful expressions both for fluid flow
properties, such as the air permeability, and for diffusion. In
these cases, the property vanishes at the percolation threshold
and the power is positive. Percolation also delivers power laws for
the tortuosity that should be applicable whenever its expressions
for flow or diffusion are verified. In these cases, however, the
power is negative and the tortuosity diverges at the percolation
threshold. If the purpose were just to find the limiting behavior
of such functions for systems with large (or divergent) tortuosity, we would propose that the framework should be percolation
theory. We have found, however, that some researchers find the
limit of porosity equal to 1 more interesting than the opposite,
small porosity limit. Further, many of the numerical studies are
confined to large values of the porosity or small system sizes. In
either of these cases, tortuosity values never grow very large, and
the concept of a divergent porosity might appear to be extraneous. It should be possible, however, to apply concepts of finitesize scaling to address the limitations of the relatively small systems treated in models and simulations.
The remaining difficulty in proposing percolation theory as
a unifying concept will probably be that so much of the research
involves detailed comparisons of values of the tortuosity in systems far from the percolation threshold (near = 1), where asymptotic formulations from percolation theory are not likely to
be accurate. If the community evolves to attach less importance
to the porosity limit of 1, which is not particularly applicable to
www.soils.org/publications/sssaj
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Tortuosity is a property of porous media that is invoked and used in the literature on hydrology, soil science, physics, and engineering. It has been defined
in a variety of ways, one of which is a purely geometrical concept. In this
study, we focused on the geometrical tortuosity and developed a model based
on percolation theory and the finite-size scaling approach. Our result, developed for porous media of any saturation, expresses the tortuosity as a powerlaw function of the water content, the critical water content, and the system
size. The model parameters include the fractal dimension of either the backbone (the flow-carrying part of porous media) or the optimal path (for crossing the system between two opposite faces), which have clear physical meaning. The results may be combined with power laws, which percolation theory
provides for the hydraulic or electrical conductivity, to develop the appropriate form that expresses the connectivity as a function of the water content
of a pore space. Comparison with numerical simulations and experiments
reported in the literature indicated that the model estimates the tortuosity
accurately. Our model and results leads us to conclude that pore connectivity
and tortuosity should be treated as two distinct properties and that significant
uncertainty in results for the saturation dependence of the hydraulic conductivity is traceable to the confusion that mixes the two as a single concept.

F

luid flow and solute transport in porous media are directly influenced by
the tortuosity of the transport paths in the pore space. The tortuosity is
due to many factors: the irregular morphology of the pore space, pores of
different sizes and shapes, the local connectivity of the pores, and their complex
spatial organization. Despite the important effect of tortuosity on fluid flow and
contaminant transport in porous media and its straightforward conceptual basis,
tortuosity is neither well understood nor consistently defined. As pointed out by
Tye (1983), Epstein (1989), Clennell (1997), and Moldrup et al. (2001) among
others, the literature is often misleading. Inconsistency in the use of the word tortuosity can be traced to its historical implementation for the purpose of understanding discrepancies between the calculated and measured properties of porous
media, such as the permeability and the electrical conductivity. The tortuosity is
then estimated by fitting the theories to the data, a practice that is still used to some
extent to estimate the tortuosity in the absence of a predictive theory. The difficulty is that the discrepancies between theory and experiment differ from property
to property, a result of, among other effects, the varying relevance of pore-size variability. Further, more modern simulation techniques allow direct measurement of
the actual lengths of flow paths.
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As a result of the use of the tortuosity in a variety of contexts,
there are many definitions of tortuosity as well. In broad terms,
the literature definitions belong to one of four different classes: (i)
hydraulic, (ii) electrical, (iii) diffusive, and (iv) geometrical properties of the pore space (Clennell, 1997). In this study, we focus
on a theory for the geometrical tortuosity in porous materials.
Tortuosity is also sometimes confused with pore connectivity. What some researchers (e.g., Burdine, 1953) refer to simply
as tortuosity can be shown to be a combination of tortuosity and
connectivity. We can also show, however, that others (e.g., Tuli
and Hopmans, 2004; Tuli et al., 2005) have used the term tortuosity–connectivity appropriately. The potential confusion introduced
both by the variability in the definitions of tortuosity and the inconsistent incorporation of pore connectivity into the description
has made a review of the literature on tortuosity essential.
Such a critical review of the various types of tortuosity was
recently given by Ghanbarian et al. (2013), which concluded with
the suggestion that percolation theory, a promising approach to
quantify interconnectivity effects of a system on its flow and
transport properties, could be useful to the modeling of geometrical tortuosity but did not actually use the concepts to develop the
model. In the present study, we show that some rather universal
formulations for the geometrical tortuosity based on percolation
theory serve to predict the measured and calculated tortuosity
dependence across a relatively wide range of two- and three-dimensional media. We also show that the perspective offered by
percolation theory serves to clarify when discussions of tortuosity
have or have not included the effect of the pore connectivity.
In percolation theory, the term connectivity represents a
combination of topological effects, including the areal density
of relevant flow paths and their multiple connections. Clearly,
tortuosity alone is not a sufficient description of the topological
complications to the prediction of hydraulic properties because
pore connectivity is also relevant. In particular, when researchers
discuss the means of incorporating topological inputs into the
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hydraulic properties, they include the effect of pore connectivity as well. Such distinctions are explained here along with the
ramifications of the present study.

Literature Treatment of Geometrical Tortuosity
By definition (Clennell, 1997), the geometrical tortuosity g is the ratio of the average length of the geometrical paths
through the medium, Lg , and the straight-line length across
the medium, Ls, or the sample size ( g >1):

Lg
g

Ls

[1]

One may also define the geometrical tortuosity coefficient as
Tg = Ls/ Lg , a quantity which is the inverse of the tortuosity
in Eq. [1]. The complementary definition ensures that the value
of Tg is always <1. The definition of the tortuosity introduced
by Eq. [1] leads to the question: How can the average length of
the flow paths be determined? The answer is obtained by running a thread through a porous medium, pulling the thread tight
without moving any grains (Fig. 1), and then averaging the corresponding length across all the possible paths that the thread may
take through the porous space, which yields Lg .
Various approaches have been proposed in the literature to
model the geometrical tortuosity in porous media (e.g., Yu and
Li, 2004; Yun et al., 2005, 2006; Li and Yu, 2011). Such models
are highly system specific, however, depending on the particle
sizes, shapes, and spatial distribution, or are restricted to fully
saturated porous media (e.g., Feng and Yu, 2007). When the
porosity is very large, such specific attributes of the media may
play an important role in the geometrical tortuosity, but in the
investigation of the tortuosity in the opposite limit of small
porosity or for a pore space near its threshold porosity—the
critical porosity below which the pore space loses its macroscopic connectivity—such details as the particle shape should
be relatively insignificant. In this limit, the power laws that percolation theory predicts for various properties of porous media should dominate (Ghanbarian et al., 2013). Ghanbarian et
al. (2013) concluded that it was not obvious that percolation
treatments, which do not account for complications from, e.g.,
particle shapes, should work in the high-porosity limit (
1), possibly complicating any effort to develop a single theory
to cover the entire range of porosity.

Percolation-Based Geometrical Tortuosity
and Finite-Size Scaling

Fig. 1. One possible geometrical flow path, Lg (the porous medium
scheme is from Gvirtzman and Gorelick, 1991).
www.soils.org/publications/sssaj
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Despite the uncertainties (Ghanbarian et al., 2013), in this
study, we investigated the use of a universal treatment of the geometrical tortuosity in the framework of percolation theory, and
determined that it works quite well throughout the entire range
of the accessible porosity. Universal features of percolation theory determine the form of the tortuosity function, while the effect
(e.g., structure) of the medium is contained largely in a constant,
which we call the critical volume fraction for percolation. We

applied the calculations to the results of investigations of both
saturation- and porosity-dependent tortuosity.
When the results from computer simulations are analyzed,
it is important to bear in mind that tortuosity may be strongly
affected by the measurement scale (sample size). The influence
of scale on hydraulic properties, especially hydraulic conductivity K, has triggered a great deal of debate (see, e.g., Shouse et al.,
1994; Rovey and Cherkauer, 1995; Hunt, 1998, 2003; Zhang
et al., 2000). In the limit that the water content or porosity approaches its critical value (the percolation threshold), the tortuosity should diverge (tend to infinity) because, in principle, the
actual flow path would become infinitely long (Sahimi, 2011).
The sample size, however, is not infinitely large. The distinction
between a small system (as small as, say, 20 pores on each side)
and an infinitely large one is huge, so that in many cases finitesize effects actually dominate the results obtained by computer
simulations. Thus, such finite-size effects must be incorporated
into the theory as well. Whenever a measure of the length of a
tortuous path, called the correlation length in percolation theory,
exceeds the system size, finite-size scaling (Fisher, 1971) is the
appropriate approach to generate predictions for the tortuosity
that are functions of medium length, rather than, say, porosity or
saturation. We have included such finite-size effects in our tortuosity model. In the course of the present study, we found that
simulations often investigate combinations of both the system
size and system parameters (such as porosity), which requires
incorporation of finite-size scaling effects.

or bond percolation models to porous media requires the ability
to distinguish pore bodies (the grid sites) from pore throats (the
connections between sites or bonds) (Sahimi, 1994; Hunt and
Skinner, 2008).
Figure 2a, an example of site percolation, shows a square network in which the sites are the line intersections and the bonds
are the segments connecting the sites (using the terminology of
Berkowitz and Ewing, 1998). We assume that big dots are randomly distributed on the sites, with the occupation probability of
any site being independent of the occupation status of its neighbors (Fig. 2b). The probability p of a site being occupied by a big
dot is 0.5 in Fig. 2b. In this case, several small clusters with different
shapes and sizes exist. As the probability p approaches 0.6—the approximate critical probability pc for site percolation on the square
network, i.e., for the formation of a cluster of occupied sites that
span the network from one side to the opposite side—many individual clusters become connected to each other, making a large
interconnected cluster. Figure 2c shows the square network with
p = 0.67. In this case, a large cluster connects the right side of the
square network to its left side, and the top to the bottom, meaning
that percolation across the network has occurred.
Percolation theory predicts that in an infinite system, the
mean distance between any two sites on the same finite cluster,
usually referred to as the correlation length , is given by (Stauffer
and Aharony, 1994; Sahimi, 1994; Bunde and Havlin, 1996)

Objectives

where p is the fraction of bonds (or sites) that are occupied or
present, which physically means the bonds or sites through
which a physical phenomenon such as fluid flow occurs, pc is the
percolation threshold, is a scaling exponent whose value is 4/3
in two dimensions and 0.88 in three dimensions (Stauffer and
Aharony, 1994), and C is a numerical factor. In bond percolation, C is proportional to a typical bond length (connecting two
sites on a lattice, as shown in Fig. 2c). In Monte Carlo simulations of percolation on a square lattice, Kapitulnik et al. (1983)
found that C = 0.85 0.4 in units of the bond length. The correlation length is thought to scale with p − pc in the same way

The objectives of this study were: (i) to develop a theoretical
model for the geometrical tortuosity in saturated and unsaturated porous media using percolation theory and finite-size scaling
theory, and (ii) to evaluate the model based on experimental and
numerical results presented in the literature.

THEORY
In the development of the theory, some of the concepts of
percolation theory were relevant to the development of the tortuosity model.

C p pc

[2]

Percolation Theory
To study the complexity of flow pathways in porous media, we invoke percolation theory. Percolation describes the properties that emerge from the connectivity of
large numbers of objects, which individually have some spatial extent and for which
their spatial relationships are relevant and
statistically prescribed (Hunt and Skinner,
2008; Hunt and Ewing, 2009). Percolation theory exists in three basic varieties:
bond and site (for discrete systems), and
continuum percolation (for more general
systems). In fact, application of either site Fig. 2. (a) Square lattice, (b) square lattice with 50% occupied sites, and (c) square lattice with
67% occupied sites (after Berkowitz and Ewing, 1998).
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(with the same exponent) as does the Euclidean distance across
the largest finite cluster of the connected bonds (sites).
For a fractal path constructed of steps of length (in a real
porous medium, we restrict step lengths to be larger than or
equal to bond lengths, which are interpore separations), the total
length of the path L( ) would be (Mandelbrot, 1983; Wheatcraft and Tyler, 1988)

L

LDs x

1 Dx

[3]

where Dx is the relevant fractal dimensionality and the subscript
x stands for either b, denoting the backbone cluster spanning the
network, or opt, denoting the optimal path. The backbone is the
multiply connected part of the sample-spanning cluster through
which fluid flow occurs. By multiply connected, we mean that
loops exist within the flow path so that there exist several ways
of bringing the fluid from the same initial point to the same final point. The optimal path is the most “energetically” favorable
path in the system. Lee et al. (1999) found that, whereas the fractal dimensionality of the optimal path, Dopt, describes the scaling
of the most probable traveling length, Db describes the scaling of
the most probable traveling time. Therefore, replacing Dx in Eq.
[3] with Dopt or Db, the models developed below (Eq. [9] and
[11]) can describe either the space-based or time-based tortuosity. The latter has already been used in modeling of dispersion
in flow through porous media and the associated arrival times
distribution (Hunt and Skinner, 2008, 2010; Hunt et al., 2011;
Ghanbarian-Alavijeh et al., 2012).
The optimal path fractal dimension Dopt is 1.21 and 1.43 in
two- and three-dimensional networks, respectively (Cieplak et
al., 1996; Porto et al., 1997; Sheppard et al., 1999). The value of
Db is different for different percolation models, and in particular
for random percolation (as described above), invasion percolation (i.e., the process by which a fluid invades a pore space from
one face or a point and percolates across it), and for invasion percolation with and without trapping (of the fluid in the pore space
by the invading fluid). The corresponding values for two- and
three-dimensional systems are presented in Table 1 (Sheppard et
al., 1999). The average tortuosity fractal dimension DT = 1.10
reported by Yu and Cheng (2002) with box counting a two-dimensional image of a bi-dispersed porous medium is not greatly
different from the two-dimensional value of Db (1.22) in site
and bond invasion percolation with trapping and also close to
the optimal path dimension (Dopt 1.21). Note that any lack of
Table 1. Fractal dimensionality of the backbone cluster (Db)
of random percolation as well as various universality classes
of invasion percolation on two- (2-D) and three-dimensional
(3-D) lattices (Sheppard et al., 1999).
Model
Site nontrapping invasion percolation
Site trapping invasion percolation
Bond trapping invasion percolation
Random percolation

Db
2-D

3-D

1.642
1.217
1.217
1.643

1.868
1.861
1.458
1.870

www.soils.org/publications/sssaj

LDs x

L

Dx 1

LDs x p

pc

Dx 1

[4]

Because is the mean distance between any two sites on the
same finite cluster, L( )is the average length of the geometrical
path Lg . Thus, following Eq. [1], the geometrical tortuosity is
g

p

p pc

Dx

[5]

Equation [5] is valid for the case of finite values of the fundamental length scale (i.e., a separation between connected pores) and
only for infinite systems. This requires us to incorporate finite-size
scaling into our expression if we are to compare tortuosity predictions with numerical simulations, which are frequently conducted for systems that are only a few pore separations in length.

Finite-Size Scaling Approach
Guiding the above development is the understanding of
the actual geometry of percolation systems. All the percolationbased properties, such as tortuosity, critical exponents (e.g., ),
the correlation length , etc., described so far are defined for systems that are infinitely large; however, the size of samples in practical applications is finite. In such cases, the correlation length
ultimately exceeds the system size Ls and becomes the dominant length scale as the percolation threshold pc is approached.
At length scales larger than the correlation length (Ls > ), the
system is macroscopically homogeneous (Sahimi, 1993) and the
geometry is Euclidean, whereas at smaller length scales (Ls < ),
the system is heterogeneous, fractal, and statistically self-similar
(Sahimi, 1993). What this means for finite-sized systems, however, is that it is impossible to distinguish approaches to the percolation threshold closer than the value of p for which Ls
.
Thus, the system size can be set equal to the correlation length
(Ls = ) and determine an associated value of the bond probability, which we denote by p . All values of p such that pc < p <
p correspond to a correlation length larger than the system size
and cannot be distinguished in a volume as small as the system
under consideration. This eliminates system sensitivity to small
changes in p in the vicinity of the percolation threshold (Ewing et al., 2010), but very strong dependence on the system size
emerges for such quantities as diffusion constants or transport
coefficients. Fisher (1971) developed a finite-size scaling theory
to relate the size dependence of the various properties to the dependence on the percolation variables in an infinite system. In
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resolution at small scales, or limitation in the size of the imaged
region, would tend to reduce the value of the extracted fractal
dimension (DT = 1.10).
As the percolation threshold is approached, the correlation
length diverges, whereas the individual step (bond) lengths
remain constant. If we suppose that the step lengths approach
zero and the largest cluster (or the system size) remains constant,
we can equivalently choose the individual steps to be inversely
−1). Therefore, Eq.
proportional to the correlation length (
[3] can be rewritten as

particular, a property whose dependence on (p − pc) is of power-law type with a power n that depends on the system length
according to a power law, with the value of the exponent being
−n/ . In this study, we used finite-size scaling to determine the
dependence of the tortuosity on p − pc in a finite-size system.
The theory of finite-size scaling is complex enough that the
form of a general function of both system size and the percolation variables is never specified. It is simple enough, however, to
devise an expression for the tortuosity that is compatible with
both finite-size scaling and the observation that a finite-size system cannot approach the percolation threshold too closely. We
set = Ls in Eq. [2], take the finite-size effect, (C/Ls)1/ , into
our percolation-based tortuosity model (Eq. [5]), and propose
the following functional form:
g

p

p pc

1

C
Ls

Dx

[6]

Notice that in the limit of infinite system size (C << Ls), Eq. [6]
reproduces to Eq. [5] for the tortuosity, but for the case p = pc
the finite-size scaling result for the power-law dependence of the
tortuosity is retrieved. Hunt (2006) used the right side of Eq.
[6] to address the scale dependence of the hydraulic conductivity
in anisotropic networks and found agreement with experiments
across variations of eight orders of magnitude in volume.

Continuum Percolation
Wetting or drying processes require pore bodies (sites) or
throats (bonds) to be filled by or emptied of water, respectively.
Sahimi (1995, 2011) argued that wetting (e.g., infiltration and
imbibition) is a site percolation process, while drying (e.g., drainage) is a bond percolation process. Hunt (2001) argued that, for
saturation-dependent phenomena, it is useful to apply a continuum percolation representation, with the moisture content
playing the role of the percolation variable. In continuum percolation, the building blocks are no longer bonds or sites, but
elements (e.g., particles) with irregular shapes and sizes, so that
on a macroscopic scale the system appears as a continuum rather
than as a lattice or network. To apply Eq. [6] to a continuum
percolation representation, we replace the variables p and pc with
the water content and its critical value for percolation t in the
porous medium, respectively (Hunt, 2001). This gives

g

t

C
Ls

1

is unknown because it is not universal and depends on the pore
space structure. Moldrup et al. (2001) showed empirically that t
is proportional to a power of the surface area/volume ratio, but
data for the specific surface area are not always available. Nevertheless, the percolation concept of a threshold water content is
compatible with the typical soil physics idea of an irreducible or
residual water content (Hunt and Gee, 2002; Hunt and Ewing,
2009; Ghanbarian-Alavijeh and Hunt, 2012). If water retention
data are not available, 10% of the porosity (0.1 ) would be a good
approximation (Hunt, 2004) in coarser soils, whereas in clay-rich
soils, a surface water correction might be important (Luckner et
al., 1989). In such systems, the Moldrup et al. (2001) formula
relating a threshold water content to the vanishing of diffusion
may be applicable (Hunt, 2004). Alternatively, Liu and Regenauer-Lieb (2011) recently proposed a morphological technique to
estimate the percolation threshold from microtomography and
three-dimensional image analysis of a porous medium.

Tortuosity Models for Saturated and
Unsaturated Media
Many investigations of tortuosity (see, e.g., Koponen et al.,
1997; Matyka et al., 2008) have addressed the high-porosity limit (
1). Although such studies do not have direct relevance to
soils, we found it significant that percolation-scaling arguments,
designed for near the percolation transition (i.e., either low values of porosity or saturation), also work in this limit.
As a limiting case, the saturated geometrical tortuosity
1. This
g|sat
g( = ) is known to approach 1 whenD
x
suggests a scale factor 1/[1 − t + (C/Ls)1/ ]
in Eq. [7].
However, this leads to two approximations in the theoretical approach developed here:
1. It is well known that percolation power laws are rigorously
accurate only near the percolation threshold. Moreover,
“near” is not well defined. Therefore, for p > pc (or equivalently, > t) the results we derive by applying percolation
theory might only be approximate. Normalizing tortuosity
to a value of 1 at p = 1 ( = 1), which is far away from pc for
> t, may introduce some error. Nonetheless, comparison
with experiments presented below indicates that this approach is still accurate.
2. The scale factor considered above depends on the variable Ls
(i.e., the system size), so it is not a true constant of proportionality. That is, such a choice of normalization coefficient would
be scale dependent. To be consistent with the numerical results
of Matyka et al. (2008) and Duda et al. (2011) in which g|sat
is a simple power function of Ls, we eliminate the factor C/
Ls from the denominator. When Ls is large enough compared
with C, as is the case in most experiments, this choice of normalization has little effect on the predictions.

Dx

[7]

The question of whether the structure of the resulting continuum
percolation system is more nearly aligned with site or bond percolation is important to the necessity of choosing the appropriate
value of Db or Dopt. The other unknown in Eq. [7] is the threshold
water content t, the minimum moisture content required for the
existence of a system-spanning cluster of interconnected, waterfilled pores. For natural porous media, the critical water content

Normalizing Eq. [7] by taking the above considerations into
account yields
g

1

1

Dx

[8]

t
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C Ls

t

which is a function of water content, threshold water content, scaling exponent , fractal dimensionality of the backbone cluster Db
or optimal paths Dopt., system size Ls, and C. Equation [8], when
evaluated at saturation = , yields g|sat. We also define the relative tortuosity as the ratio of geometrical tortuosity in an unsaturated medium and that of the same medium at full saturation:
g

C Ls

1

t

C Ls

1

t

r
g sat

Dx

[9]

Recall that the value of is 4/3 for two-dimensional and 0.88 for
three-dimensional flow, while the value of Dopt is 1.21 and 1.43 in
two- and three-dimensional systems, respectively, and Db values
are given in Table 1 for the different universality classes in invasion and random percolation. Because experimental systems are
typically much larger (in terms of C/Ls) than those investigated
in the simulations, they cover a smaller range of porosity and saturation values for which finite-size effects are important. In this
study, therefore, we typically ignore finite-size effects in Eq. [8]
and [9] when comparing the predictions with experiments, but
we incorporate these effects in comparisons with simulations.

RESULTS AND DISCUSSION

Comparison with the Existing Models for
Saturated Porous Media
Koponen et al. (1997) computed numerically the hydraulic tortuosity for flow in a two-dimensional saturated porous
medium with a percolation threshold of 0.33 ( t = 0.33). This
percolation threshold is still <0.69, the percolation threshold of
a two-dimensional honeycomb lattice (Stauffer and Aharony,
1994) and the residual water content values (0.4–0.5 m3/m3)
reported for wooden peat samples by Gnatowski et al. (2010).
Koponen et al. (1997) used square networks of size 100 by 100
(Ls = 100) for > 0.55 and 200 by 200 (Ls = 200) for < 0.55.

Fig. 3. Comparison of predicted saturated geometrical tortuosity
g|sat using the percolation theory model, Eq. [8], where water
content = , the fractal dimensionality of the optimal path Dopt
= 1.21, and scaling exponent
= 4/3, with the two-dimensional
numerical simulations (hydraulic tortuosity) presented by Koponen
et al. (1997) in saturated porous media. The percolation threshold is
0.33, Ls = 100, and C= 0.85 (Kapitulnik et al., 1983) for > 0.55, and
Ls = 200 and C = 0.85 (Kapitulnik et al., 1983) for < 0.55, where Ls
is the sample size or straight-line length across the medium and C is a
numerical factor in Eq. [2].
www.soils.org/publications/sssaj

Fig. 4. Comparison of predicted saturated geometrical tortuosity
g|sat using the percolation theory model, Eq. [8], where water
content = , the fractal dimensionality of the optimal path Dopt
= 1.21, and scaling exponent
= 4/3, with the two-dimensional
numerical results (hydraulic tortuosity) of Matyka et al. (2008) in
saturated porous media as a function of (a) porosity and (b) system
size. The percolation threshold is 0.367, Ls = 200, and C = 0.85
(Kapitulnik et al., 1983), where Ls is the sample size or straight-line
length across the medium and C is a numerical factor in Eq. [2].
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To predict tortuosity using Eq. [8] where = for porous
media simulated by Koponen et al. (1997), we set the ratio C/Ls
= 0.0085 (Ls = 100 and C = 0.85; Kapitulnik et al., 1983) for >
0.55, and 0.0043 (Ls = 200 and C = 0.85; Kapitulnik et al., 1983)
for < 0.55. The Koponen et al. (1997) results compare well with
Eq. [8] (Fig. 3), using Dopt = 1.21 (space-based tortuosity), =
4/3 (the two-dimensional value), and their t = 0.33. Figure 3 also
shows the case in which the finite-size scaling effect was ignored
(C/Ls = 0). The error due to ignoring the C/Ls term from the denominator, as discussed above, is about 1% at = 1 ( g|sat = 0.988).
Matyka et al. (2008) and Duda et al. (2011) accounted for
finite sample size in modeling tortuosity in saturated media. The
Matyka et al. (2008) numerical results for the tortuosity as a
function of the porosity are compared with Eq. [8] with =
in Fig. 4a, while the tortuosity as a function of the system size is
shown in Fig. 4b. Although Matyka et al. (2008) fitted their numerical results for the system-size dependence of the tortuosity
to an exponential function (their Eq. [16]), Eq. [8] does reasonably well in reproducing both behaviors simultaneously. Matyka
et al. (2008) concluded, presumably in view of their exponential
fit to the finite-size effects on the tortuosity, that finite-size effects are eliminated above some length scale; however, the existence of heterogeneity-producing clusters at all length scales at
the percolation threshold means that it is impossible to eliminate
all such effects in a finite-size system. If finite-size scaling is not
incorporated into the interpretation of the results of such simulations when the porosity approaches its critical threshold, the

effect of percolation, which would be clear in physical systems of
much greater size, will not be understood. In later work, however, Duda et al. (2011) investigated the system-size dependence of
the tortuosity at the percolation threshold, with results in accord
with the power-law divergence predicted in Eq. [8].
Duda et al. (2011) also utilized the lattice-Boltzmann approach to calculate the hydraulic tortuosity ( h|sat) of two-dimensional porous media with a percolation threshold of 0.367.
Their results for the porosity dependence of the tortuosity were
the same as those reported by Matyka et al. (2008), but their numerical results as a function of the system size support the divergence of the tortuosity at the percolation threshold ( = t
or p = pc), where they found that h|sat is a power-law function
of Ls with an exponent 0.19. This exponent, derived from numerical results for two-dimensional porous media, is not greatly
different from our analytical result of 0.21 (=Dmin − 1), if p =
pc and Dmin = 1.21 (two-dimensional network) in Eq. [6]. The
Duda et al. (2011) results also revealed that even at the percolation threshold, most of the fluid moving through the medium
does not take the shortest path streamlines (Dopt) but rather the
most probable traveling length (Dopt). Note that the appropriate
percolation class for saturated media is random allowing choice
of the proper exponent value from Table 1 of Sheppard et al.
(1999).
The exponent in our analytical derivation of the geometrical tortuosity for saturated porous media ( g|sat), Eq. [8], based
on the optimal percolation path with Dopt = 1.43 for three-dimensional systems is −0.378, close to the exponent = −0.4 of
the power-law function of porosity ( h|sat = -0.4) proposed by
Mota et al. (2001), found from experiments on binary mixtures
of spherical particles for saturated hydraulic tortuosity. Figure
5 compares the results of calculations based on Eq. [8] where
= using t = 0 (no percolation threshold, consistent with
Mota et al., 2001) and C/Ls = 0 (negligible finite-size effect,
C << Ls) with the results of the Mota et al. (2001) model and
indicates good agreement. The comparison indicates that the

saturated geometrical tortuosity g|sat and saturated hydraulic
tortuosity h|sat approach one another as the medium becomes
more uniform. These results are in agreement with a toy model
(Wheatstone bridge) presented in the review of Ghanbarian et
al. (2013), who found that when the ratio of two pore sizes in
the model is 1 (uniform medium with pores of the same size),
geometrical, hydraulic, and electrical (or diffusive) tortuosities
are equal (Ghanbarian et al., 2013, Table 1).
Barrande et al. (2007) measured the porosity ( ) and the
formation factor (F) of porous media, composed mostly of
spherical particles, and calculated the saturated electrical tortuosity from the product of and F ( e|sat = F). We compared
their experimental results with the prediction of Eq. [8] with
= using Dopt = 1.43, t = 0.1 (as a rule of thumb for coarse
soils; Hunt, 2004), and = 0.88 for three-dimensional systems
(Fig. 6). The data compared very well with our proposed saturated geometrical tortuosity (Eq. [8]). As mentioned above, similar values can be expected for electrical ( e|sat) and geometrical
( g|sat) tortuosities in porous media with a narrow particle-size
range (Ghanbarian et al., 2013).
Delgado (2006) determined the diffusive tortuosity ( d|sat)
from measured values of diffusion coefficients in free fluid (df )
and in saturated, packed beds of silica sand (dp) with average
diameters of 0.496, 0.297, 0.219, and 0.110 mm ( d|sat = df/
dp). Because the sample length, Ls, in Delgado’s experiments was
>100 mm, almost three orders of magnitude larger than the sand
particles (and thus pores size), and we have no evidence that their
porosities approached a threshold value, we assumed that the finite-size effect was negligible (C << Ls) for their samples. Once
again, as a rule of thumb, we set t = 0.1 , used Dopt = 1.43 and
= 0.88 for three-dimensional systems, and found an excellent
match between Eq. [8] with = and the diffusive tortuosity
( d|sat) experiments (Fig. 6).

Fig. 5. Comparison of predicted saturated geometrical tortuosity
g|sat using the percolation theory model, Eq. [8], where water
content
= , with the functional fit extracted from threedimensional experimental results (hydraulic tortuosity) by Mota et
al. (2001) in saturated porous media. We used the three-dimensional
values for the fractal dimensionality of the optimal path Dopt = 1.43
and scaling exponent = 0.88, took the percolation threshold water
content t = 0, and chose C << Ls (C/Ls = 0), neglecting finite-size
effects, where C is a numerical factor in Eq. [2] and Ls is the sample
size or straight-line length across the medium.

Fig. 6. Comparison of predicted saturated geometrical tortuosity
g|sat using the percolation theory model, Eq. [8], where = , with
the three-dimensional experimental results of Barrande et al. (2007)
(electrical tortuosity) and Delgado (2006) (diffusive tortuosity) in
saturated porous media. We used the three-dimensional values for
the fractal dimensionality of the optimal path Dopt = 1.43 and scaling
exponent = 0.88. We chose the percolation threshold water content
t = 0.1 and C << Ls (C/Ls = 0), neglecting finite-size effects, where
C is a numerical factor in Eq. [2] and Ls is the sample size or straightline length across the medium.
Soil Science Society of America Journal
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Comparison with Existing Models for
Unsaturated Porous Media
Let us assume that the pore-size distribution of a porous medium follows the pore-solid fractal (PSF) model (Perrier et al.,
1999; Bird et al., 2000):

h

Ds 3

h
hA

r

[10]

g

r

g sat

rmax
r

Ds 3

Dx

[11]

Equation [11] is similar to the Fatt–Dykstra tortuosity
model (Fatt and Dykstra, 1951), in which tortuosity is a power-law function of the pore radius with an empirical exponent
j. Fatt and Dykstra (1951) found that j varied in soils but did
not provide upper and lower bounds. As an estimate, they proposed j = 0.5. The exponent in Eq. [11] is physically meaningful,
however, and has a value <1 for typical soils for which 2 Ds <
3 (Avnir et al., 1985; Ghanbarian-Alavijeh and Millán, 2009).
For example, for a sandy soil with Ds = 2.2 and Dopt = 1.43, the
exponent would be 0.30, on the same order of magnitude as 0.5
suggested by Fatt and Dykstra (1951). If 0.3 were theory and 0.5
were experiment (or theory), this would be an important and
measurable difference; however, 0.5 was merely a suggestion—as
suggestions go, this is fairly close to a justifiable value.
Equation [9] with C/Ls = 0 is also similar to the empirical model proposed by Burdine (1953) in which the relative

Fig. 7. Comparison of predicted relative (geometrical) tortuosity r
applying the percolation theory model, Eq. [9], with the three-dimensional value of scaling exponent
= 0.88, and using two different
choices of percolation classes (the fractal dimensionality of the backbone cluster Db = 1.87 and the fractal dimensionality of the optimal
path Dopt = 1.43), with the Burdine and Mualem (hydraulic) tortuosity models, Eq. [12]. We used values for a typical soil of porosity
= 0.5 and percolation threshold water content t = 0.05 (0.1 ), and
chose C << Ls (C/Ls = 0), neglecting finite-size effects, where C is a
numerical factor in Eq. [2] and Ls is the sample size or straight-line
length across the medium.
www.soils.org/publications/sssaj
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where h is hydraulic tortuosity and is a constant suggested
to be equal to 2 (Burdine, 1953). Tuli and Hopmans (2004)
and Tuli et al. (2005) reinterpreted Eq. [12] as incorporating
the influence of pore connectivity as well as tortuosity. In such
interpretation, the exponent 2 represents the exponent for the
power-law dependence on p − pc of either the hydraulic or electric conductivity as either approaches the percolation threshold.
Although Mualem (1976) adopted the same power-law function
(Eq. [12]), he expanded Burdine’s interpretation from tortuosity
only to both totuosity and correlation and experimentally found
In fact, the exponent 2 in the Burdine model is simply a
consequence of his tortuosity definition, whereas the exponent
of Eq. [9] is physically meaningul. We discuss the exponent of
the Burdine (1953) model in more detail below.
Figure 7 compares the predictions of Eq. [9] for the relative tortuosity as a function of water content with Burdine’s and
Mualem’s models for two different classes of percolation models,
random with Db = 1.87 and optimal path with Dopt = 1.43, in a
typical soil with = 0.5 and t = 0.05. The comparison indicates
that the relative tortuosity first increases gradually as the water
content decreases from saturation and then diverges as the water content approaches the threshold water content of 0.05 ( t).
Burdine’s model, which in retrospect was adapted to the hydraulic conductivity rather than simply the tortuosity, would imply a
sharper increase of the relative tortuosity across the entire range
of decreasing water content (Fig. 7), but Mualem’s choice of 0.5
comes much closer to the percolation predictions, provided that
the interpretation that Eq. [12] does not include the pore connectivity contribution is maintained. We should note that, as
argued in by Sheppard et al. (1999), invasion percolation with
trapping is relevant to any wetting or drying process in porous
media because trapping by the invading fluid does take place.
Thus, for both cases, near saturation and near the residual water
content, invasion with trapping exponents may be appropriate.
Only in the case of bond invasion percolation with trapping (appropriate for drying, according to Sahimi, 1994), however, is the
exponent different from random percolation.

Tortuosity and Connectivity
As stated by Tuli and Hopmans (2004) and Tuli et al.
(2005) (among others), Burdine’s exponent of 2 does not merely
represent the effect of the tortuosity alone; rather it is a pore connectivity–tortuosity parameter, and we demonstrate this here.
By definition, the conductivity of a porous medium is proportional to the flow per unit area, which is the product of the
mean flow per path and the number of connected paths per unit
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Se

h sat

where h is the tension head, hA is the air-entry value, and Ds is
the pore–solid interface fractal dimension. For small t, the ratio
( − t)/( − t) is approximately equal to / . Thus, by combining Eq. [10] with the Young–Laplace equation, and assuming C
<< Ls, Eq. [9] may be rewritten as

r

tortuosity is a function of the effective degree of saturation, Se
= ( − r)/( − r), where r is the residual water content (consistent with the percolation threshold definition). The Burdine
(1953) model for hydraulic tortuosity is

area. If we assume that the flow for each connected path is identical, we only need the number of connected paths per unit crosssectional area to determine the hydraulic conductivity. The number of connected paths in a given cross-sectional area is inversely
proportional to (the square of ) their distance of separation,
and that is approximately the (square of the) correlation length
(Hunt and Ewing, 2009):
2

p pc

2

[13]

in which = 0.88 in three dimensions (Stauffer and Aharony,
1994). Such an argument always leads (in three dimensions) to
values of a combined tortuosity–connectivity parameter near 2.0
(Hunt and Ewing, 2009), as seen below in a discussion adapted
from Berkowitz and Balberg (1993).
If we naively combine the tortuosity (Eq. [7] with C/Ls =
0) and pore connectivity (Eq. [13]) multiplicatively, the hydraulic conductivity K in the continuum percolation representation
would be

K

Dx
t

2

[14]

where the first term in the exponent (Dx − ) is due to tortuosity and the second term (2 ) to pore connectivity. For example,
for optimal paths percolation with Dopt = 1.43, the exponent of
Eq. [14] would be 2.14, but it has been found numerically that
the exponent of Eq. [14] is 2.0 (Gingold and Lobb, 1990; Bunde
and Havlin, 1996; Clerc et al., 2000; Sahimi, 2003). Therefore (as
discussed by Berkowitz and Balberg, 1993) the conductivity exponent is reduced from its naive multiplicative value of 2.14 by a
factor that accounts for the effects of multiple pathways (“blobs”
in the language of Stauffer and Aharony, 1994) on smaller length
scales. Because the numerical result for the exponent of Eq. [14]
is the same exponent in Burdine’s model, however, we must conclude that Burdine (1953) incorporated both the tortuosity and
pore connectivity effects.
The exponent of the power-law dependence on the water
content in the Burdine (1953) and Mualem (1976) models (2
and 0.5, respectively) is in agreement with that of Eq. [14] and
[9] where C/Ls = 0, respectively. We, therefore, argue that one of
the differences between the Burdine (1953) and Mualem (1976)
models is that Burdine (1953) developed a pore-connectivity
model while Mualem (1976) presented a tortuosity model for
unsaturated hydraulic conductivity in porous media.

CONCLUSIONS
We developed a model for geometrical tortuosity in saturated and unsaturated porous media, using cluster topology from
percolation theory. All the model parameters, such as the fractal
dimensionality of the backbone cluster Db or optimal paths Dopt,
have physical meaning. The results show that the relative tortuosity gradually increases when water content decreases from full
saturation to near the threshold water content and then diverges
as the water content approaches its critical value. We found that

some of the experimental and theoretical estimates of tortuosity
were in rather surprising agreement with the model developed in
this study based on percolation theory. Some of the classical models of tortuosity may be interpreted within the framework that we
developed, in particular the pore radius dependence predicted by
the Fatt and Dykstra (1951) model and the moisture dependence
developed by Burdine (1953). We also argued that tortuosity
and pore connectivity are distinct factors that can and should be
studied separately. Our perspective can help unify the discussion
of these important concepts. Further investigation is required to
evaluate the percolation-based models developed in this study
with further numerical simulation with appropriate finite-size
scaling for different universality classes of invasion and random
percolation with various percolation thresholds in porous media.
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[1] We compare predictions of the saturation dependence of air permeability from
percolation theory with experimental results taken from the last 60 years. We selected
experiments with sufficient density of data points to verify a functional dependence.
The typical number of such data points was about 10, but actual values ranged from
4 to 31. The predicted saturation dependence is a universal power law in the air-filled
porosity (less a threshold value) with an exponent of 2.00. Our investigation showed that
the experimental power was 2.028 ! 0.028 with an R2 value, averaged across all the
experiments, of greater than 0.96 for database 1 (including 16 samples from the literature)
and 1.814 ! 0.386 with an R2 value of larger than 0.90 for database 2 (including 23
samples from Tang et al. (2011)). The threshold value of the air-filled porosity could be
predicted reasonably from the wet end of the soil water retention curves. The threshold
varied systematically with soil texture. We also compare the proposed model with three
other methods, e.g., Millington and Quirk, Burdine-Brooks-Corey, and Kawamoto et al.,
in estimation of air permeability. The results indicate that the universal scaling approach
estimates air permeability more accurately than other methods. Thus, we believe that
we have confirmed the universal scaling predicted as well as demonstrated its
usefulness in predicting the air permeability.
Citation: Ghanbarian-Alavijeh, B., and A. G. Hunt (2012), Comparison of the predictions of universal scaling of the saturation
dependence of the air permeability with experiment, Water Resour. Res., 48, W08513, doi:10.1029/2011WR011758.

1. Introduction
[2] An important goal for physicists of porous media is the
prediction of the saturation dependence of the air permeability [Dury et al., 1999; Stonestrom and Rubin, 1989]. This
single problem is, however, embedded within the more
general problem of predicting the saturation dependence of
the hydraulic conductivity, diffusion properties, and conduction properties [Luckner et al., 1989; Mualem, 1976;
Lenhard and Parker, 1987; Fischer and Celia, 1999; Nimmo,
1991; van Genuchten, 1980]. This conceptual problem
has been addressed in a systematic fashion within various
theoretical frameworks [Cushman, 1997; Torquato, 2002;
Sahimi, 2011], e.g., effective medium, percolation, perturbation and renormalization theories. Best known within soil
physics, however, are theories based on simple averaging or
bundles of capillary tubes. Such procedures do not take into
account what is known from physics, namely, that the
effective transport (and flow) properties of random threedimensional systems cannot be calculated from any averaging
procedure [Ambegaokar et al., 1971; Kirkpatrick, 1973; Clerc
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et al., 1990; Hunt, 1993; Chelidze and Gueguen, 1999; Dyre
and Schroeder, 2000; Hunt, 2001a].
[3] A first-principles framework for quantifying the effects
of medium geometry and flow path topology on the saturation dependence of various properties, such as the electrical
and hydraulic conductivities as well as the air permeability
has been formulated in a series of publications [Hunt, 2001b;
Hunt and Gee, 2002; Hunt and Ewing, 2003; Hunt, 2004a,
2004b, 2005a, 2005b, 2005c; Ewing and Hunt, 2006; Hunt
et al., 2007] and summarized in a book [Hunt, 2005d; Hunt
and Ewing, 2009]. In short, this method uses concepts from
critical path analysis [Ambegaokar et al., 1971; Pollak, 1972]
to define the smallest conductance that cannot be avoided on
an interconnected path joining opposite sides of an infinitely
large system. This generates the important input to calculations from pore size distributions. The second important
component of the technique describes the influence on electrical or hydraulic conductivity of the topology of the flow
paths by using fundamental percolation scaling relationships
[Shante and Kirkpatrick, 1971; Ambegaokar et al., 1971;
Kirkpatrick, 1973; Kesten, 1982; Sahimi, 1993; Stauffer and
Aharony, 1994; Bunde and Havlin, 1996]. This approach
neglects the potential influence of fractal topology of the
medium [Katz and Thompson, 1985; Turcotte, 1986; Rieu
and Sposito, 1991; Nigmatullin et al., 1992; Giménez et al.,
1997; Baveye et al., 1998; Bird et al., 2000; Park et al.,
2005] on the (possibly fractal) configuration of the fluids
within the medium. We have three reasons for basing our
approach thus: (1) it is simple and logical as well as
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reproducible across properties, (2) it is known that the fractal
dimensionality of the residual fluid in porous media conforms to that predicted by percolation theory in both two- and
three-dimensional flow configurations [Lenormand and
Zarcone, 1985; Clement et al., 1987], thus demonstrating
explicitly that the fractal structures of the flow paths are
determined in percolation theory, and (3) the predictions
derived in this approach for the air permeability for both twoand three-dimensional flow have already been verified [Hunt,
2005b].
[4] Since in Hunt [2005b] experiments from only two
porous media were investigated [Steriotis et al., 1997; Unsal
et al., 2005], however, it is important to check whether those
results are representative of experiments generally. Here we
show that investigation of an additional 39 media confirm
what was already ascertained from the first two. Then we
also compared our predictions with those of other methods
extant in the literature and found ours to be more accurate.

2. Theory
[5] Modern calculations of effective transport properties
of disordered systems use fundamentally one of three
approaches: percolation theory, effective medium approaches, and renormalization theory, if the disorder is strong
[Kirkpatrick, 1973; Stinchcombe, 1974; Straley, 1977;
Sahimi et al., 1983; Katz and Thompson, 1986; Clerc et al.,
1990; Shah and Yortsos, 1996; Friedman and Seaton, 1998;
Dyre and Schroeder, 2000; Hunt, 2001a; Sahimi, 2011].
While perturbation theory is commonly applied in hydrology (in the form of stochastic methods), it is really applicable only in systems with disorder weak enough such that
it may be regarded as a small “perturbation” on a fundamentally ordered medium [Rubin, 2003]. The effective
medium approaches derive originally from Bruggeman [1935]
and Landauer [1978]. For arbitrary magnitudes of disorder,
neither percolation nor effective medium theories are restricted
in their applicability, making them more suitable methods for
calculation. In the present work we concentrate on percolation
theoretical approaches, even though effective medium
approaches can perform better in some cases [Hunt and Idriss,
2009].
[6] Note that we actually introduce percolation theory in
the site percolation formulation, but that we will utilize
percolation theory in the continuum percolation variation
[Hunt, 2001b]. This choice is based on an assumption that
most natural porous media contain a wide range of pore radii
(and hence lengths), making it difficult to represent them in a
simple, regular network (with equal spacings). However,
continuum percolation is also more practical than site or
bond formulations since the relevant percolation variable is a
volume fraction, which may be identified straightforwardly
with either a moisture content, or air-filled porosity. Note
that the process of wetting a dry medium is thus associated
with two phase transitions [Wilkinson, 1986]: the first when
the wetting fluid first percolates, the second when the nonwetting fluid becomes discontinuous.
[7] The simplest possible application of percolation theory to conduction is when the system is composed of a
variable number of equally conducting elements randomly
interspersed with insulating elements [Stauffer and Aharony,
1994]. One example frequently appealed to is that of a huge
box filled with metallic as well as insulating spheres. When

the fraction of metallic spheres exceeds the critical value,
pc, conduction occurs. The value of percolation theory in
this example is that it predicts the dependence of the conductivity of the system (the box of spheres) on the fraction
p, of spheres that are metallic. Thus, the conductivity is
proportional to (p - pc)t, where computer simulations give t =
2 (1.3) in three (two) dimensions [Gingold and Lobb, 1990;
Normand and Herrmann, 1990]. The two-dimensional box
would contain only one plane of such spheres. When the
spheres do not all have the same conducting properties, the
problem is more complicated. Nevertheless, this type of
“universal” behavior has relevance to porous media as well,
and has been shown in particular to predict the saturation
dependence of the electrical conductivity [Ewing and Hunt,
2006]. Note that there are essentially three numerical contributions [Berkowitz and Balberg, 1993] to the value of the
exponent t, from the connectivity, the tortuosity and the
duplication of paths. Thus, when this simple result can be
applied, a universal interpretation is possible regarding the
effects of two of the inputs that have been considered most
difficult to predict for porous media, connectivity and
tortuosity.
[8] Critical path analysis uses percolation theory to identify the most resistive element on the optimally conducting
path through the medium [Ambegaokar et al., 1971; Pollak,
1972]. As far as flow in porous media is concerned, this
establishes the radius of the pore that provides the bottleneck
to flow on that connected path through the medium which
has the largest possible value of such a bottleneck radius
[Katz and Thompson, 1986; Friedman and Seaton, 1998;
Hunt, 2004a; Hunt and Ewing, 2009]. By virtue of the
guarantee of connectedness, as well as the knowledge from
percolation theory regarding the statistical occurrence and
topology of paths with arbitrary bottleneck radius, one can
then, in principle, calculate the permeability of the system.
If the goal, however, is just to calculate the saturation
dependence of the permeability, the task may be much easier
[Hunt, 2005b].
[9] The result previously derived for the air permeability
[Hunt, 2005b] is that it should follow the universal scaling of
percolation theory, with p replaced by ɛ, the air-filled
porosity, and pc by ɛt, its threshold value for percolation.
This result is important for three reasons: (1) it provides a
reliable foundation, on which to understand the air permeability, (2) the understanding and the chief characteristics of
the medium relevant to flow and transport translate sensibly
across properties [Hunt and Ewing, 2009], and (3) the
important parameters (chiefly ɛt) have a transparent physical
meaning. It should be pointed out, however, that it has been
known for decades [Kogut and Straley, 1979; Balberg 1987;
Feng et al., 1987] that continuum percolation can give rise to
values of t other than 2, called nonuniversal scaling. Further,
some authors have been reporting values of t that are roughly
2, but exhibit some variability in the value of t. In an often
quoted result for the permeability [Feng et al., 1987], generate particular nonuniversal values of t in a periodic
medium with specific geometrical conditions on the pore
throat constructions (Swiss cheese, or inverse Swiss cheese
models). The important characteristic of this model is that
the distribution of pore throat radii follows a power law form
all the way to zero radius, providing the basis for a nonuniversal value of t, a result which has also been shown
more generally by Kogut and Straley [1979] and Balberg
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[1987]. One way to generate such a pore size distribution
would be to choose the Rieu and Sposito model [Rieu and
Sposito, 1991] and eliminate the lower pore size cutoff.
While this construction has two defects (it produces a
porosity of 1 and an infinite specific surface area), one of the
present authors has already shown that application of critical
path analysis (which describes the influence of the pore size
distribution on the permeability) to such a model [Hunt,
2004a] does generate the known nonuniversal value of t
[Balberg, 1987; Feng et al., 1987] for the saturation
dependence of the water permeability. However, use of
critical path analysis on the saturation dependence of the air
permeability generates no influence of the pore size variability. This is because as the saturation is reduced, water
flow is restricted to the smallest conductances, making the
behavior of the conductance distribution in this limit relevant. However, as the saturation is increased toward one, the
airflow is restricted to the largest conductances, and the
limiting behavior of the conductance distribution at zero
conductance is not relevant. Thus there is no reason to
expect nonuniversal values of t, nor even any reason to
expect that the existing pore size variability will confound
the simple universal scaling prediction from percolation
theory. In such cases it has already been shown that the
universal scaling laws function very well even far from the
percolation threshold. In that same work [Ewing and Hunt,
2006] it was also shown that ignoring the existence of a
threshold can lead to overestimation of the value of t. Since,
however, the air content under perfectly dry conditions is far
from the threshold, extracted t values could also be slightly
too low since for very large values of p (cases with high
porosity, for example) the percolation effects weaken. Thus,
existing techniques to relate an observed variability in t
to pore size effects are not supported theoretically, while
trends in the variation of extracted powers, obtained without
allowance of the existence of a threshold, are likely better
understood by identifying trends in the threshold air-filled
porosity value.
[10] We add the following observation: while the percolation threshold is a constant for any given site or bond
problem, the same pore space may support different values
for a threshold air content for percolation and a threshold
water content. This distinction follows because water is a
wetting fluid. Thus, some fraction of the water content must
be accommodated on particle surfaces before the water can
begin filling the pore space.

3. Application to the Saturation Dependence
of the Permeability
[11] Consider the specific application of critical path
analysis to the calculation of the permeability. Using the
concepts of continuum percolation one can formulate the
hypothesis that any randomly selected portion of the pore
space will percolate, provided its fractional volume exceeds
a value specific to a given soil, which we call Vc. If this is the
case, one should be able to calculate system flow and conduction properties accurately from this hypothesis [Hunt,
2001b]. In particular, in order to find the path that is most
permeable to flow, one should select a portion of the pore
space with fractional volume Vc that is composed of the
largest pores. When the medium is saturated, this condition
defines the portion of the medium that carries the dominant

water flow paths, at least according to the geometrical
condition of having the largest possible value of the minimum pore throat radius on the path [Hunt, 2001b]. One
can translate this description to mathematical language as
follows:
Z

r max
rc

r3 W ðrÞdr ¼ Vc

ð1Þ

Here W(r) is the probability density function to describe the
statistical occurrence of pores with radius r. When multiplied by r3, the approximate volume of a pore of radius r, the
resulting product gives the fractional volume of the pore
space with radius between r and r + dr. Equation (1) thus
sets the fractional volume in all pores with radius between
the critical radius, rc, and the largest pore radius, rmax, equal
to the critical volume fraction for percolation, guaranteeing
the percolation of this volume fraction [Hunt, 2001b] and
thus the existence of an interconnected path through the
system that contains no pore with radius smaller than rc.
When water is removed from the system and replaced by air,
the air enters the largest pores first. As a consequence rmax,
which refers to the largest pore with water in it, must diminish.
But to maintain the equality required in equation (1), the
lower limit of the integral must diminish as well. This gives
the optimal bottleneck radius for water flow a strong dependence on saturation, thus making the saturation dependence
of the permeability strongly dependent on the pore size distribution [Hunt, 2004a], given through W(r).
[12] Now consider what happens when the same type of
analysis is used for the air permeability. When the medium is
completely dry, equation (1) can again be applied to find the
largest possible value of the airflow limiting pore radius.
Addition of water does not reduce the value of the largest
pore that contains air, rather it increases the radius of the
smallest air-filled pore [Hunt, 2005b]. But the radius of the
smallest air-filled pore does not concern us. It appears
nowhere in equation (1). Thus the only impact of the
reduction in the air content is to reduce the total volume
available for airflow because the cumulative distribution of
relevant conductance values (those larger than the minimum
required pore radius rc remains essentially the same [Hunt,
2005b]. As a consequence, the relevance of percolation
theory is restricted to its description of the tortuosity and
connectivity of relevant flow paths. That description is
known from universal scaling of percolation theory. In the
language of continuum percolation theory, p corresponds to
the air-filled porosity, ɛ, while pc corresponds to the smallest
value of ɛ for which the air-filled porosity percolates, which
we call ɛt, the t standing for threshold. Using these symbols,
the air permeability is given by
ka ∝ ka ðɛ ¼ fÞ½ɛ $ ɛ t &t

ð2Þ

Here the symbol ka stands for the air permeability, f is the
porosity, and t = 2 in three dimensions, or 1.3 when the flow
is two-dimensional. The fact that the values of t depend only
on the dimensionality of the flow and not on the characteristics of the medium makes this result highly universal. The
simplicity of this result leads nevertheless to three questions:
(1) Does experiment confirm the universality of equation (2)?
(2) Can we predict the value of ɛt? (3) Can we predict the
value of ka (ɛ = f)? The answer to question 1 is yes as we will
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Figure 1. Comparison of air permeability with universal percolation scaling (equation (2)). Data are
from Unsal et al. [2005].
show. The answer to question 2 is that we may have to obtain
the threshold air fraction from other experiments, since our
chief guideline [Hunt and Gee, 2003; Hunt, 2004c; Ewing
and Hunt, 2006; Hunt and Ewing, 2009], that it should be
roughly 10% of the porosity [Hunt, 2004c], appears in the
present case only to be true on the average. In the following,
we propose a method to estimate percolation threshold from
the wet end of soil water retention curve. The answer to
question 3 is complicated enough that we do not try to give a
complete answer here. In any case one can use proportionality (2) to predict the ratio of the air permeability to its value
under completely dry conditions, i.e., the relative permeability ka/ka(ɛ = ɛt) using only the single parameter equal to
the critical air content for percolation, ɛt. To do that we
simply force ka/ka (ɛ = ɛt) in the limit of zero saturation to
equal one. Then we can represent proportionality (2) in a
more useful form:
ka ðɛ Þ ¼ ka ðɛ ¼ fÞ

!

ɛ $ ɛt
f $ ɛt

"2

together with the experiments of Unsal et al. [2005] in
Figure 1. The comparison of the predicted versus the
observed values is shown in Figure 2. Note the slope of
0.974, the negligible intercept, and the R2 value of 0.997.
We also found that, in this case at least, the critical air content for percolation was 0.015 compared with the porosity of
0.38. The result for the comparison with the experiments of
Steriotis et al. [1997] produced a similar looking graph, but
this is not included here.
[15] Since comparison with only two experiments might
not be thought convincing, we have now compared the

ð3Þ

While essentially the same result is known from an earlier
paper [Hazlett and Furr, 2000], the justification for neglecting the effects of geometry as incorporated in the pore size
distribution was not given until Hunt [2005b]. If ka(ɛ = f)
value is not available, any measured air permeability value
(ka(ɛ = ɛ′)) can be used as the reference point in equation (3).
[13] When ɛt = 0 equation (3) reduces to the Millington
and Quirk [1960] model cited in Moldrup et al. [1998] as
a soil type–independent model. However, results of Moldrup
et al. [1998, 2003] indicated that equation (3) with ɛt = 0
estimated air permeability rather accurately.

4. Comparison With Experiment
[14] In Hunt [2005b], experiments of Steriotis et al.
[1997] and Unsal et al. [2005] were compared with
equation (2). The results of equation (2) for the saturation
dependence of the relative air permeability are shown

Figure 2. Direct comparison of predicted and observed
values of the air permeability. Note that the linear regression
rendered a slope of 0.974 and R2 = 0.997.
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Figure 3. Comparison of air permeability with universal percolation scaling (equation (3)) for 12 samples.
theoretical prediction with 16 classical experiments from the
literature (hereafter database 1) and 23 soil samples with
more than 4 measured data points from Tang et al. [2011]
(hereafter database 2). The soil water retention data are
only available in database 1. The comparisons are shown for
12 samples in Figure 3.
[16] The method of the analysis of these two data sets in
Hunt [2005b], was chosen to determine only whether the
data were compatible with the universal predictions from
percolation theory, i.e., whether choice of a threshold equal
to the lowest moisture content for which the air permeability
was essentially zero and an adjustable prefactor could match
the data. In this current study, instead of fixing the power of

2 and searching for the optimal value of the threshold airfilled porosity, we allowed the numerical program to optimize fits with equation (3) simultaneously for both the
power and the threshold. We summarize the results obtained
for databases 1 and 2 in Tables 1 and 2, respectively.
[17] If the various experiments were considered to test the
repeatability of the value of 2.000, subject to random error,
one would report the mean value plus the standard deviation
of the exponent. Such a procedure would yield 2.028 !
0.028 and 1.814 ! 0.386 for databases 1 and 2, respectively.
If samples whose exponent is quite different from 2 (e.g.,
K09, K10, K12, K17, K22, and K24 soil samples presented
in Table 2) are removed, the reported power for database 2
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Figure 3.
would be 2.010 ! 0.028. The average of R2 value over
all experiments in databases 1 and 2 is 0.97 and 0.91,
respectively.
[18] Figures 4a and 4b indicate the measured relative air
permeability versus measured relative air-filled porosity in
log-log scale for samples of databases 1 and 2, respectively.
The exponent of 2.027 (database 1) and 1.861 (database 2)
and the constant value of 0.96 (database 1) and 0.87 (database 2) close to 2 and 1, respectively, with a high correlation coefficient R2 equal to 0.97 (database 1) and 0.94
(database 2) indicate the capability of percolation theory in
the modeling of air permeability in porous media. If the same
six samples described above are removed from Figure 4b,

(continued)
the exponent of 1.955 and the constant value of 0.86 with a
high correlation coefficient R2 = 0.97 result for database 2.
[19] We should point out that the extracted power in the
power law fit (equation (3)) is most sensitive to the measured
values of the air permeability at low values of the air-filled
porosity, and in cases where these experimental values are
missing, the data can yield values significantly different
from 2. Consider for example the Columbia sandy loam soil
from Tuli and Hopmans [2004]. If the 6 lowest air permeability values (out of 14 data points) are removed (Figure 5),
the extracted power falls to 1.631 if the threshold is allowed
to be changed to zero (which gives the largest possible
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Figure 3. (continued)
power). If the threshold is not changed, the power extracted
falls all the way to 1.141.
[20] We also investigated whether the value of the
threshold air-filled porosity could be predicted by using 10%
of the porosity, a value that appeared to be hopeful in the
case of related studies of, especially, the electrical conductivity [Ewing and Hunt, 2006], but also the air permeability
in our original paper on that subject. Even though the average threshold of the soils investigated was 14% and 6% of
the average porosity for databases 1 and 2, respectively, not
greatly different from the proposed value, this suggestion
proved to have no predictive capabilities for the variability
of ɛt at all within the present data sets. However, in a procedure related to the study of Hunt and Gee [2003] we could

generate a good estimation of the threshold by studying the
moisture contents at the wet end of the soil water retention
curve. We found a crossover point qi in which the line slope
of moisture content changes as shown in Figure 6. At this
crossover point, qi, air starts percolating into the porous
medium. If one subtracts this value from the moisture content at saturation (f ! qi), one should have an estimate of the
air-filled porosity threshold for percolation. Our results
obtained from database 1 are given in Figure 7. The Touma
and Vauclin [1986] data set, whose ɛt value is relatively
large (rather than its porosity), was excluded from Figure 7.
The paired-samples statistical t test indicated that there is no
significant difference between the ɛt values calculated from
the measured air permeability data and the estimated one
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Table 1. Physical Properties and Fitted Parameters of the Universal Scaling Approach (Equation (3)) for Experiments of Database 1
Reference

Medium Type

Collis-George [1953]
Brooks and Corey [1964]
Brooks and Corey [1964]
Brooks and Corey [1964]
Brooks and Corey [1964]
Brooks and Corey [1964]
Brooks and Corey [1964]
Brooks and Corey [1964]
Brooks and Corey [1964]
Touma and Vauclin [1986]
Stonestrom [1987]
Dury [1997]
Springer et al. [1998]
Tuli and Hopmans [2004]
Tuli and Hopmans [2004]
Dane et al. [2011]
Average
Standard deviation

Cambridge sand
Volcanic sand
Glass beads
Fine sand
Touchet silt loam
Fragmented mixture
Fragmented Fox Hill
Berea sandstone
Hygiene sandstone
Grenoble sand
Oakley sand
Mixed sand
Silty sand
Columbia sandy loam
Oso Flaco sand
Mixture sand

Number of
Data Points

Porosity

ɛmin

ɛmax

Exponent

ɛt

R2

la

Condition

31
8
12
14
9
6
11
14
10
12
10
13
9
17
21
15
13
6

0.380
0.351
0.370
0.377
0.485
0.443
0.470
0.206
0.250
0.312
0.314
0.285
0.431
0.427
0.407
0.364
0.367
0.078

0.075
0.018
0.023
0.019
0.026
0.034
0.021
0.064
0.024
0.223
0.080
0.009
0.097
0.000
0.000
0.135
0.053
0.059

0.380
0.296
0.334
0.311
0.299
0.309
0.314
0.170
0.099
0.289
0.225
0.138
0.420
0.330
0.330
0.280
0.283
0.085

2.042
2.073
2.001
2.064
2.054
2.054
2.056
1.995
2.006
2.021
2.006
2.016
2.055
2.000
1.999
2.000
2.028
0.028

0.050
0.019
0.001
0.012
0.020
0.019
0.013
0.063
0.014
0.213
0.110
0.130
0.045
0.074
0.010
0.055
0.053
0.057

0.991
0.997
0.971
0.987
0.924
0.999
0.996
0.974
0.998
0.966
0.997
0.986
0.908
0.925
0.908
0.982
0.969
0.033

3.00
0.92
1.21
1.37
0.93
1.04
0.61
0.98
0.73
0.77
0.98
1.96
0.34
0.31
1.69
2.73

Disturbed
Unconsolidated
Unconsolidated
Unconsolidated
Unconsolidated
Unconsolidated
Unconsolidated
Consolidated
Consolidated
Disturbed
Disturbed
Disturbed
Disturbed
Disturbed
Disturbed
Disturbed

a

The pore size distribution parameter of the Brooks and Corey [1964] soil water retention model.

(f ! qi) determined from the wet end of soil water retention
curve at the 0.05 significance level (p > 0.05). Since the
accurate estimation of ɛt using the proposed approach
requires accurate measurements of SWRC at wet end especially near saturated water content, this method may not be
very reliable for small ɛt value (<0.035).
[21] It is known that finite size and accessibility effects
[Larson and Morrow, 1981; Ewing and Gupta, 1993;
Cropper et al., 2011], both treatable within the framework of
percolation theory (first two references), confound the
attempts to interpret the SWRC at high moisture contents in
terms of a distribution of pore sizes that is independent of
system size. Hunt and Gee [2003], however, did show that a

water fraction closely related to f ! qi, but extracted by
identifying a deviation from fractal scaling of the SWRC,
was typically slightly smaller than the water content at
which solute diffusion vanished [Moldrup et al., 2001]. This
fractional porosity would be very nearly what is found here
because the fractal scaling portion of the SWRC had an
upward curvature on a plot of log(h) versus q [Hunt and
Gee, 2003]. We do interpret that result in terms of the fact
that some water must coat all particle surfaces before it can
begin to fill the pore space, whereas air is nonwetting. Thus,
while the moisture threshold increases with diminishing
particle size, due to the increase in specific surface area, the
air threshold, ɛt, would decrease, since an increasing fraction

Table 2. Physical Properties and Fitted Parameters of the Universal Scaling Approach (Equation (3)) for French Soils of Database 2a
Reference

Soil Type

USDA
Textural Class

Number of
Data Points

Porosity

ɛmin

ɛmax

Exponent

ɛt

R2

Condition

K01 [Tang et al., 2011]
K03 [Tang et al., 2011]
K05 [Tang et al., 2011]
K06 [Tang et al., 2011]
K09 [Tang et al., 2011]
K10 [Tang et al., 2011]
K11 [Tang et al., 2011]
K12 [Tang et al., 2011]
K13 [Tang et al., 2011]
K14 [Tang et al., 2011]
K15 [Tang et al., 2011]
K16 [Tang et al., 2011]
K17 [Tang et al., 2011]
K18 [Tang et al., 2011]
K19 [Tang et al., 2011]
K20 [Tang et al., 2011]
K21 [Tang et al., 2011]
K22 [Tang et al., 2011]
K23 [Tang et al., 2011]
K24 [Tang et al., 2011]
K25 [Tang et al., 2011]
K26 [Tang et al., 2011]
K27 [Tang et al., 2011]
Average
Standard deviation

Epernay
Epernay
Epernay
Epernay
Epernay
Epernay
Le Breuil
Epernay
Avignon
Le Breuil
Le Breuil
Avignon
Le Breuil
Le Breuil
Le Breuil
Le Breuil
Le Breuil
Le Breuil
Le Breuil
Le Breuil
Le Breuil
Avignon
Avignon

Clay
Clay
Clay
Clay
Clay
Clay
Sandy loam
Clay
Silty clay loam
Sandy loam
Sandy loam
Silty clay loam
Sandy loam
Sandy loam
Sandy loam
Sandy loam
Sandy loam
Sandy loam
Sandy loam
Sandy loam
Sandy loam
Silty clay loam
Silty clay loam

6
6
4
4
5
6
7
5
7
7
8
6
8
8
8
8
8
8
8
8
8
5
5
7
1

0.512
0.634
0.614
0.556
0.451
0.479
0.531
0.550
0.387
0.495
0.537
0.394
0.582
0.522
0.492
0.582
0.512
0.482
0.571
0.507
0.474
0.429
0.432
0.510
0.064

0.131
0.098
0.111
0.093
0.021
0.000
0.018
0.010
0.034
0.023
0.158
0.007
0.175
0.193
0.150
0.252
0.209
0.167
0.151
0.151
0.090
0.024
0.039
0.100
0.075

0.168
0.383
0.279
0.168
0.075
0.138
0.272
0.062
0.100
0.206
0.343
0.078
0.400
0.312
0.270
0.437
0.347
0.309
0.345
0.251
0.204
0.088
0.110
0.232
0.116

2.065
1.996
2.062
1.995
0.498
1.236
2.008
1.114
2.041
1.995
2.047
1.991
1.671
1.997
1.993
2.005
1.950
1.471
2.020
1.564
1.995
2.006
1.998
1.814
0.386

0.132
0.022
0.082
0.071
0
0
0.0015
0
0.0255
0.0075
0.135
0.0038
0
0.059
0.003
0.040
0
0
0.020
0
0.015
0.0223
0.037
0.029
0.040

0.987
0.882
0.994
0.999
0.850
0.923
0.986
0.983
0.993
0.984
0.868
0.972
0.942
0.960
0.932
0.955
0.870
0.880
0.974
0.965
0.0964
0.995
0.996
0.912
0.180

Undisturbed
Remolded
Remolded
Remolded
Remolded
Remolded
Undisturbed
Undisturbed
Undisturbed
Undisturbed
Undisturbed
Undisturbed
Remolded
Remolded
Remolded
Remolded
Remolded
Remolded
Remolded
Remolded
Remolded
Undisturbed
Undisturbed

a

Soil water retention data are not available for database 2.
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[24] The Millington and Quirk [1960] model is
ka ðɛ Þ
¼
ka ðɛ ¼ fÞ

! "2
ɛ
f

ð4Þ

The Burdine-Brooks-Corey (BBC) model [Burdine, 1953;
Brooks and Corey, 1964] is
ka ðɛ Þ
¼
k a ðɛ ¼ f Þ

! "l "
!
" 2#
ɛ
ɛ 1þl
1$ 1$
f
f

ð5Þ

where l is the pore size distribution parameter of Brooks and
Corey model, and l is the tortuosity–pore connectivity factor
assumed equal to 2. Although Tuli et al. [2005] reported a
wide range of l values, e.g., 0.007–2.454 and 0.871–7.728 for
undisturbed and disturbed soil samples, respectively, Hunt
and Ewing [2009] stated that the value of the tortuosity–
pore connectivity factor from percolation theory should be
equal to 2.
[25] The Kawamoto et al. [2006] model is
ka ðɛ Þ
¼
ka ðɛ ¼ fÞ

! "1þ3l
ɛ
f

ð6Þ

Kawamoto et al. [2006] proposed equation (6) based on the
Alexander and Skaggs [1986] model. However, they used
the measured air permeability at $100 cm H2O as the reference point instead of ka value at air saturation (ka(ɛ = f)).
Equation (6) estimated air permeability of intact soil samples
rather accurately [Kawamoto et al., 2006].

Figure 4. Relative air permeability versus relative airfilled porosity for all samples of (a) database 1 and (b) database 2 in log-log scale.
of each pore could be occupied by water without preventing
airflow through the middle.
[22] Although other researchers, e.g., Unsal et al. [2005]
and Dane et al. [2011], used air permeability data to derive
pore size distribution, we have demonstrated using critical
path analysis from percolation theory that the pore size distribution should have little or no effect on the saturation
dependence of the air permeability. Thus the only influence
on the saturation dependence of the air permeability comes
from the topological effects quantified in the universal
scaling result from percolation theory.

5. Comparison With Other Methods
[23] We used the experiments of database 1 in which
water retention data are available to compare our proposed
approach (equation (3)) with the following methods in prediction of air permeability.

Figure 5. Relative air permeability versus relative airfilled porosity for Columbia sandy loam from Tuli and
Hopmans [2004] with the six lowest air permeability values
removed (open circles).
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Figure 6. Schematic of the procedure proposed in this study to estimate water content at the crossover
point (qi) and, consequently, the threshold value of the air-filled porosity. The open circles are measured
points of soil water retention, the solid lines represent changes in water retention slopes, and the dashed
line indicates the water content at the crossover point.
[26] We should note that the l values presented in Table 1
are those which we found by fitting the Brooks and Corey
[1964] model to the soil water retention curves, and they
differ from those reported by Brooks and Corey [1964]. In
fact, if we use the published l values to predict air

permeability based on soil water retention data, the predictions for the air permeability are degraded significantly.
[27] For the estimation procedure, the statistical measures, e.g., root-mean-square error (RMSE) and Akaike’s
information criterion for small samples (AICc), were used

Figure 7. The threshold value of the air-filled porosity (ɛt) calculated by directly fitting equation (3) to
the measured air permeability data versus the estimated one (f ! qi) using the method proposed in this
study.
10 of 14
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Figure 8. Estimated relative air permeability using (a) the universal percolation scaling approach
(equation (3)), (b) the soil type– independent model of Millington and Quirk [1960] (equation (4)),
(c) the BBC model (equation (5)), and (d) the Kawamoto et al. [2006] model (equation (6)) versus the
measured one. The solid line represents the fitted linear equation, and the dashed line shows the 1:1 line.

to evaluate the results. These parameters are calculated as
follows:

RMSE ¼
2X
n

6
6
AICc ¼ ln6
4

i

vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uX
n
u
u
ðOi " Ei Þ2
t
i

n

3
ðOi " Ei Þ2 7
nþq
7
7þ
5 n"q"2
n

ð7Þ

ð8Þ

where Oi and Ei are the observed and predicted values,
respectively, n is the number of observations, and q is the
number of model input parameters.
[28] According to our theory, percolation threshold for air
permeability ɛt was estimated from the crossover point and
the procedure we described above. As shown in Figure 8 and
based on the calculated RMSE and AICc values, equation (3)
could predict air permeability more accurately than the other
methods investigated. We found that the Millington and
Quirk [1960] model (equation (4)), which is soil type independent, could estimate air permeability better than the BBC
and Kawamoto et al. [2006] models. Although the BBC
model has more input parameters rather than other methods,
it does not necessarily guarantee good estimations. On the
one hand, it is evident that more model input parameters
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generate more flexibility. But on the other hand, it may lead
to more uncertainty and inaccurate estimation. Regarding the
poor results of the model of Kawamoto et al. [2006], those
authors explained that this model requires measured air
permeability at !100 cm H2O as a reference point to obtain
reasonably accurate predictions.

6. Conclusions
[29] We followed up an earlier study comparing the predictions of percolation theory with experiment for the saturation dependence of the air permeability. The early study
presented arguments from percolation theory that the air
permeability should be a universal power of the air-filled
porosity less a threshold value for percolation. In that study
two experiments were found that supported this conclusion.
In the present study we found an additional 33 (out of 39)
experiments that follow the same universal behavior. While
we do not ascribe the deviations from the predicted behavior
to nonuniversal powers of percolation theory, it is clear that
either the universal law does not apply in those six cases, or
that the data are incomplete or inaccurate. We presented
some evidence for the role of incomplete data (three of the
deviating experiments have only five or six data points,
while three cover only a very small range of relative airfilled porosity), but the discrepancies introduce a little doubt
into our conclusions. Nevertheless, the discrepancy between
theory and the value of the extracted power was, in database
1, a little over 1%, and the uncertainty in the experimental
value of the exponent was slightly above 1%, while the
average of the R2 values from the individual experiments
was 0.97. In database 2, the discrepancy between theory and
the value of the extracted power was 9%. Removal of the six
media with the most obvious discrepancies from universal
scaling yielded a discrepancy of 0.5% and a standard deviation of a little over 1%. In spite of our claim that we could
verify the universal theoretical prediction of the functional
form of the saturation dependence of the air permeability,
the actual values of the air permeability as a function of air
content depend also rather sensitively on the value of the
percolation threshold. The percolation threshold is known to
vary from system to system. We found it impossible to
predict the threshold values of the air-filled porosity from the
porosity, as was hoped from earlier studies, but it was possible in all cases except one to generate a good approximation to the appropriate threshold by comparison with the soil
water retention curve. We also found that the universal
percolation scaling approach estimated air permeability
more accurate than other methods, e.g., Millington and
Quirk [1960], Burdine-Brooks-Corey, and Kawamoto et al.
[2006]. Thus, using the universal aspects of percolation
scaling, it becomes possible to use the results of one set of
experiments to predict the results of another set. We assert
that this outcome represents a significant advance in the
theory of the air permeability. The typical variability in the
exponents that we obtained is less than 4%. Since a variability of 2–3% in the best estimate of the exponent of
experimental air permeability saturation relationship is
introduced by the particular method to find the power, or the
density of the digitized points, we suggest that future analyses should fix the exponent at 2 and optimize the fit by
selection of the threshold.
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Abstract Gas diffusion modeling in percolation clusters provides a theoretical framework to address gas
transport in porous materials and soils. Applying this methodology, above the percolation threshold the airfilled porosity dependence of the gas diffusion in porous media follows universal scaling, a power law in the
air-filled porosity (less a threshold value) with an exponent of 2.0. We evaluated our hypothesis using 71
experiments (632 data points) including repacked, undisturbed, and field measurements available in the literature. For this purpose, we digitized Dp/D0 (where Dp and D0 are gas diffusion coefficients in porous
medium and free space, respectively) and e (air-filled porosity) values from graphs presented in seven published papers. We found that 66 experiments out of 71 followed universal scaling with the exponent 2, evidence that our percolation-based approach is robust. Integrating percolation and effective medium
theories produced a numerical prefactor whose value depends on the air-filled porosity threshold and the
air-filled porosity value above which the behavior of gas diffusion crosses over from percolation to effective
medium.

1. Introduction
Diffusion, as a type of transport process in porous media, has been studied in many different communities,
such as physics, hydrology, soil physics, chemical engineering, etc. The classic theory of diffusion proposed
by Einstein [Einstein, 1905] in free space, e.g., air and water is not valid in porous media. In Einstein’s relation,
mean-squared displacement hr 2 ðtÞi is linearly related to time t through a diffusion coefficient D0 [Havlin
et al., 1983]
hr 2 ðt Þi5D0 t

(1)

where D0 is diffusion coefficient in free space (e.g., air).
In disordered, heterogeneous porous media, diffusion deviates from Einstein’s relation and becomes nonFickian. In such media, the mean-squared displacement hr 2 ðtÞi is a nonlinear function of time [Havlin and
Ben-Avraham, 1987; Sahimi, 1993a; Ben-Avraham and Havlin, 2000], and can grow either more slowly (called
fractal transport) or more quickly (called superdiffusive transport) than linearly with time [Sahimi, 1993a]
hr 2 ðtÞi5Dp t2=dw

(2)

where dw is random walk fractal dimension, and Dp is diffusion coefficient in porous medium. Note that
in equation (2), valid for both two and three dimension, Fickian diffusion corresponds to dw 5 2. In most
cases of interest, the mean-squared displacement does crossover to a linear dependence on time above
a certain length scale, allowing measurement of a diffusion constant. Nevertheless, the anomalous
behavior at smaller length scales has an important impact on the measured diffusion constant, as we
will discuss.
Experimental evidence [see, e.g., Currie, 1960, 1961, 1984; Currie and Rose, 1985; Moldrup et al., 2000a,
2000b; Tuli and Hopmans, 2004; Moldrup et al., 2005a, 2005b, 2005c; Naveed et al., 2013] indicates that gas
diffusion in unsaturated (completely dry) porous media is a function of air-filled porosity, e (total porosity,
/). Numerous empirical, semiphysical, and physical models were proposed to model gas diffusion [see, e.g.,
Penman, 1940; Moldrup et al., 1997, 1999, 2000a, 2000b, 2004, 2005a]. Among them, Buckingham [1904]
from his work on soils proposed (cited in Currie [1960])
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Dp m
5e
D0

(3)

where m was deduced to be 2 [Buckingham, 1904]. However, it was recently proposed that m should be not
only a function of e, but also soil tension head h or volumetric water content [see, e.g., Resurreccion et al.,
2007; Chamindu Deepagoda et al., 2012]. In next section, we show how percolation theory provides a theoretical framework for Buckingham’s results with the same exponent 2.
Penman [1940], a pioneer of the study of gas diffusion in soils, found a linear relation between Dp/D0 and e
as follows
Dp
5ae
D0

(4)

where a 5 0.66 given for a wide variety of porous media, but over a restricted range of air-filled porosity
0 < e < 0.6. However, van Bavel [1952] found a 5 0.58 for a more restricted range of dry granular materials
(cited in Currie [1960]). Sallam et al. [1984] indicated that Penman’s model greatly overestimated Dp values
at low air-filled porosities. The same results were also obtained by Moldrup et al. [2000b, 2003], Werner et al.
[2004], and Moldrup et al. [2005c].
Millington and Quirk [1961] (MQ hereafter) presented a tortuosity model to predict unsaturated hydraulic
conductivity
sg ðhÞ5

/2

(5)

h10=3

where sg(h) is saturation-dependent hydraulic tortuosity (>1), and h is water content (5/ 2 e). Although
equation (5) was proposed for hydraulic conductivity, Millington and Quirk [1961] stated that it can be used
to estimate diffusion in unconsolidated media as Dp/D0 5 h10/3//2, followed widely in the literature [e.g.,
Moldrup et al., 2000a, 2005a, 2005b, 2005c; Kawamoto et al., 2006; Resurreccion et al., 2007; Chamindu Deepagoda et al., 2011a, 2011b] for soils. Note that one should substitute e for h to apply equation (5) to gas diffusion prediction [Moldrup et al., 2001]. Jin and Jury [1996] indicated that MQ model underestimates gas
diffusion. Their results are consistent with those of Moldrup et al. [2000b, 2003, 2005a, 2005b] from lab
measurements, and also those of Kawamoto et al. [2006] from field data. However, Kawamoto et al. [2006]
found that the MQ model overestimated gas diffusion measured from lysimeter experiments.
In addition to the linear [Penman, 1940] and power-law [Buckingham, 1904] relationships, Troeh et al. [1982]
proposed the empirical model
Dp h e-u iv
5
1-u
D0

(6)

where u and v are empirical constant coefficients. By directly fitting equation (6) to Buckingham’s gas diffusion data, Troeh et al. [1982] found u 5 0.1 and v 5 1.7. Using data from Buckingham [1904] and Currie
[1960], they concluded that equation (6) fitted measured data better than the linear model of Penman
[1940] and the power-law function of Buckingham [1904] with variable exponent m. Troeh et al. [1982] interpreted correctly that the parameter u represents the dead-end air volume fraction whose value should
depend on the nature of the medium and the pore space. However, most models presented in the literature
ignore this fraction. As we show in the following, the parameter u in equation (6) is equivalent to percolation threshold et in our universal scaling model for gas diffusion which has the similar form to equation (6)
as was anticipated by Jin and Jury [1996]. However, Jin and Jury [1996] never applied percolation theory to
gas diffusion modeling. Note that using concepts from percolation theory, the threshold is a nonuniversal
parameter depending on pore size distribution, pore structure, and connectivity.
Assuming that the pore size distribution mainly accounts for gas diffusion in porous media, Moldrup et al.
[1999] presented the soil water retention curve-dependent model called Buckingham-Burdine-Campbell
(BBC hereafter) [Buckingham, 1904; Burdine, 1953; Campbell, 1974]
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Dp
e
5/2
D0
/

(7)

where /2 term represents the Buckingham’s gas diffusivity at e 5 /, and b is the Campbell’s model exponent controlling the pore size distribution broadness. Equation (7) was successfully evaluated for six undisturbed soil samples with b values ranging from 4.6 to 14 [Moldrup et al., 1999]. However, equation (7) was
later modified by Moldrup et al. [2000a] by replacing Buckingham’s expression with the empirical term 2e3100
10:04e100 and / with e100 (where e100 is the air-filled porosity at tension head h 5 100 cm). Moldrup et al.
[2000a] concluded that their modification predicted gas diffusion more accurately than the Penman and
MQ models.
In 2004, Moldrup et al. modified the BBC model to avoid the Campbell b parameter whose calculation
requires soil water retention curve measurements, and presented a three-porosity model (TPM hereafter).
Iiyama and Hasegawa [2005] who compared the TPM with the MQ model to predict gas diffusion in undisturbed peat soils found the MQ model more accurate than the TPM. They also mentioned that Dp/D0 values
at low air-filled porosity e < 0.1 were very small, near zero, and suggested the presence of noneffective airfilled pores which do not account for gas pathways. This result is consistent with the concept of the threshold value, the critical air-filled porosity below which the pore space loses its macroscopic connectivity, from
percolation theory.
Hunt and Ewing [2003] used simulations of Ewing and Horton [2003] to interpret a phenomenological representation for the diffusion constant given in Moldrup et al. [2001] in terms of percolation theory. The results
of the simulation and the reported experiments of Moldrup could be represented in the form, Dp/D0 5 1.1 h
(h – ht) where ht is the critical water content, which for small values of the threshold is very nearly the percolation scaling result, but is, strictly speaking, incorrect. A slightly different theoretical result was generated
for gas diffusion, which was based on the observation that solutes can diffuse through water films below
the percolation threshold, an alternate pathway unavailable in gas diffusion.
Kristensen et al. [2010] and Hamamoto et al. [2011] developed two-regime (dual-porosity) models for gas diffusion. In particular, Kristensen et al. [2010] considered a linear function like Penman’s equation and a general power-law function for the first and second regimes, respectively. However, empirical constant
coefficients included in their model have to be determined experimentally, which restricts their model’s
application to arbitrary porous media.
Literature on gas diffusion is rather confusing due to numerous empirical and semiphysical models presented. Moldrup et al. [1999, 2007] among others assumed that gas diffusion coefficient is mainly related to
pore size distribution. In contrast, we recently demonstrated [Ghanbarian-Alavijeh and Hunt, 2012] that the
saturation dependence of the air permeability in porous media, as expected [Hunt, 2005], follows universal
scaling with a universal exponent of 2 in 3-D systems from percolation theory. In this article, we will demonstrate that the saturation dependence of the gas diffusion coefficient does so as well. A result that universal
scaling describes the behavior of a property means that effects from the pore size distribution are negligible. Its effect, however, can be seen in the percolation threshold parameter.
The reason for investigating the saturation dependence of gas diffusion in the context of percolation theory
was contextual. One of the present authors has already shown that the electrical conductivity as a function
of saturation follows universal scaling, at least in a large majority of cases [Ewing and Hunt, 2006], as does
the solute diffusion constant [Hunt and Ewing, 2009] and, more recently, the air permeability [GhanbarianAlavijeh and Hunt, 2012]. In the case of the hydraulic conductivity, however, universal scaling is relevant at
most in a relatively narrow range of moisture contents near the threshold moisture for percolation (also
known as the irreducible moisture content), while in the thermal conductivity, universal scaling is relevant
mostly to the density dependence [Hunt and Ewing, 2009]. Thus, among the relatively simple properties of
porous media, gas diffusion remained to be investigated [Hunt and Ewing, 2009]. It is important to develop
a general understanding of which properties have such a simple behavior, and which are strongly affected
by the details of the medium. Therefore, the main objectives of this study are (1) to present theoretical
framework and universal scaling laws based on concepts from percolation theory, and (2) to evaluate our
percolation theoretical approach with a large database previously used in the literature to test other
models.
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2. Theory
2.1. Diffusion in Percolation Clusters
In order to study fluid flow and solute transport in disordered porous media, percolation theory provides a
promising framework. One of the main characteristics in percolation theory is presence of a threshold pc
below which a medium loses its connectivity. At this point it is important to distinguish between an application of percolation theory to a medium and its application to the fluids within it. Regardless of the optimal
model (e.g., random pore network), one might choose to represent a porous medium, as the concentration
of any particular fluid within the medium is reduced, the connections of pores filled by that fluid diminish
in accord with the predictions of percolation theory.
Below the percolation threshold pc (p < pc where p is the fraction of bonds or sites that are occupied or
present, which physically means the bonds or sites through which a physical phenomenon such as fluid
flow occurs) all clusters are finite in size, and the largest clusters have a typical size of the order of the finite
correlation length (v) [Kirkpatrick, 1973; Ben-Avraham and Havlin, 2000; Hunt and Ewing, 2003]. In general,
there is no spanning (‘‘infinite’’) cluster when p < pc [Feder, 1988]. At pc, an incipient infinite cluster (a random fractal percolation cluster [Feder, 1988]) occurs along with other finite clusters which are not different
from those which form below pc [Kirkpatrick, 1973; Ben-Avraham and Havlin, 2000]. In this case, the mass of
the spanning cluster increases with the size, L, of the lattice as a power-law Ldf where df is the mass fractal
dimension of the fractal cluster [Feder, 1988]. Above the percolation threshold (p > pc), there are still incipient infinite cluster and finite clusters [Kirkpatrick, 1973]. At or below the percolation threshold, the typical
size of the largest finite clusters is on the order of the finite correlation length. However, the incipient infinite cluster is different than the one at pc [Ben-Avraham and Havlin, 2000]. When the system size L is less
than the correlation length (L < v), the system is heterogeneous, statistically self-similar fractal, and thus diffusion is non-Fickian [Gefen et al., 1983; Sahimi, 1993b]. For L > v, the system is macroscopically homogeneous, the geometry is Euclidean, and diffusion is Fickian [Feder, 1988; Sahimi, 1993b].
Another remarkable property of percolation processes is that transport near the threshold pc is independent
of the structure and geometry of the pore network, a feature called universality. This behavior follows a
power-law scaling (e.g., equation (10)) whose critical exponent is universal and only depends on the Euclidean dimension of the system [Sahimi, 2011]. However, the percolation threshold pc for each network is sensitive to the microstructure of the system and thus nonuniversal.
The fluids in porous media can thus be regarded as random fractals where random motions of molecules
may be described as diffusion in percolation clusters. In such a case, diffusion can be interpreted in two different ways: (1) diffusion is restricted to the incipient infinite cluster at p 5 pc and (2) all (both the incipient
infinite and finite) clusters are involved in diffusion process. Ben-Avraham and Havlin [2000] suggested the
latter being relevant and applicable to many practical purposes. Sahimi [1993b, 2012], however, considers
the first case (diffusion only in the incipient infinite cluster) for solute diffusion near percolation threshold in
porous media. Sahimi [1993b] states that ‘‘although a particle can diffuse on all clusters, only diffusion on
the sample-spanning cluster contributes significantly to Dp.’’ Following Ben-Avraham and Havlin [2000], here
we assume that gas diffusion occurs in unrestricted ensemble of all clusters in a porous medium, however,
one can restrict diffusion to the incipient infinite cluster by including the factor |p 2 pc|b, the probability
that a site (or bond) belongs to the incipient infinite cluster, into the following results (equations (8) and
(10)) [Havlin and Ben-Avraham, 1987; Ben-Avraham and Havlin, 2000]. Note that b is a universal scaling exponent equal to 5/36 and 0.41 in two and three dimensions, respectively [Stauffer and Aharony, 1994].
For p < pc, diffusion is dominated by the largest clusters of size of correlation length v ! |p 2 pc|2m in which
m is a scaling exponent whose value is 4/3 in two dimensions and 0.88 in three dimensions [Stauffer and
Aharony, 1994]. At large time scales (e.g., t ! 1), hr 2 ðtÞi ! v2 ! jp2pc j22m and the probability of being in
any of those large clusters is proportional to |p 2 pc|b. Thus [Havlin et al., 1983; Havlin and Ben-Avraham,
1987; Ben-Avraham and Havlin, 2000],
Dp / t21 jp-pc jb22m ; p < pc

(8)

where t is time. Note that as t ! 1, the factor t21 tends to zero, and consequently Dp ! 0, which guarantees no macroscopic diffusion below the percolation threshold.
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At the percolation threshold, diffusion is independent of p because p 5 pc, and hr 2 ðtÞi is scaled as t2=dw
[Gefen et al., 1983; Harris and Aharony, 1987]. Hence [Havlin et al., 1983; Havlin and Ben-Avraham, 1987; BenAvraham and Havlin, 2000]
Dp / t ð2-dw Þ=dw ; p5pc

(9)

This time dependence of equation (9) was confirmed experimentally by Knackstedt et al. [1995]. They found
that the scaling behavior of water diffusion in microemulsions near the structural transition point was consistent the theory of percolation. Note that in equation (9), valid for both two- and three-dimensional systems at the percolation threshold, diffusion is non-Fickian with dw > 2 [Ben-Avraham and Havlin, 2000],
meaning that Dp vanishes in the limit t ! 1.
Above the percolation threshold, the contribution of the infinite cluster becomes dominant to diffusion,
and at long time scales (e.g., t ! 1) we have [Havlin et al., 1983; Havlin and Ben-Avraham, 1987; Ben-Avraham and Havlin, 2000]
Dp / ðp-pc Þl ; p > pc

(10)

where l is a universal scaling exponent whose value is 1.3 and 2 in two-dimensional and three-dimensional
systems [Stauffer and Aharony, 1994]. In fact, slight uncertainty regarding the precise value of l exists. But
since results from Gingold and Lobb [1990] and Normand and Herrmann [1996] are consistent with l 5 2
within about 1% precision, nowadays l is often assumed to be exactly 2. Note that the exponent l 5 2
includes contributions from both tortuosity and connectivity [see Ghanbarian et al., 2013].
Ben-Avraham and Havlin [2000] pointed out that diffusion coefficient crosses over to a linear dependence
on time above a certain scale. In fact, the nonlinear behavior at smaller (length or time) scales has an impact
on the diffusion constant. Ben-Avraham and Havlin [2000] state, ‘‘At short times there exist strong corrections to scaling (e.g., equation (8) or (10)) and scaling fails.’’ Therefore, equations (8) and (10) are valid at
large time scales as we mentioned before.
2.2. Continuum Percolation
Equations (8–10) presented above are valid for either bond or site percolation. In order to study gas diffusion in natural porous media, we apply continuum percolation and replace the variables p and pc with the
air-filled porosity e and its critical value for percolation in the porous medium et, respectively [Berkowitz and
Balberg, 1993; Hunt, 2001; Hunt and Ewing, 2003, 2009]. Since in practice gas diffusion is only measured
above the percolation threshold e > et, we focus on equation (10). Applying continuum percolation representation to equation (10) gives
Dp / ðe-et Þl

(11)

As a limiting case, the diffusion coefficient in free space D0 occurs when e approaches 1 which leads to a
scale factor 1/(1 2 et)l in equation (11). The same scale factor was also applied to electrical conductivity
[Montaron, 2009] and tortuosity [Ghanbarian et al., 2013] modeling using percolation theory.
Although percolation theory provides precise predictions near the threshold, normalizing equation (11)
using the value of Dp 5 D0 at e 5 1 (far from the percolation threshold et), except for a numerical prefactor
of about 1.35, still accurately fits gas diffusion results within the measured range of e.
Applying the above scale factor to equation (11) results in the universal scaling law for gas diffusion in
porous media
! "l
Dp
e-et
5
D0
1-et

(12)

Recall that l value is 1.3 and 2 in two and three dimensions, respectively [Stauffer and Aharony, 1994]. There
exist several techniques including series-expansion analyses, Monte Carlo simulations, and real-space
renormalization group methods to estimate percolation threshold of continuum models [Torquato, 2002].
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As a rough estimate, one can set et 5 0.1/ [Hunt, 2004a] in coarse-textured soils. Alternatively, Liu and Regenauer-Lieb [2011] presented a morphological technique to estimate the percolation threshold from threedimensional soil images. Recently, Ghanbarian-Alavijeh and Hunt [2012] proposed a method to estimate et
from wet end of soil water retention curve data. Their approach was successfully applied to predict air permeability in porous media. In the absence of knowledge to the contrary one should expect that the same
threshold air fraction would apply to both the air permeability and the gas diffusion.
Note that equation (12) reduces to Buckingham’s relation (equation (3)) when et 5 0. In addition, equation
(12) has the same form as the empirical model of Troeh et al. [1982] who found a good match with measurements. In contrast to their empirical approach, all percolation-based model (equation (12)) parameters, e.g.,
l and et are physically meaningful, and l is fixed (l 5 2 6 0.02).

3. Materials and Methods
Gas diffusion experiments used in this study are digitized data (e.g., Dp/D0 versus e) from graphs presented
in seven different published papers in the literature, e.g., Moldrup et al. [2000a, 2000b, 2003, 2004, 2005a,
2005b, 2005c]. The experiments include undisturbed, disturbed, and volcanic ash soils covering a wide
range of porous materials (0.41 < / < 0.87 where / is porosity). The interested reader is referred to the original articles for more information.
Following Ghanbarian-Alavijeh and Hunt [2012], we apply the least-square optimization method to find
out the best et value which leads to a power of 2 (60.02) by fitting equation (12) to the measured gas
diffusion data. One would expect that the numerical prefactor should be 1 when we fit equation (12) to
Dp/D0 versus (e 2 et)/(1 2 et) data. When we examined the air permeability [Ghanbarian-Alavijeh and
Hunt, 2012], which is normalized to its value at e 5 /, the regression did indeed yield a value very close
to 1 (in particular, 0.96) for the first database used. However, because we now have to normalize the
gas diffusion in percolation clusters (equation (11)) using Dp 5 D0 at e 5 1, which is far away from percolation threshold this numerical prefactor might be different than 1. As it turns out, our analysis of experiments generates a numerical prefactor with average value 1.35. But the predicted scaling relationship
[Kirkpatrick, 1973] far from the threshold (at values of the air-filled porosity never reached in experiment)
deviates from equation (12). Accounting for this deviation yields a modification of the value of the
numerical prefactor to 1.36.

4. Results and Discussion
The obtained universal scaling results are promising. We found that 66 out of 71 experiments followed the
universal scaling (equation (12)) with the exponent l 5 2 (60.02). The results for different databases are
summarized in Table 1. As can be seen, for most samples (93%) the exponent is 2 (60.02) or very close. We
found that the mean and the standard deviation of the exponent were 1.983 and 0.066, respectively, over
all 71 experiments (not reported in Table 1). In the following, we discuss those five experiments, which did
not scale with the universal exponent of percolation (equation (12)).
For sample Miles in the Moldrup et al. [2000b] database, we should point out that there is a great deal of
scatter through 21 measured data points [see Moldrup et al., 2000b, Figure 3g]. In addition, the range of the
measured air-filled porosity values is narrow, restricted to 0.31 < e < 0.4 (Table 1). As we demonstrated
before [Ghanbarian-Alavijeh and Hunt, 2012], the extracted exponent of the scaling (equation (12)) is most
sensitive to the measured experimental values at low air-filled porosities. Missed data points at low air-filled
porosities tend to produce an exponent value significantly less than 2, while introducing greater uncertainty
in the inferred value. This is also the case for sample KyuGL 1 from Moldrup et al. [2003] in which six measured data points are in the range of 0.27–0.4, far away from low air-filled porosity values [Moldrup et al.,
2003, Figure 4c] near the percolation threshold.
For sample, Alakawa Gray 200 kPa from Moldrup et al. [2005a] although gas diffusion coefficient was measured also at low air-filled porosities, e.g., 0.09–0.31, the exponent l is still less than 2 (1.667). Note that for
other two experiments Tsubaka 200 kPa and Ashurst in the Moldrup et al. [2005a] database, we found the
exponent l still nearly 2 (1.897 and 1.860) with R2 values greater than 0.97. However, in two of these samples, there are only five data points, meaning that experimental accuracy may still be an issue.
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Table 1. Physical Properties and Fitted Parameters of the Universal Scaling Approach (Equation (12)) for Experiments of Seven
Databases Used in This Studya
Sample

Number of Data Points

Moldrup et al. [2000a]—Undisturbed Samples
Kootwijk B
18
Kootwijk A
8
Oss C
33
Eijsden C
39
Belvedere C
18
Harderbos A
20
Moldrup et al. [2000b]—Repacked Samples
Hjorring
6
Luundgard
9
Lergjerg 1
12
Lergjerg 3
11
Hjorring sand clay
8
Lergjerg 5
11
Miles
21
Sharpsburg
15
West Covina
8
Yolo
8
Moldrup et al. [2003]—Volcanic Samples
Tsumagol 1
7
Miura 1
8
Kyushu 1
6
Tsumagol 2
5
Miura 2
8
Kyushu 2
6
Tsumagol 3
9
Miura 3
8
Kyushu 3
6
Tsumagol 5
6
Miura 4
8
Kyushu 4
5
Tsumagol 7
8
Miura 5
8
Kyushu 5
6
Kounuso GL
6
KyuGL 2
6
KyuGL 1
6
KyuGL 3
5
Moldrup et al. [2004]—Undisturbed Samples
UDP (a)
8
UDP (b)
7
UDP (c)
8
NP (d)
7
NP (e)
8
NP (f)
7
NP (g)
8
Latosol
5
Heavy disk
5
Disk plow
5
No plow
5
Heavy disk (I)
5
Disk plow (m)
5
Moldrup et al. [2005a]—Repacked Samples
Tsubaka 0 kPa
5
Tsubaka 50 kPa
5
Tsubaka 200 kPa
5
Forbes loam 0 kPa
8
Alakawa Gray 50 kPa
5
Alakawa Gray 200 kPa
5
Ashurst
11
Brookings
5
West Covina
7
Moldrup et al. [2005b]—Intact Samples
Field I 0–20
8
Field I 20–40
8
Field I 40–60
8
Field II 0–16
8
Field II 16–35
8
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emin

emax

Exponent

et

R2

NA
NA
NA
NA
NA
NA

0.13
0.24
0.14
0.13
0.07
0.11

0.5
0.55
0.48
0.49
0.45
0.59

1.994
2.003
1.997
1.996
1.999
2.006

0.109
0.132
0.102
0.089
0.047
0.031

0.85
0.95
0.95
0.95
0.93
0.94

0.42*
0.47*
0.47*
0.47*
0.44*
0.49*
0.41
0.45
NA
NA

0.26
0.31
0.26
0.13
0.08
0.13
0.31
0.08
0.20
0.12

0.36
0.42
0.42
0.38
0.35
0.37
0.40
0.40
0.46
0.42

2.007
1.993
2.007
2.002
2.007
1.997
1.780
1.999
2.005
1.992

0.057
0.001
0.015
0.039
0.049
0.066
0
0.018
0.037
0.057

0.96
0.98
0.92
0.98
0.99
0.99
0.70
0.98
0.99
0.99

0.705
0.687
0.697
0.745
0.715
0.783
0.770
0.819
0.802
0.732
0.750
0.758
0.756
0.753
0.685
0.613
0.488
0.600
0.866

0.05
0.07
0.08
0.05
0.10
0.05
0.20
0.13
0.05
0.11
0.13
0.19
0.13
0.13
0.10
0.20
0.07
0.27
0.04

0.29
0.37
0.33
0.26
0.44
0.16
0.52
0.38
0.21
0.24
0.46
0.47
0.25
0.46
0.32
0.34
0.18
0.40
0.21

1.999
1.999
2.001
2.000
1.997
2.006
1.998
1.995
1.993
2.001
1.990
1.993
1.997
2.003
2.002
2.004
2.005
1.631
2.007

0.025
0.019
0.053
0.022
0.058
0.013
0.059
0.083
0.025
0.043
0.087
0.079
0.052
0.088
0.028
0.038
0.014
0
0.043

0.99
0.97
0.99
0.94
0.97
0.98
0.99
0.99
0.95
0.97
0.99
0.99
0.94
0.97
0.99
0.90
0.97
0.94
0.99

0.535
0.428
0.486
0.459
0.555
0.456
0.471
0.647
0.625
0.649
0.643
0.638
0.627

0.16
0.11
0.10
0.04
0.17
0.13
0.04
0.34
0.29
0.34
0.30
0.31
0.32

0.38
0.22
0.27
0.14
0.41
0.26
0.21
0.48
0.44
0.48
0.45
0.45
0.44

2.000
2.000
1.999
1.995
1.999
2.000
1.999
1.997
1.991
1.995
1.998
1.999
1.997

0.070
0.025
0.072
0.018
0.099
0.080
0.017
0.140
0.164
0.194
0.085
0.085
0.129

0.99
0.94
0.99
0.98
0.99
0.99
0.98
0.99
0.97
0.99
0.99
0.99
0.99

0.756
0.755
0.739
0.630
0.619
0.539
0.420
0.580
0.500

0.27
0.30
0.23
0.22
0.19
0.09
0.14
0.26
0.20

0.47
0.47
0.45
0.42
0.40
0.31
0.38
0.38
0.39

1.997
1.998
1.897
1.997
1.996
1.667
1.860
2.001
1.997

0.028
0.017
0
0.002
0.031
0
0
0.095
0.029

0.99
0.98
0.97
0.97
0.99
0.99
0.98
0.99
0.99

0.778
0.706
0.717
0.754
0.700

0.18
0.08
0.07
0.20
0.09

0.52
0.34
0.27
0.53
0.30

2.002
1.996
2.005
1.996
2.003

0.016
0.042
0.044
0.092
0.063

0.98
0.99
0.99
0.99
0.99
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Table 1. (continued)
Sample

Number of Data Points

Moldrup et al. [2005c]—Intact Samples
Dune sand
Alakawa Gray
Forbes loam
Yolo loam
Hjorring sandy clay loam
Lerbjer 5
Tsukuba andisol 0–20
Tsukuba andisol 37–39
Kootwijk C

10
5
8
15
8
11
7
7
10

Porosity

emin

emax

Exponent

et

R2

0.44
0.62
0.63
0.49
0.43
0.49
NA
NA
NA

0.09
0.20
0.22
0.12
0.08
0.13
0.12
0.08
0.17

0.44
0.40
0.45
0.42
0.35
0.37
0.36
0.21
0.38

1.998
1.996
2.000
2.002
1.999
2.001
2.001
1.999
2.012

0.03
0.031
0.006
0.051
0.053
0.063
0.087
0.008
0.151

0.99
0.99
0.97
0.99
0.98
0.99
0.99
0.98
0.98

a

Porosity was calculated from bulk density and particle density data.

We should note that equations (10–12) are valid when diffusion is effective in all percolation clusters, as
suggested by Ben-Avraham and Havlin [2000] to be applicable ‘‘to many practical purposes.’’ However, following Sahimi [1993a, 1993b], one may expect that only diffusion in sample-spanning cluster contributes
significantly to Dp. Therefore, one should replace the exponent l 5 2 in equations (10–12) by l 2 b 5 1.59
(where b 5 0.41 in three dimension), as we pointed out above.
Alternatively, as Sahimi [1994a, 2011] explains natural porous media are not necessarily random and may
have some correlation. For example, packing of particles may contain only short-range correlations, while
heterogeneous field-scale porous media, e.g., aquifers might be long-ranged correlated which make them
different than random media [Sahimi, 1994a]. Sahimi’s results [Sahimi, 1994a] indicated that as long-range
correlation (Hurst exponent) increased from 0.5 to 0.98, the value of the exponent l (51.3 in 2-D systems,
^ values presented
[Stauffer and Aharony, 1994]) decreased as expected from 1.307 to 0.427 (deduced from l
in Table 1 of Sahimi [1994a] given that m 5 4/3). We also point out that with long-range correlations in the
medium itself, flow paths may be less tortuous, causing a diminution of the effective exponent for the
conductivity.
Given that 66 out of 71 samples followed universal scaling, and that of the remaining five there were potential experimental issues identifiable in four experiments (either a lack of measured data, or no data near the
threshold), one could also postulate that universal scaling from percolation theory would always be
observed if the data were accurate enough. Although our universal scaling model for diffusion (equation
(12)) should be only valid near pc, near has not been defined well. Nonetheless ‘‘near’’ can be roughly estimated by p – pc ! 1/Z where Z is the coordination number (the number of bonds connected to the same
site) [Sahimi, 1993a]. However, universal scaling laws from percolation theory are valid over a much broader
region in many systems [Sahimi, 1993a, 2011]. In particular, Ewing and Hunt [2006] examined the universality of electrical conductivity across the full range of saturation, and confirmed the universal behavior of electrical conductivity in porous media. Hunt and Ewing [2009] indicated that solute diffusion coefficient
followed a universal power law with the exponent 2. However, percolation threshold was set equal to zero.
Recent results of Ghanbarian-Alavijeh and Hunt [2012] demonstrated that their proposed universal
percolation-based air permeability model was robust and predictive. Furthermore, Ghanbarian et al. [2013]
proposed a tortuosity model for saturated and unsaturated media using concepts from percolation theory.
Their model compared with both numerical simulations and experiments showed universal behavior over a
wide range of porosity and saturation values, far away percolation threshold.
In Figure 1, the graphical results are presented for each database. We show the measured relative gas diffusion coefficient Dp/D0 versus measured relative air-filled porosity (e 2 et)/(1 2 et) in log-log scale. The exponent of 2.006 [Moldrup et al., 2000a], 1.908 [Moldrup et al., 2000b], 1.983 [Moldrup et al., 2003], 2.124
[Moldrup et al., 2004], 1.825 [Moldrup et al., 2005a], 1.938 [Moldrup et al., 2005b], and 1.979 [Moldrup et al.,
2005c] with high correlation coefficients R2 > 0.90 indicate the successful prediction of universal scaling
(equation (12)) in the modeling of gas diffusion coefficient in natural porous media.
Figure 2 also presents the measured Dp/D0 versus (e 2 et)/(1 2 et) values, but for all 71 samples from the
seven databases used in this study. The exponent 2.014 and the numerical prefactor 1.35 close to theoretical values of 2 and 1, respectively, with correlation coefficient value R2 5 0.95 suggest the practical application of percolation theory in the modeling of gas diffusion in natural porous media.
GHANBARIAN AND HUNT
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Figure 1. Relative gas diffusion coefficient Dp/D0 versus relative air-filled porosity (e 2 et)/(1 2 et) for (a) Moldrup et al. [2000a], (b) Moldrup et al. [2000b], (c) Moldrup et al. [2003], (d)
Moldrup et al. [2004], (e) Moldrup et al. [2005a], (f) Moldrup et al. [2005b], and (g) Moldrup et al. [2005c] databases used in this study.
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As discussed in section 2, the normalization process gave an initial estimate of the
numerical prefactor of 1 for the power-law
function presented in Figures 1a–1g and
2. However, we found a range of 0.9–1.66
indicating a discrepancy between our
theory and use of the normalization in
equation (11) to the gas diffusion coefficient in free space (Dp 5 D0 at e 5 1). We
wish to point out that there is no necessity
to choose such a normalization constant
that cannot be observed in the context of
the limit of a sequence of attainable
media. In particular, measurements with
Figure 2. Relative gas diffusion coefficient Dp/D0 versus relative air-filled
air-filled porosity e near 1 are almost
porosity (e 2 et)/(1 2 et) for all seven databases (including 632 data points)
impossible in natural media. Although we
used in this study.
could thus suggest using a normalization
constant obtainable from direct measurements on the same medium (say, evaluated at the largest air-filled
porosity measured), alternatively we can use theoretical arguments to understand the discrepancy. We
show that obtaining a numerical prefactor larger than 1 is due to the implied assumption of the validity of
percolation theory in a range of media, for which it is not suited. In particular, at very large distances from
the percolation threshold (e ! 1 >> et), effective medium theories are known to perform better. Consequently, the normalization constant at e 5 1 can only be incorporated into our theoretical description if
effective medium approximations are employed at such large air-filled porosity values, but percolation
theory closer to the threshold. In fact, this problem was already addressed 40 years ago [Kirkpatrick, 1973].
The lowest order effective medium approximations of Kirkpatrick [1973] and Keffer et al. [1996], derived for
network representations of a medium, indicate that at large p values (e.g., p > 0.75 deduced from Kirkpatrick
[1973, Figure 6]) the effective conductance g scales as
g51-

1-p
1-2=Z

(13)

instead of (p 2 pc)l in which l is 1.3 and 2 in two and three dimensions, respectively. Z in equation (13) is
the coordination number. Below, we adapt this expression to continuum percolation by substituting e for p.
In 2-D bond percolation, it is known that 2/Z is a good approximation to the percolation threshold, pc [Vyssotsky et al., 1961; Shante and Kirkpatrick, 1971], which would then be et.
Following Kirkpatrick [1973] and Keffer et al. [1996], at large p values the normalized gas diffusion coefficient
would scale linearly as [Sahimi, 1994b]
Dp p-2=Z p-pc e-et
5
!
5
D0 1-2=Z 1-pc 1-et

(14)

which means at p 5 1 (or equivalently e 5 1), the ratio Dp/D0 would be 1 as well. Because of the known proportionality between pc and Z21 in all dimensions [Hunt and Ewing, 2009], we use the same substitution of
et for 2/Z in 3-D as well, even though the actual value of pc is typically somewhat smaller, 2/Z ! 4/3 pc
[Shante and Kirkpatrick, 1971].
Direct evaluation of this hypothesis (equation (14)) for gas diffusion coefficients in natural porous media
used in this study is not possible, since no measurements are available in the range 0.75 < e < 1 (emax < 0.59
presented in Table 1). However, one can renormalize equation (11) using the concept of this linear scaling.
For this purpose, we assume that the universal scaling from percolation theory (equation (11)) and the linear
scaling from effective medium theory are valid in the ranges et " e < ex and ex " e " 1, respectively, where ex
is the crossover point in which gas diffusion behavior changes. The schematic interpretation is presented in
Figure 3 in which we set et 5 0.05 and ex 5 0.75 [Kirkpatrick, 1973].
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Setting equations (11) and (14) (within the
continuum percolation representation) at ex
equal to each other results in the following
gas diffusion model (Figure 3)

Figure 3. A schematic interpretation of gas diffusion, including both the
universal quadratic and linear scaling results from percolation theory and
the effective medium approach, respectively. Note that, we set et 5 0.05,
the average experimental value, and stipulated that ex 5 0.75 [Kirkpatrick,
1973]. Although numerical simulations confirmed the crossover to linear
scaling, of course they did not show an actual kink, but rather, a gradual
change from a quadratic to a linear dependence on p 2 pc in the vicinity
of ex 5 0.75.

! "
Dp 1-et e-et 2
5
; et ! e<ex
D0 ex -et 1-et

(15a)

Dp e-et
5
; ex ! e ! 1
D0 1-et

(15b)

The numerical prefactor (1 2 et)/(ex 2 et) in
equation (15a) justifies the experimental values that we found by fitting our universal
scaling to the measured gas diffusion data
(reported in Figures 1 and 2). For example, if
one sets ex 5 0.75 [Kirkpatrick, 1973] and the
average value of et 5 0.053 found over all 71
experiments, then one would have (1 2 et)/
(ex 2 et) 5 1.36 which is not different than
1.35 presented in Figure 2.

We should point out that Zhou et al. [1997]
also combined the effective medium approach with percolation theory in their study of electrical conductivity in reservoir rocks, but their power law is not universal, meaning that they allow the exponent l to
change from sample to sample. The potential relevance of nonuniversal exponents to permeability or conduction properties has actually been discussed for decades [e.g., Kogut and Straley, 1979; Berkowitz and Balberg, 1992, 1993]. But the kinds of percolation models cited in order to justify nonuniversal exponents (the
overlapping spherical pore or particle models of Bunde et al. [1986], Feng et al. [1987], and Wagner and Balberg [1987], also reviewed in Berkowitz and Balberg [1993]), were developed for single-phase flow, and do
not apply to nonwetting phase flow under unsaturated conditions. For single-phase flow, in either saturated
or completely dry media, all pores (from the smallest to the largest) contribute to fluid flow. In the case of
partial saturation one must consider the wetting and nonwetting fluids from different perspectives. At intermediate saturations, the wetting phase (e.g., water) flow is restricted to the smallest pores (or equivalently
conductances), while the air phase is found in the largest pores. Thus, the limiting behavior of the conductance distribution at zero pore size, which is known to be the origin of nonuniversality [Hunt, 2004b], is irrelevant to properties of the nonwetting phase, although it could be relevant to the wetting phase. Since in this
work our focus is the nonwetting phase, we do not discuss the conditions that determine the relevance of
nonuniversal exponents of percolation theory to the wetting phase in detail.
The approach of Zhou et al. [1997] could be justified by the following argument. Since the universal conduction exponent of percolation theory holds only in a given range of air-filled porosity e values near the
threshold et, but the behavior crosses over to a linear dependence at values of e approaching one, one
could choose a single (nonuniversal) exponent between 1 and 2 to describe conduction through the entire
range of e values. We propose that defining a crossover ex, consistent with theory, is also superior choice for
practical reasons. In particular, it has been shown that et values obtained by comparing with universal scaling of the air permeability could be reasonably predicted from examination of the soil water retention curve
[Ghanbarian-Alavijeh and Hunt, 2012]. If the crossover to linear behavior (at larger e values) is allowed to
influence analysis by permitting the choice of an arbitrary exponent, this would allow effects from the diffusion process at large e values to influence any extracted value of the threshold (including 0), but the threshold is a measure of the minimum air content necessary to generate a connected air-filled path.
We should point out that varying the air-filled porosity threshold rather than the exponent leads to more
reasonable values of the numerical prefactor. Consider the implications of fixing et at zero and allowing l to
vary vis-!a-vis fixing l at 2 and allowing et to vary. In order to study the effect of the value of threshold on
gas diffusion, we compare two air-filled porosity threshold values in the fitting process for the undisturbed
sample Oss C in the Moldrup et al. [2000a] database. In Figure 4a, where we simply set et 5 0, the power-law
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Figure 4. Comparison of two different values of air-filled porosity threshold (a) et 5 0, and (b) et 5 0.102 in the fitting process for the undisturbed sample Oss C in the Moldrup et al. [2000a] database.

exponent (3.364) and the numerical prefactor (3.782) were found greater than 2 and 1, respectively, with
R2 5 0.96. In contrast, increasing the threshold value to et 5 0.102, reduces the exponent and the numerical
prefactor values, to 1.997 and 1.53, respectively, with goodness of fit R2 5 0.95 (Figure 4b). Note that the
obtained numerical prefactor 1.53 has a physical interpretation in our theoretical framework, consistent

Figure 5. Predicted gas diffusion versus measured one using (a) universal scaling model (equation (15a)) with et 5 0.1/ [Hunt, 2004a] and
ex 5 0.75 [Kirkpatrick, 1973], (b) Buckingham’s model (equation (3)) with m 5 2, and (c) Millington and Quirk’s model (equation (5)) for all
71 experiments used in this study. Note that the largest measured air-filled porosity was applied where porosity value was unknown.
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with a crossover air-filled porosity value of ex 5 0.69 (using et 5 0.102) which is not greatly different from
0.75, as suggested above.
Since the value of the threshold air-filled porosity is a key input into universal scaling predictions, it would,
in analogy to our study of air permeability [Ghanbarian-Alavijeh and Hunt, 2012], be important to find an
independent source of this parameter. In that study, we were able to estimate et from the soil water retention curve. However, accurate soil water retention data are not available for the present databases. Thus, we
used a previous estimate of the air-filled porosity threshold as et 5 0.1/ [Hunt, 2004a], and set ex 5 0.75
[Kirkpatrick, 1973]. Then, for comparison we predict gas diffusion using two other methods: the Buckingham
(equation (3)), and Millington and Quirk [1961] (equation (5)). In all these three methods, gas diffusion is predicted solely from the soil porosity value and the relative air-filled porosity. Results are presented in Figure
5. As can be seen, the universal scaling approach predicts gas diffusion slightly better than the Buckingham
model and considerably more accurately than the Millington and Quirk method. Although the root-meansquare error (RMSE) value calculated for the universal scaling method (Figure 5a) is not much smaller than
that of the Buckingham model (Figure 5b), the analysis reveals greater systematic error in both Buckingham
and Millington and Quirk models. In particular, in contrast to the universal scaling predictions, it can be
seen that the data in Figures 5b and 5c do not follow the 1:1 line as well as for the universal scaling, particularly at higher air-filled porosities. That the Buckingham model (with m 5 2) may nevertheless seem to be a
legitimate alternative to universal scaling is not really surprising since it is actually a special case of the percolation prediction.
Further study is warranted to determine the value of the threshold of the air-filled porosity from, say,
detailed 3-D image analysis. This would remove the option to treat it as a fitting parameter, and allow a
clearer determination of the potential relevance of any power different from 2. It thus also makes clear
whether diffusion is restricted to the sample-spanning cluster as Sahimi [1993b] assumes or occurs in all
clusters without restriction as Ben-Avraham and Havlin [2000] suggest.

5. Conclusion
We developed a model for gas diffusion in porous media based on cluster topology concepts from percolation theory. Our model (equation (12)), derived from fundamental theory of Havlin et al. [1983] is a power
law in the air-filled porosity (less a threshold value) with an exponent of 2.0 whose parameters are physically
meaningful. Comparison with a wide range of experiments indicated the developed approach is robust. In
particular, 66 out of 71 samples followed universal scaling with the exponent 2 from percolation theory. In
the remaining five samples, the deviation from universal scaling may have been due to insufficient: (1) number of measurements or (2) data points near the threshold. Our results, in conjunction with those of Ghanbarian-Alavijeh and Hunt [2012], confirm the universal scaling of gas transport (e.g., diffusion and
permeability) in porous media. In this study, we also applied the linear scaling of the diffusion constant
from effective medium theory [Kirkpatrick, 1973] and Keffer et al. [1996], appropriate at large air-filled porosities (specifically e > 0.75 [Kirkpatrick, 1973]), which allowed more accurate calculation of the numerical prefactor, and thus a more accurate prediction of experimental measurements.
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a b s t r a c t
The unsaturated hydraulic conductivity is an important property of porous media whose estimation is still
investigated. In this study, we developed a new unsaturated hydraulic conductivity model from applying percolation theory to the pore–solid fractal approach (PSF). In actual applications the pore size distribution was
obtained from the soil water retention curve. Using 104 soil samples from the UNSODA data base, the new
developed unsaturated hydraulic conductivity model was compared with the Mualem's approach combined
with water retention models of van Genuchten and PSF. The calculated root mean square error (RMSE) for
the new model developed in this study, vG-M and PSF-M models was 0.69, 0.91 and 0.83 cm day− 1, respectively. The results showed that percolation theory model estimated unsaturated hydraulic conductivity curve
better than the vG-M and PSF-M models especially at high water contents.
© 2012 Published by Elsevier B.V.

1. Introduction
Unsaturated hydraulic conductivity is the most important property for studying water ﬂow and solute transport in porous media.
However, its direct measurement is time consuming and costly.
Therefore, theoretical methods have been developed to estimate unsaturated hydraulic conductivity from porous medium properties,
such as particle-size distribution (Arya et al., 1999) and pore-size distribution (Burdine, 1953; Mualem, 1976).
Most unsaturated hydraulic conductivity models e.g., Purcell
(1949), Childs and Collis-George (1950), Fatt and Dijkstra (1951),
Burdine (1953), Mualem (1976) Kosugi (1999) and Hoffmann-Riem
et al. (1999) were developed based on the parallel or series–parallel
tubes approach (Brutsaert, 2000). Although the parallel tube theory
is a simple and widely used approach to simulate complicated behavior of porous medium, its use may be criticized (Hunt and Ewing,
2009). Several studies generate power–law functions of the soil
water retention curve (Brooks and Corey, 1964; Campbell, 1974);
these were then used in conjunction with Burdine (1953) approach
to estimate the unsaturated hydraulic conductivity. van Genuchten
(1980) combined the sigmoidal function of pore-size distribution
with Mualem (1976) model for estimating unsaturated hydraulic
conductivity. Results of van Genuchten and Nielsen (1985) indicated
that Mualem (1976) theory was applicable to a wider variety of soils
than the Burdine (1953) hypothesis. Kosugi (1999) and HoffmannRiem et al. (1999) showed that both Burdine (1953) and Mualem

⁎ Corresponding author. Tel.: + 1 937 775 3116.
E-mail addresses: ghanbarian-alavijeh.2@wright.edu (B. Ghanbarian-Alavijeh),
allen.hunt@wright.edu (A.G. Hunt).

(1976) are special cases of a general unsaturated hydraulic conductivity model which assumes layers of parallel tubes connected in series.
However, Hoffmann-Riem et al. (1999) explained that the developed
general model should not be interpreted as a physically-based model;
rather, it should be justiﬁed as a ﬂexible equation which can be used
to obtain a better description of measured unsaturated hydraulic conductivity data.
In addition to parallel and series–parallel tubes approaches, percolation theory, which describes emergent properties related to the
connectivity of large number of objects, can be used to calculate properties of disordered media. At least two different approaches are possible with percolation theory, critical path analysis (CPA) and
percolation scaling analysis (PSA). In the problem of calculation of
the unsaturated hydraulic conductivity it has been shown useful to
apply CPA at larger saturations and PSA at lower saturations (Hunt,
2004a; Hunt and Ewing, 2009). The theoretical framework of percolation theory has been successfully used to describe hydraulic and conduction properties, such as diffusion, electrical conductivity and
hydraulic conductivity in porous media (Berkowitz and Balberg,
1993; Bunde and Havlin, 1991; Hunt and Ewing, 2009; Sahimi,
1994, 1995).
Recently, Hunt (2001) developed an unsaturated hydraulic conductivity model based on critical path analysis from percolation theory and distributed local conductances. In Hunt (2001), the random
discrete fractal model of Rieu and Sposito (1991) was used to relate
water content to pore size.
Hunt and Gee (2002) evaluated the model of Hunt (2001) to estimate unsaturated hydraulic conductivity from particle-size distribution data of samples at the US Department of Energy Hanford Site.
Their results showed excellent agreement with experiment over
4–6 orders of magnitude.

0016-7061/$ – see front matter © 2012 Published by Elsevier B.V.
doi:10.1016/j.geoderma.2012.04.007

123	
  
	
  

78

B. Ghanbarian-Alavijeh, A.G. Hunt / Geoderma 187–188 (2012) 77–84

The objectives of this study were mainly (i) to develop a new
model based on percolation theory for estimating unsaturated hydraulic conductivity from soil water retention data, and simultaneously (ii) to experimentally compare the results of percolation
theory with those obtained from the parallel tubes approach
(Mualem, 1976) combined with the van Genuchten (1980) and the
PSF (Bird et al., 2000) water retention models using a large database.

Using the pore–solid fractal approach, we deﬁne the critical volume content of percolation, θt, from critical path analysis for saturated conditions (θ = ϕ) as follows in analogy to (Hunt and Ewing,
2009):

2. Theory

here rc(θ = ϕ) is the critical pore radius of percolation for saturated
medium. The only difference between Eqs. (4) and (5) of Hunt and
Gee (2002) is the presence of the factor β.
Solution of Eq. (4) yields,

2.1. Pore-size distribution model
The pore–solid fractal approach developed by Perrier et al. (1999)
assumes the same geometric shape of pores and solid distributions
with the same fractal dimension. In this model, the pore phase and
the matrix phase both have volume fractions greater than zero and
less than one, even for an inﬁnite number of iterations, which indicates an important difference from traditional fractal pore models assuming two phases only.
The soil water retention curve model based on the PSF model developed by Bird et al. (2000) can be described by a continuous probability distribution function in analogy that is calculated by Hunt and
Gee (2002) as follows:
#
!
"3−D $
3−D p
p
r
r
3 −1−D
dr ¼
∫r max r r
1− min
ϕ ¼ 3−D
r max
pþs
r max p þ s min

θ¼

3−D p
p
r
3 −1−D
dr ¼
∫r min r r
pþs
r 3−D
max p þ s

#!

r
r max

"3−D

−

!

r min
r max

ð1Þ

"3−D $

ð2Þ

where p and s are the pore and solid fractions, respectively, D is the
pore–solid interface fractal dimension, r is the pore radius, θ is the
water content, ϕ is the soil porosity, and rmax and rmin are the largest
and smallest pore radii, respectively.
Combining Eqs. (1) and (2) with the Young–Laplace equation
gives,
#
!
"3−D $
h
;
θ ¼ ϕ−β 1− min
h

h min bhbh max

ð3Þ

in which β = p/(p + s) and ranges from ϕ to 1 (Fallico et al., 2010;
Ghanbarian-Alavijeh et al., 2011). Eq. (3) reduces to the Tyler and
Wheatcraft (1990) and Rieu and Sposito (1991) models as its two
special cases when β is equal to ϕ and 1, respectively.
Eq. (3) has the same form of the scale invariant model developed
by Cihan et al. (2007), although β is interpreted as the probability of
drainage and ranges from 0 to 1.
2.2. Unsaturated hydraulic conductivity model
Percolation theories of the hydraulic conductivity in porous media
are based on the concept of a critical water content θt for percolation
(Hunt and Ewing, 2009). This is the minimum moisture content required for the existence of a system-spanning cluster of interconnected, water-ﬁlled pores. For natural porous media the critical
water content is unknown. Although Moldrup et al. (2001) empirically showed that θt is proportional to a power of the surface area to volume ratio, critical water content estimation requires speciﬁc surface
area data which is not always available. Nevertheless, the percolation
concept of a critical moisture content is compatible with the
typical soil physics' idea of an irreducible, or residual water content,
and we will ﬁnd a reasonable estimate of this parameter from the
SWRC.

θt ¼

#
$ 1
θ 3−D 3−D
3−D
r c ðθ ¼ ϕÞ ¼ r max − t r max
β

ð4Þ

ð5Þ

For unsaturated conditions, Eqs. (4) and (5) would be:
θt ¼

3−D r
3 −1−D
β∫rc ðθÞ r r
dr ¼ β
r3−D
max

#!

r
r max

"3−D

!
"
$
r ðθÞ 3−D
− c
r max

ð6Þ

and,
#
$ 1
θ 3−D 3−D
3−D
r c ðθÞ ¼ r
− t r max
β

ð7Þ

where rc(θ) is the critical pore radius for the unsaturated medium.
Based on the Poiseuille's law, a hydraulic conductance, g h, of a
pore with radius r and length l is:
h

g ∝

r4
μl

ð8Þ

where μ is the viscosity of the ﬂuid (e.g., water). Since the medium is
assumed to be fractal, l is taken proportional to r. While other choices
could be made, three reasons support this assumption. One is that a
medium in which the length scale can be determined by the shape
of the pores (when l is not proportional to r), cannot be described
as self-similar. But in a fractal medium it is impossible to detect the
scale of observation. The second is that an entire group of papers,
starting with Turcotte (1986), relates particle size distributions to
fractal fragmentation models, which generate the same distribution
of particle shapes in all size ranges and, accordingly, are consistent
with the analogous assumption for pore shapes. One of these papers
is Bittelli et al. (1999). Thirdly, the assumption of the proportionality
of length and radius is a quite common assumption generally in soil
physics, going back at least to Mualem (1976).
Therefore,
h

3

g ∝r :

ð9Þ

Combination of Eq. (9) with Eqs. (5) and (7) gives:
#
$ 3
h
3
g c ðθÞ
r c ðθÞ
β−ϕ þ θ−θt 3−D
¼
¼
β−θt
g hc ðθ ¼ ϕÞ r 3c ðθ ¼ ϕÞ

ð10Þ

where gch(θ) and gch(θ = ϕ) are critical hydraulic conductances for unsaturated and saturated medium, respectively.
Since the hydraulic conductivity of the medium is controlled by
the hydraulic conductance of the rate-limiting pore throat, we have:
#
$ 3
K ðθÞ
g h ðθÞ
β−ϕ þ θ−θt 3−D
¼
¼ h c
β−θt
Ks
g c ðθ ¼ ϕÞ

ð11Þ

where Ks and K(θ) are saturated and unsaturated hydraulic conductivities, respectively. An improvement (Balberg, 1987; Hunt, 2005)
scales the average resistance on the percolation path, rather than
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0

scaling simply the largest, and yields the exponent D/(3-D) rather
than 3/(3-D). Thus, Eq. (11) is rewritten as:
!
"D
K ðθÞ
β−ϕ þ θ−θt 3−D
¼
β−θt
Ks

ð12Þ

t

"

#
t ðβ−ϕÞ
D
3−D −t

ð15Þ

ð16Þ

ð17Þ

where λ is the pore connectivity factor assumed equal to 0.5, m is the
empirical shape parameter of van Genuchten retention model (van
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Fig. 1. Soil samples textural distribution of the UNSODA database used in this study.

Genuchten, 1980), and Se is the effective degree of saturation deﬁned
as follows:
Se ¼

θ−θr
ϕ−θr

ð18Þ

where θr is residual water content.
The vG model parameters m, α and θr were calculated directly by
ﬁtting the vG model (van Genuchten, 1980) to the measured data
using the RETC (RETention Curve) program (van Genuchten et al.,
1991), given the condition that m = 1 − 1 / n.
To compare percolation theory with series-parallel tubes approach,
Mualem (1976) model, we combined the PSF water retention model
with the Mualem's approach and found (hereafter, PSF-M):
"
#
4−D
4−D 2
3−D −ðβ−ϕÞ3−D
K ðθÞ
λ ðθ−ϕ þ β Þ
¼ Se
4−D
4−D
Ks
β3−D −ðβ−ϕÞ3−D

ð19Þ

where β and D are the PSF model parameters.
In estimation of unsaturated hydraulic conductivity, the maximum measured hydraulic conductivity value was applied instead of
saturated hydraulic conductivity.
For the estimation and comparison procedures root mean square
error (RMSE) and Akaike's information criterion (AIC) measures
were used to evaluate the results as follows:

RMSE ¼

vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uP
$
un #
u
ðK meas Þi −ðK est Þi 2
ti¼1

AIC ¼ N ln

N

ð20Þ

(
)
RSS
þ 2q
N

ð21Þ

where Kmeas and Kest are the measured and estimated hydraulic conductivities, respectively, N is the number of observations, RSS is the
residual sum of squares, and q is the number of input parameters.
4. Results and discussion
In general all three models tended to underestimate the hydraulic
conductivity at low moisture contents. We seek for explanations of
these discrepancies in three different sources. One relates to the sensitivity of the predicted hydraulic conductivity function to parameters
extracted from the SWRC. The second relates to the suitability of the
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In this study, 104 soil samples including 9 soil texture classes from
the UNSODA database (Leij et al., 1996) were used to evaluate the developed unsaturated hydraulic conductivity model (Eqs. (13) and
(16)). For this purpose, PSF water retention model parameters including β, D and hmin were determined by direct ﬁtting Eq. (3) to
the measured water retention data each of which contained more
than 10 data points from saturation to −1500 kPa. The ﬁtting process
was performed using the MATLAB Software Package and nonlinear
least square optimization method (The MathWorks, Inc., 2007). The
critical volume content of percolation, θt, was assumed to be equal
to the residual water content which is deﬁned as the water content
retained at − 1500 kPa or permanent wilting point (Fredlund et al.,
1994; Hendrickson and Veihmeyer, 1929; Slatyer, 1957; van
Genuchten, 1980). Fig. 1 shows the location of each soil textural
class used in the present study within the soil texture triangle.
We compared the new developed unsaturated hydraulic conductivity model in the present study with the well-known van Genuchten–
Mualem model (van Genuchten, 1980) which is in the following form
(hereafter, vG-M):
%
& i
1 m 2
K ðθÞ
λ
¼ Se 1− 1−Sem
Ks
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80
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Therefore, hydraulic conductivity based on percolation scaling for
θt b θ b θd would be (see Appendix A):
!
"D !
"
K ðθÞ
β−ϕ þ θd −θt 3−D θ−θt t
# ′$ ¼
′
θ
−θ
β−ϕ þ θ −θt
K θ
d
t

70
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Here t is a constant equal to 2 (Hunt and Ewing, 2009; Sahimi,
2003) and K0 is a constant which has appropriate unit and physical
description.
The cross-over point in unsaturated hydraulic conductivity curve,
θd, can be determined by setting equal Eqs. (13) and (14) as well as
their derivatives as follows (see Appendix A):
θd ¼ θt þ

80

30

in which K(θ′) is a known hydraulic conductivity at water content θ′.
Eq. (13) contradicts percolation scaling, according to which hydraulic conductivity must go to zero in the limit θ → θt, even if the
smallest pore rmin > 0. In fact, if rmin > 0, one expects universal scaling
to hold and
K ðθÞ ¼ K 0 ðθ−θt Þ :

90

20

In the case that saturated hydraulic conductivity has not been
measured experimentally, Eq. (12) changes into:
!
"D
K ðθÞ
β−ϕ þ θ−θt 3−D
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β−ϕ þ θ′ −θt
K θ′
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models and the requirement on occasion to force simple models to
accommodate variability associated with, e.g., multimodal pore-size
distributions. The third addresses the question of whether the measurements of the SWRC are taken at equilibrium. We start with a discussion of the sensitivity of the predictions to parameter values and
the expected accuracy of those values.
Fig. 2 shows plots of unsaturated hydraulic conductivity model developed in this study for different values of input parameters, such as
fractal dimension, β, and critical water content θt. Solid lines represent relative hydraulic conductivity for a typical soil with D = 2.85,
β = 0.75, θt = 0.05, and ϕ = 0.5.
Fig. 2-A shows that a fractal dimension value close to 3 leads to a
sharply varying relative hydraulic conductivity function. Thus a relative hydraulic conductivity value for D = 2.95 is several orders of
magnitude less than that of D = 2.85 meaning that the percolation
model is quite sensitive to the pore–solid interface fractal dimension
D. Furthermore, when the fractal dimension is underestimated, the
relative hydraulic conductivity is overestimated. Fig. 2-B indicates
that the unsaturated hydraulic conductivity model developed in this
study is particularly sensitive to parameter β when β is close to porosity, where the PSF model tends to reduce to the Tyler and
Wheatcraft (1990) model. This ﬁgure also shows that when β is
underestimated, the relative hydraulic conductivity is underestimated as well. We also found that the unsaturated hydraulic conductivity model is more sensitive to θt at low matric potential (water
content close to θt) than high matrix potential (Fig. 2-C). The results
showed that when the critical water content is overestimated, the relative hydraulic conductivity is underestimated.
Table 1 summarizes the average and standard deviation values of
the PSF model parameters e.g., fractal dimension, β and hmin from ﬁtting Eq. (3) to the measured soil water retention data for each soil
texture class. Table 1 indicates that the average fractal dimension of
coarse-textured soils is smaller than that of ﬁne-textured soils
which is in agreement with the results of Wang et al. (2005). They
reported a range of 2.28 for sandy soils to 2.91 for sandy clay loam
soils. As we showed in Fig. 2-A, fractal dimension is a sensitive parameter in unsaturated hydraulic conductivity model which affects the
shape of relative hydraulic conductivity signiﬁcantly. The wider the
range of the fractal dimension is, the more ﬂexible the unsaturated
hydraulic conductivity function. Therefore, a combination of critical
path analysis with the PSF model instead of the random fractal
model of Rieu and Sposito (1991) in which the mean fractal dimension ranges from 2.906 for loamy sand soils to 2.974 for sandy clay
loam reported by Huang and Zhang (2005) may lead to a more predictive unsaturated hydraulic conductivity model.

Table 1
Average and standard deviation (in parenthesis) values of the PSF model parameters
for each soil texture class.
Soil texture

No. of samples

hmin

D

β

Sand
Loamy sand
sandy loam
Loam
Silt loam
Sandy clay
loam
Silty clay
loam
Silty clay
Clay

24
5
14
10
36
7

1.9
2.1
2.2
1.8
2.8
1.1

2.649 (0.193)
2.659 (0.144)
2.912 (0.061)
2.939 (0.039)
2.930 (0.058)
2.963 (0.006)

0.45
0.44
0.74
0.82
0.92
0.90

(1.0)
(1.0)
(2.7)
(1.6)
(4.7)
(0.7)

R2
(0.19)
(0.02)
(0.28)
(0.22)
(0.18)
(0.26)

0.97 (0.03)
0.95 (0.03)
0.97 (0.03)
0.97 (0.03)
0.95 (0.03)
0.99 (0.00)

3

5.2 (8.6)

2.962 (0.005)

0.96 (0.06)

0.98 (0.01)

3
2

6.8 (6.7)
4.2 (4.3)

2.966 (0.014)
2.962 (0.003)

0.93 (0.07)
0.94 (0.08)

0.98 (0.01)
0.95 (0.04)

hmin is the air entry value (kPa) and D is the fractal dimension.

In addition to fractal dimension, β can also change the shape of the
unsaturated hydraulic conductivity function. As we showed in Fig. 2B, β = 1 (Rieu and Sposito model) produced a different relative hydraulic conductivity shape from that in which β is equal to 0.5
(Tyler and Wheatcraft model). Table 1 shows that the lowest average
value of β is 0.45 for loamy sand soil texture class, and the highest is
0.96 for clay soil texture class. We found that for 61 (including 33 silt
loam soils) and 20 (including 12 sandy soils) samples, the PSF model
reduced to the Rieu and Sposito (1991) and Tyler and Wheatcraft
(1990) models, respectively. The average β values presented in
Table 1 also indicates that the PSF model tends to reduce to the
Rieu and Sposito (1991) and Tyler and Wheatcraft (1990) models
for ﬁne- and coarse-textured soils, respectively. The obtained results
are in agreement with the results of Wang et al. (2005). Their results
showed that the mean value of β increased when clay content increased as well. Those authors reported a range of 0.21 to 0.53 for
sandy soils and 0.33 to 0.84 for clayey soils. Based on the PSF model
it is possible to model the SWRC at arbitrarily large suctions or low
moisture contents (Bird et al., 2000), where the Rieu and Sposito
model predicts lower water contents than observed (Hunt and
Skinner, 2005). Because this discrepancy between experiment and
theory may often be due to non-equilibrium effects (Hunt and
Skinner, 2005), it may not be an advantage of the PSF that it can better match the SWRC in this range.
Furthermore, the PSF model assumes the same scaling law for the
pore and solid number size distribution with the same fractal dimension, whereas, Wang et al. (2005) and Ghanbarian-Alavijeh and Hunt
(2012) showed that the PSF fractal dimension determined from

Fig. 2. Schematic plots of unsaturated hydraulic conductivity model (Eqs. (13) and (16)) for different values of (A) fractal dimension, (B) β, and (C) critical water content θt.
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SWRC data was greater than the fractal dimension calculated using
particle-size distribution data in most cases. However, following the
PSF model Dathe and Thullner (2005) indicated that the estimated
fractal dimensions of pore space and solid matrix using the Euclidian
dimension, fractal dimension of the pore–solid interface, porosity of
the medium and the size of the initiator agreed well with those measured by image analysis. It should be mentioned that in the PSF model
neither the pore space nor the solid matrix is a (geometrical) fractal.
The PSF approach does not model a solid mass nor a pore mass fractal
except in very special limiting cases. In the PSF model, only the pore–
solid interface is fractal of dimension D, and the number-size distribution of pore and solids are similar power-laws whose exponent is a
function of D (E. Perrier 2012, personal communication).
Figs. 3 to 5 show the estimated unsaturated hydraulic conductivity
using percolation theory, vG-M and PSF-M models for ﬁne, medium
and coarse soil texture classes, respectively. The calculated RMSE
and AIC values indicate that the percolation theory model estimated
unsaturated hydraulic conductivity more accurately than the vG-M
and PSF-M models for ﬁne and medium soil texture classes. The calculated RMSE and AIC values for all 104 soil samples were 0.69
(cm day − 1) and −1335.7, respectively, for percolation model, 0.91
(cm day − 1) and −330.6, respectively, for the vG-M model and 0.83
(cm day − 1) and −687.4, respectively, for the PSF-M model (ﬁgures
not shown here). We also found that all models underestimated unsaturated hydraulic conductivity at low water contents.
Although all three models underestimated unsaturated hydraulic
conductivity at low water content, the percolation theory model estimated unsaturated hydraulic conductivity more accurately than
the vG-M and PSF-M models at higher water content, K(θ)
> 10− 3 cm day− 1. Zhuang et al. (2001) as well as Vervoort and Cattle
(2003) also indicated that the vG-M and Kosugi (1999) models, respectively, underestimated unsaturated hydraulic conductivity at low water
content. Combination of Burdine (1953) and van Genuchten (1980) approaches with the log-normal pore size distribution model also rendered underestimations of more than ﬁve orders of magnitude at the
dry region (Kosugi, 1999). We suggest that the fact that both percolation and series–parallel tubes (Kosugi, 1999; Mualem, 1976) treatments
underestimate the unsaturated hydraulic conductivity at low water
contents may be due to the misinterpretation that the SWRC represents
an equilibrium measurement of the pore size distribution. If the Rieu
and Sposito model is extrapolated to lower moisture contents, its predictions are that there is more moisture in larger pores, as Hunt and
Skinner (2005) pointed out. In this case the water in larger pores than
indicated by the SWRC would allow ﬂow paths to be found with larger
bottleneck pore sizes and thus a higher hydraulic conductivity as well.
Since percolation treatments are more sensitive to the smallest pores
(if they are unavoidable, as the critical water content is approached)
than an averaging procedure, one would expect the percolation treatments to underestimate the conductivity even more in this range of
moisture contents, exactly as observed. But since the vG-M model also
greatly underestimates the unsaturated hydraulic conductivity, there
is additional conﬁrmation that the apparent pore size distribution is
not the real one. Vogel (1997) also reported the discrepancy between
the morphological pore-size distribution measured by 3-dimensional
digital images and serial sections with the pore-size distribution
obtained from soil water retention data.
Recently, Bittelli and Flury (2009) found errors in soil water retention curves measured with pressure plates, and reported large
discrepancies between pressure plate and dew point meter measurements at matric potentials less than −100 kPa so that θt value, water
content at − 1500 kPa, determined from pressure plates was two
times larger than that measured by dew point meter method. These
authors also indicated that the vG-M model underestimated unsaturated hydraulic conductivity determined from soil water retention
curve measured with pressure plates for a silt loam soil sample. We
also found that inaccurate (over-) estimation of threshold water

Fig. 3. Estimated unsaturated hydraulic conductivity using (A) percolation theory, (B) van
Genuchten–Mualem and (C) PSF-Mualem models versus measured one for silty clay and
clay soils.

content θt assumed equal to water content at − 1500 kPa leads to unsaturated hydraulic conductivity underestimation in our percolationbased model (Fig. 2-C).
As we implied in Fig. 2 (A–C) a small change (under- or overestimation) in the PSF model parameters especially D and β results in a
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Fig. 4. Estimated unsaturated hydraulic conductivity using (A) percolation theory, (B) van
Genuchten–Mualem and (C) PSF-Mualem models versus measured one for loam, silt
loam, sandy clay loam, and silty clay loam soils.

considerably large discrepancy between the measured and predicted
hydraulic conductivity curves. Fig. 6 shows the measured, predicted
and modiﬁed conductivity values for two samples (1280 and 4061)
of the UNSODA database. In Fig. 6 the PSF model parameters estimated

Fig. 5. Estimated unsaturated hydraulic conductivity using (A) percolation theory, (B) van
Genuchten–Mualem and (C) PSF-Mualem models versus measured one for sandy, loamy
sand and sandy loam soils.

from soil water retention data (D= 2.932, β = 1 and θt = 0.085) were
used to predict unsaturated hydraulic conductivity. We found that
only changing the fractal dimension value from 2.932 to 2.885 rendered
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Fig. 6. Measured hydraulic conductivity curve as well as the predicted one using the
percolation model (Eqs. (13) and (16)) with D = 2.932, β = 1 and θt = 0.085 estimated
from the SWRC for soil 1280 of the UNSODA database. A change in the fractal dimension value D = 2.885 rendered an excellent match between the measured and predicted K(θ).

83

excellent agreement between the measured and predicted K(θ) over
three orders of magnitude. Fig. 7 also indicates that change in the β
value with the same D = 2.342 and θt = 0.026 estimated from water retention curve leads to excellent agreement between the measured K(θ)
and the predicted one.
We suggest that the performance of all the models might have
been enhanced in some cases had the possibility that the pore size
distribution was more complex (e.g., multi-modal) than it was compatible with a unimodal model been entertained. In particular, our attention was drawn to some samples where K(θ) at low saturations
diminished much less rapidly with decreasing saturation than at
high saturations. Since this behavior was noted already at saturations
as high as 50%, it made no sense to attribute the discrepancy to the effects of ﬁlm ﬂow.
As Hunt (2004b) explained, the results of continuum percolation
theory are predictive whereas the results of vG-M model are descriptive (with an emphasis on ﬂexibility). We have tried to evaluate the
comparative predictability of the three treatments, which means
that the vG-M model as we used it, just like the percolation model,
was not optimized with respect to adjustable parameters. The parameters of unsaturated hydraulic conductivity model developed based
on percolation theory also have physical meanings, and/or vary systematically with soil texture. In particular, the critical moisture content increases with clay content (Hunt and Ewing, 2009), while the
fractal dimensionality of the pore space is an indicator of the width
of the pore size distribution (Hunt, 2001).
Further investigation is required to study unsaturated hydraulic
conductivity estimation from more accurately-measured pore-size
distribution e.g., 2- or 3-D images to calculate the PSF model parameters (D and β) as well as percolation threshold θt accurately.
5. Conclusion
In this study, we developed a new unsaturated hydraulic conductivity model from applying critical path and percolation scaling analyses to the pore–solid fractal approach. We chose the pore–solid
fractal approach in view of its greater generality than other fractal
models. We compared our predictions with those of Mualem combined with the van Genuchten and PSF water retention models.
The results based on 104 soil samples from the UNSODA database including 9 soil texture classes showed that the percolation theory
model estimated unsaturated hydraulic conductivity better than
the vG-M and PSF-M models especially at high water contents. We
found that all models underestimated the unsaturated hydraulic
conductivity at low water contents. Potential causes for this include:
1) that the SWRC may not translate directly to a pore size distribution including complications at low moisture content from potential
problems with equilibration, 2) that the pore-size distribution may
be more complex than considered in our treatments, or 3) that, especially at very low values of the hydraulic conductivity (e.g., predicted
values below about 10 − 5 cm/day) other means of moisture transport may be enhancing the measured ﬂow. Particularly in case 1 it
is important to note the high degree of sensitivity of the predictions
for K to the extracted values of the fractal dimensionality and of beta.
We conclude that the underestimation of the hydraulic conductivity
at low moisture contents should not be addressed within the present
theoretical constructions under the assumption that the SWRC curve
represents an equilibrium measurement of the pore size distribution. Thus a greater effort to address confounding factors should be
made.

Fig. 7. Measured hydraulic conductivity curve as well as the predicted one using the percolation model (Eqs. (13) and (16)) with D = 2.342, β = 0.30 and θt = 0.026 estimated
from the SWRC for soil 4061 of the UNSODA database. A small change in the β value
(β = 0.315) resulted in an excellent agreement between the measured and predicted K(θ).
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Appendix A
Based on the critical path analysis, unsaturated hydraulic conductivity function is:
#
$D
K ðθÞ
β−ϕ þ θ−θt 3−D
! "¼
β−ϕ þ θ′ −θt
K θ′

ðA1Þ

Using percolation scaling analysis and considering a universal
scaling, unsaturated hydraulic conductivity function would be:
t

K ðθÞ ¼ K 0 ðθ−θt Þ

ðA2Þ

In order to ﬁnd the cross-over point in unsaturated hydraulic conductivity curve, θd, we set equal Eqs. (A1) and (A2) at this point as follows:
D
% &#β−ϕ þ θ −θ $3−D
′
t
d
t
¼ K 0 ðθd −θt Þ
K θ
β−ϕ þ θ′ −θt

ðA3Þ

By setting equal the derivatives of Eqs. (A1) and (A2), we also
have:
% &
K θ′
D
D
−1
t−1
ðβ−ϕ þ θd −θt Þ3−D ¼ tK 0 ðθd −θt Þ
D
3−D !β−ϕ þ θ′ −θ "3−D
t

ðA4Þ

By combining Eqs. (A3) and (A4), the cross-over point is:

θd ¼ θt þ

"

#
t ðβ−ϕÞ
D
3−D −t

ðA5Þ

K0 can also be determined from Eq. (A3) as follows:
D
% &#β−ϕ þ θ −θ $3−D
′
−t
d
t
K0 ¼ K θ
ðθd −θt Þ
β−ϕ þ θ′ −θt

ðA6Þ

Therefore, unsaturated hydraulic conductivity based on the percolation scaling analysis is (θt b θ b θd):
#
$D #
$
K ðθÞ
β−ϕ þ θd −θt 3−D θ−θt t
! "¼
θd −θt
β−ϕ þ θ′ −θt
K θ′

ðA7Þ
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a b s t r a c t
A reliable means to predict the saturation-dependence of the hydraulic conductivity would have important
applications and implications across soil science. In our efforts to improve predictive capabilities we apply
a bimodal pore size distribution to generate simultaneously the soil water retention curve (SWRC) and the
unsaturated hydraulic conductivity K in porous media. Our speciﬁc pore size model incorporates two fractal
regimes, which we treat within the pore–solid fractal approach. The calculation of the hydraulic conductivity
employs critical path analysis from percolation theory, which has already been shown to perform the best
overall among models commonly employed. To evaluate the developed piecewise functions, 8 soil samples
with different textures, e.g., loam, silt loam, sandy loam and clay are selected. All soils show almost the same
cross-over point on both water retention and hydraulic conductivity curves on semi-log plots. We ﬁnd that
the piecewise water retention and unsaturated hydraulic conductivity models ﬁt well the measured data. However, the hydraulic conductivity curves predicted from the water retention data agree relatively well with the
measured one just for the ﬁrst regime and tend to underestimate K in the second. We also compare our results
with those obtained from unimodal pore-size distribution reported by Ghanbarian-Alavijeh and Hunt (2012).
Comparing the measured data with the unimodal and bimodal models indicates that the bimodal distribution
provide somewhat more realistic predictions than the unimodal one. If prediction is sacriﬁced and we simply
try to model K using our results, we ﬁnd that we can generate a very accurate phenomenological description
of K with only a slight change in the values of the fractal dimensionality. Reasons for this discrepancy are
discussed.
© 2013 Elsevier B.V. All rights reserved.

1. Introduction
A long-cherished goal of soil physics is the ability to predict the volumetric water content (θ) dependence of the hydraulic conductivity, K(θ),
from knowledge of the water retention curve, θ(h) (where h is tension
head). We have recently addressed this problem (Ghanbarian-Alavijeh
and Hunt, 2012), showing that application of critical path analysis to a
rather simple (monomodal) model, the pore–solid fractal model, generated relatively good predictions, especially compared with other models,
e.g., van Genuchten–Mualem (Mualem, 1976; van Genuchten, 1980) in
common use. However, we noted some cases where such a simple
model of the medium was not realistic enough to capture the structure
of the SWRC, which makes the further comparison with experimental
values of K(θ) questionable. In some of these cases the SWRC presented
a distinct change in slope at an intermediate water content, indicating
that the appropriate model of the medium must at least contain two distribution modes, i.e., be a bimodal distribution. In fact, however, this is not
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a surprising conclusion as it has already been the subject of discussion
elsewhere (Hunt and Gee, 2002).
The disordered structure of soils can be quantiﬁed using statistically
self-similar fractal models. However, a fractal model is never more than
an approximation to the true structure of soil (Crawford et al., 1995).
Typical fractal models presented in the literature consider one fractal dimension which scales the hierarchical property of a medium within the
range of lower and upper limits (e.g., smallest and largest pore or particle radii). However, porous media may have more than one fractal
regime. In the literature, soils which show two or more fractal regimes
have already been reported (Bittelli et al., 1999; Hunt and Gee, 2002;
Pachepsky et al., 1995; Rieu and Sposito, 1991b; Wu et al., 1993).
Thus, piecewise fractal approaches have been developed to model
particle-size distributions (Millán et al., 2003) and soil water retention
curves (Hunt and Gee, 2002; Millán and González-Posada, 2005;
Ojeda et al., 2006; Russell, 2010) of soils with two fractal regimes.
In addition to bimodal power law distributions, bi- and multi-modal
approaches have been also applied to log-normal distributions (Kutilek,
2004; Kutilek and Jendele, 2008; Kutilek et al., 2009; Romano et al.,
2011) and sigmoidal functions (Coppola, 2000; Durner, 1994; Othmer
et al., 1991; Priesack and Durner, 2006; Spohrer et al., 2006; Zhang

0016-7061/$ – see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.geoderma.2013.05.023

131	
  
	
  

269

A.G. Hunt et al. / Geoderma 207–208 (2013) 268–278

and van Genuchten, 1994) for the purpose of modeling the water retention curve and thus predicting the unsaturated hydraulic conductivity.
Othmer et al. (1991) found that the bimodal van Genuchten model
could describe soil water retention curve well. Although the bimodal
water retention model instead of a unimodal model combined with
the Mualem’s approach improved unsaturated hydraulic conductivity
estimation, Othmer et al. (1991) interpreted the discrepancy between
measured and predicted conductivities as either the Mualem (1976)
model may not be fully applicable to all types of soils (e.g., ﬁne textures), or existence of trimodal pore size distribution.
Recently, Kutilek et al. (2009) compared different empirical,
semi-empirical and physical models in the modeling of soil water retention curve of soils whose pore-size distributions are bimodal. They
found that the bimodal log-normal based model did not ﬁt measured
water retention data as well as the bimodal sigmoidal function of the
van Genuchten (1980) model.
In order to predict ﬂow and transport properties in porous media,
several models can be employed. In soil physics the bundle of capillary
tubes is the best known among them. This approach, e.g., parallel
(Burdine, 1953) or series–parallel (Hoffmann-Riem et al., 1999;
Kosugi, 1999; Mualem, 1976) has been widely applied to model hydraulic conductivity of porous media. However, the main drawback
of these models as ﬁtted to experimental hydraulic conductivity data
is that the exponent used for the power–law tortuosity-correlation correction factor often takes a negative value (Kosugi, 1999; Romano et al.,
2011; Schaap and Leij, 2000). This implies that ﬂow paths should be
straighter than straight which is physically impossible. In addition, in
the general bundle of capillary tubes model (Hoffmann-Riem et al.,
1999; Kosugi, 1999), which is constructed of layers of parallel tubes
connected in series and included Burdine (1953) and Mualem (1976)
models as its special cases, the number of layers is needed to be
known a priori. For example, Priesack and Durner (2006) demonstrated
that 3 layers may work much better than 2. Thus, physically-based
modern methods, such as percolation theory (Hunt and Ewing, 2009;
Sahimi, 1994; Stauffer and Aharony, 1992), effective medium approach
(Bernasconi, 1974; Kirkpatrick, 1971, 1973), perturbation theory
(Rubin, 2003), and renormalization group theory (Bernasconi, 1978;
Fisher, 1998; King, 1989) seem to be more promising in the modeling
of effective properties of disordered media like soils. Perturbation theory and effective medium approach are applicable and valid only where
permeability ﬂuctuations are small in a system (King, 1989). In contrast,
when a porous medium is near its percolation threshold, or when a
medium has a broad distribution of the hydraulic and/or electrical
conductances, the renormalization group and percolation theories are
more appropriate (Sahimi, 2011).
Percolation theory is an important approach to quantify the effect of
the interconnectivity of a pore space on its ﬂow and transport properties
(Sahimi, 2011). It comes in three different types: site, bond, and continuum (Hunt and Ewing, 2009). Perhaps continuum percolation is the most
natural type of percolation in which the position of the two components
of a random system are not limited to the discrete sites of a regular lattice
(Bunde and Havlin, 1996). The most remarkable feature of percolation
theory is the existence of a percolation threshold, below which a spreading process (here, ﬂow or conduction) is conﬁned to a ﬁnite region
(Feder, 1988). However, the value of the percolation threshold, pc, is
known just for special networks, e.g., for the square (cube) lattice,
pc = 0.5927 (0.3116) for site percolation and pc = 0.50 (0.2488) for
bond percolation (Stauffer and Aharony, 1992). A good approximation
of pc for continuum percolation in natural porous media can be obtained
using the idea of residual (stagnant) water content which can be estimated from the soil water retention curve (Ghanbarian-Alavijeh and Hunt,
2012). As an alternative, a morphological technique can be used to estimate the percolation threshold from microtomography and 3D image
analysis of porous media (Liu and Regenauer-Lieb, 2011).
Recently, Ghanbarian-Alavijeh and Hunt (2012) used critical path
and percolation scaling analysis from percolation theory, combined

with the pore–solid fractal (PSF) model (Bird et al., 2000; Perrier
et al., 1999), to develop a new model to predict unsaturated hydraulic conductivity from soil water retention curve data. Their results
showed that the proposed model predicted hydraulic conductivity
more accurately than the Mualem (1976) approach combined with
the water retention model of van Genuchten (1980) and PSF (Bird
et al., 2000), in particular at low tension heads. Nevertheless, several
limitations were noted, among them that a more general treatment to
handle different kinds of pore-size distributions was needed. Here we
explore one such complication.
The objective of this study is therefore to extend the GhanbarianAlavijeh and Hunt (2012) approach to address the modeling of soil
water retention and unsaturated hydraulic conductivity of soils incorporating two fractal regimes. Following Ghanbarian-Alavijeh and
Hunt (2012), we apply critical path analysis to model hydraulic conductivity at different saturations. The theory developed here treats
two different ranges of pore size where these two regimes can be attributed separately to textural (within soil aggregates) and structural
pores (between aggregates) or two different textural pores. We have
the capacity to treat the two regimes either as interpenetrating, or as
independent in the sense of dual porosity models. The latter theoretical technique was developed in Hunt and Ewing (2009) within the
theoretical constraints prescribed by percolation theory, and could
be logically applied here in some of the soils investigated. Results
from the two different approaches appear in the context of the present percolation-based calculations to be equivalent, in contrast to the
situation with the capillary bundle models.
2. Theory
2.1. Soil water retention curve
We assume that the pore-size distribution of soils follows the
pore–solid fractal (PSF) approach proposed by Perrier et al. (1999).
This model combined with percolation theory has been successfully
applied to model unsaturated hydraulic conductivity of soils with different textures (Ghanbarian-Alavijeh and Hunt, 2012). The continuous probability density function, W(r), of pores consistent with the
Hunt and Gee (2002) analogy would be:
W ðr Þ ¼ β

r min brbr max

ð1Þ

where β = p/(p + s) in which p and s are the pore and solid fractions
(Perrier et al., 1999), respectively, D is the pore-solid interface fractal dimension, r is the pore radius (r ∝ 1 / h where h is the tension head),
and rmin and rmax are the smallest and largest pore radii, respectively.
Fig. 1 shows the scheme of a soil water retention curve with two
fractal regimes. The ﬁrst regime covers mostly the large (frequently
structural) pores, and the second regime includes the small (textural)
pores. The water content at the cross-over point is denoted by θx
which is equal to the porosity of the second regime ϕ2.
In a porous medium having a probability density function that scales
with two different regimes, e.g., D1 and D2 (Fig. 1), the total porosity
may be found by integrating r3W(r) between rmin and rmax to obtain
3−D r
3−D r
3 −1−D1
3 −1−D2
ϕ ¼ ϕ1 þ ϕ2 ¼ β1 3−D 1 ∫r max r r
dr þ β2 3−D 2 ∫rx r r
dr
1
2
x
min
max $
#
!
"r3−D
#
!
"3−D r$x
1
2
rx
r min
þ β2 1−
¼ β1 1−
r max
rx

ð2Þ

where rx is the pore radius at the cross-over point where the fractal behavior of the medium changes from regime 1 to regime 2, and D1 and D2
are the pore–solid interface fractal dimension of the ﬁrst and second regimes, respectively.
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Fig. 1. The schematic soil water retention curve of a soil with two fractal regimes.

Fig. 2. Three possible cases which may happen when θt b ϕ1: (I) θ–θt > ϕ2 and θ > ϕ2,
(II) θ–θt b ϕ2 and θ > ϕ2, and (III) θ–θt b ϕ2 and θ b ϕ2.

The water content of pores with radii less than or equal to r in the
second regime (hx b h b hmax) is determined as follows (r b rx):
#! "3−D !
"3−D $
2
2
3−D r
r
r
3 −1−D2
dr ¼ β2
− min
:
θ ¼ β2 3−D 2 ∫r r r
2
min
r
r
rx
x
x

ð3Þ

The critical water content for percolation θt would be
θt ¼ β 1

r

3−D2

3 −1−D1

rx

3 −1−D2

∫ r r
dr þ β2 3−D ∫r r r
3−D
r max 1#!rx "
r"x 2 $ min
!
3−D1
r
r x 3−D1
¼ ϕ2 þ β 1
−
:
r max
r max

θ ¼ β1

r c ðθÞ ¼ r max

dr
ð4Þ

Combining Eqs. (3) and (4) with the Young–Laplace equation
gives the following piecewise soil water retention curve model:
8
ϕ
>
#!
"
!
"
$
#
!
"
$
>
>
>
h D1 −3
hx D1 −3
h D1 −3
<ϕ þ β
−
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!
"D −3
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> #! "D2 −3
>
2
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>
h
h
h
>
: β2
− min
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h min b h b hx
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:

ð5Þ

ð6Þ

r c ðθÞ ¼ r x

r
r max

"3−D

1

!
"
$
r ðθÞ 3−D1
− c
:
r max

ð8Þ

ð9Þ

ð10Þ

#
$ 1
β2 −ϕ2 þ θ−θt 3−D2
β2

ð11Þ

h

i
β 1 −ϕ1 1=ð3−D1 Þ
:
β1

(III) θ–θt b ϕ2 and θ b ϕ2 (see Fig. 2)

θt ¼ β 2

#! "3−D !
"
$
2
r
r ðθÞ 3−D2
− c
:
rx
rx

ð12Þ

Solution of Eq. (14) combined with Eq. (5) for rc(θ) gives
r c ðθÞ ¼ r x

#
$ 1
β2 −ϕ2 þ θ−θt 3−D2
β2

ð13Þ

(b) when percolation threshold θt is larger than the porosity of the
ﬁrst regime ϕ1 (θt > ϕ1).
The critical water content for percolation θt for saturated condition
(θ = ϕ) would be

ð7Þ

For unsaturated condition as we show in Fig. 2, three cases may
happen:(I) θ–θt > ϕ2 and θ > ϕ2 (see Fig. 2)

ð14Þ

Rewriting Eq. (14) combined with Eq. (5) for rc(θ = ϕ) gives
r c ðθ ¼ ϕÞ ¼ r x
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Solution of Eq. (6) combined with Eq. (5) for rc(θ = ϕ) gives
; θt bϕ1 :

dr ¼ β1

#
$ 1
β1 −ϕ þ θ−θt 3−D1
:
β1

in which rx ¼ r max

Using the pore–solid fractal approach, we deﬁne the critical volume
content of percolation θt from critical path analysis for saturated conditions (θ = ϕ) as follows:

#
$
β1 −θt
β1

r r

#
!
"
$
#!
"3−D !
"
$
1
r ðθÞ 3−D2
r
rx 3−D1
θt ¼ β2 1− c
þ β1
−
:
rx
r max
r max

(a) when percolation threshold θt of the porous medium is less than the
porosity of the ﬁrst regime ϕ1 (θt b ϕ1):

r c ðθ ¼ ϕÞ ¼ r max

3 −1−D1

c ðθÞ

Solving Eq. (10) combined with Eq. (5) for rc(θ) results

Following Ghanbarian-Alavijeh and Hunt (2012), we use the critical
path analysis combined with the PSF model to ﬁnd the critical pore radius for percolation for saturated and unsaturated conditions. Generally,
there are two possibilities:

#
!
"
$
p1 3−D1 r max
r ðθ ¼ ϕÞ 3−D1
3 −1−D1
θt ¼
∫r ðθ¼ϕÞ r r
dr ¼ β1 1− c
:
1
c
r
p1 þ s1 r 3−D
max
max

r

∫r

(II) θ–θt b ϕ2 and θ > ϕ2 (see Fig. 2)

h b h min

2.2. Unsaturated hydraulic conductivity

1
3−D1

3−D

r max 1

Rewriting Eq. (8) combined with Eq. (5) for rc(θ) yields

Likewise, the water content of pores with radii less than or equal
to r in the ﬁrst regime (hmin b h b hx) would be (r > rx):
3−D1

3−D1

#
$ 1
β2 −θt þ ϕ1 3−D2
;
β2

θt > ϕ1 :

ð15Þ
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(b) θt > ϕ1

As we show in Fig. 3, there are two cases possible for unsaturated
condition:(I) θ–θt b ϕ2 and θ > ϕ2 (see Fig. 3)
#
!
"
$
r ðθÞ 3−D2
þ θ−ϕ2 :
θt ¼ β2 1− c
rx

#
$
K ðθÞ
β −ϕ2 þ θ−θt 3=ð3−D2 Þ
¼ 2
:
Ks
β2 þ ϕ1 −θt

ð16Þ

If one assumes that the percolation threshold is equal to 0, the
unsaturated hydraulic conductivity model proposed above
(Eqs. (21) and (22)) is simpliﬁed to

Solution of Eq. (16) for rc(θ) gives
#
$ 1
β −ϕ2 þ θ−θt 3−D2
r c ðθÞ ¼ r x 2
β2

ð17Þ

8#
$
β −ϕ þ θ 3=ð3−D1 Þ
>
>
> 1
β1 !
K ð θÞ <
"
¼
3=ð3−D1 Þ !
β 1 −ϕ1 3=ð3−D1 Þ ½β 2 −ϕ2 þ θ&3=ð3−D2 Þ
>
Ks
> β1
>
:
3=ð3−D2 Þ
3=ð3−D1 Þ
β1
β2
β1

(II) θ–θt b ϕ2 and θ b ϕ2 (see Fig. 3)
θt ¼ β 2

#! "3−D !
"
$
2
r
r ðθÞ 3−D2
− c
:
rx
rx

ð18Þ

Solution of Eq. (18) for rc(θ) yields
r c ðθÞ ¼ r x

#
$ 1
β2 −ϕ2 þ θ−θt 3−D2
:
β2

ð19Þ

In fact, when θt > ϕ1, rc(θ) follows the same function of water content (Eqs. (17) and (19)) for both θ > ϕ2 and θ b ϕ2.
To model unsaturated hydraulic conductivity, we invoke Poiseuille's
law for self-similar fractal porous media in which the hydraulic conductance g of a given pore is proportional to r4 and the inverse of the pore
length (l), also assumed to be proportional to r (l ∝ r). Therefore, g is
a function of pore radius cubed r3 (Ghanbarian-Alavijeh and Hunt,
2012; Hunt, 2001; Hunt and Ewing, 2009). Since the hydraulic conductivity K(θ) is directly proportional to the critical hydraulic conductance
gc, the unsaturated hydraulic conductivity normalized with the saturated hydraulic conductivity (as the reference point) is given by
K ðθÞ
g c ðθÞ
r 3c ðθÞ
¼
¼
Ks
g c ðθ ¼ ϕÞ r 3c ðθ ¼ ϕÞ

ð20Þ

Thus, the new piecewise unsaturated hydraulic conductivity model
for conditions (a) and (b) as explained above would be
(a) θt b ϕ1
8#
$
β −ϕ þ θ−θt 3=ð3−D1 Þ
θ−θt > ϕ2 ; θ > ϕ2
>
>
> 1
β1−θt!
K ðθÞ <
"3=ð3−D Þ
¼
:
3=ð3−D1 Þ !
1 ½β −ϕ þ θ−θ &3=ð3−D2 Þ
β
β
−ϕ
Ks >
1
1
2
2
t
1
>
>
θ−θt bϕ2 ; θ>ϕ2 ; θbϕ2
:
3=ð3−D2 Þ
β1
½β1 −θt &3=ð3−D1 Þ
β2

ð21Þ

Fig. 3. Two possible cases which may happen when θt > ϕ1: (I) θ–θt b ϕ2 and θ > ϕ2,
and (II) θ–θt b ϕ2 and θ b ϕ2.

θ > ϕ2
:
θbϕ2

ð23Þ

In all comparisons that we made with experiment we found that
θt = 0 was appropriate for reasons that we will explain. In principle,
however, one should refer to Eqs. (21) and (22) for more general results. As long as both regimes are associated with textural pores, the
simplest assumption should be used, namely that θt is independent of
moisture content. In this case one would normally expect θt to be ﬁnite.
In the case that structural and textural pores are present, it must be considered possible that θt takes on a different value for the two types of
pores. If θt is large, it is important that the results we obtain here
would not extend to low saturations, where universal scaling of the hydraulic conductivity would be expected (Hunt and Ewing, 2009). But
(Hunt and Ewing, 2009) when the percolation threshold occurs at
zero moisture content, the range of moisture contents at which universal scaling should be observed will typically be 0 b θ b 0.1, and is often
even more restricted. Thus, in our case, with θt = 0, we could neglect
this complication, since the experimenters never explored moisture
contents sufﬁciently low that universal scaling of the hydraulic conductivity would be expected.
3. Materials and methods
Soil water retention (drainage branch) and unsaturated hydraulic
conductivity data were obtained from the UNSODA database (Leij et al.,
1996; Nemes et al., 2001) to evaluate the proposed unsaturated hydraulic conductivity model (Eq. (23)). Since the accuracy of soil water retention curve ﬁtting process and the reliability of hydraulic conductivity
prediction depend on the number of experimental data points, we selected 8 soil samples whose soil water retention curve and hydraulic conductivity data could be veriﬁed to show almost the same cross-over
point on semi-log scale and had more than 7 measured data points.
The existence of two fractal regimes of the pore-size distribution was
veriﬁed by plotting the derivative curve (dθ/dlog(h) vs. log(h)) and ﬁnding two peaks (Kutilek, 2004). The summary of the physical properties of
the soil samples used in this study is presented in Table 1.
Since the accuracy of ﬁtting experimental soil water retention data
with the piecewise model depends upon the number of available data
points, and also the piecewise water retention model Eq. (5) includes a
large number of parameters to estimate, e.g., β1, β2, D1, D2, hmin, hx, and
ϕ2, we set β1 = β2 = 1 meaning that the PSF model was reduced
to the Rieu and Sposito (1991a) water retention model. Eq. (5) with
β1 = β2 = 1 was ﬁtted to the measured curve using the Curve Fitting
toolbox of MATLAB (The MathWorks, Inc., 2007). As we explained before,
we set the percolation threshold value equal to 0 (θt = 0). This choice ensures that the moisture contents at the cross-over points in both the
water retention and hydraulic conductivity curves are the same, which
conforms to observation in every case. Following Kravchenko and
Zhang (1997) and Hunt and Gee (2002), we also used the ﬁrst measured
point (the largest value) of hydraulic conductivity curve instead of the
saturated hydraulic conductivity as the reference K(θ) value.
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Table 1
The selected properties of the soil samples used in this study.
Soil code

USDA soil texture

Sand (%)

Silt (%)

Clay (%)

OM (%)

ϕ (cm3/cm3)

Ks (cm/day)

Structureb

2530
3380
3390
3392
4033
4172
4680
4681

Loam
Silt loam
Silt loam
Silt loam
Silt loam
Sandy loam
Clay
Clay

45
9.9
9.8
8.1
8.0
64.9
13.5
12.6

31.6
77.8
75.6
68.3
68.0
15.7
39.2
33.0

23.4
12.3
14.6
23.6
24.0
19.4
47.3
54.4

1.07
0.91
1.01
0.35
0.18
0.26
3.80
2.90

0.426
0.424
0.417
0.396
0.425
0.416
0.554
0.557

12.90
NAa
NA
NA
143.0
32.30
3844.8
1667.5

NA
Medium granules
Moderate ﬁne subangular blocky
Moderate strong v. coarse prismatic
NA
NA
Prismatic
Prismatic

a
b

NA is not available.
Reported in the UNSODA database.

4. Results and discussion
The soil water retention and unsaturated hydraulic conductivity
curves revealed bimodal distributions with existence of two fractal regimes. We found a cross-over point at almost the same water content
on both soil water retention and unsaturated hydraulic conductivity
curves plotted on semi-log scale. It is this coincidence in all the soils
that we studied that required the choice of θt = 0; otherwise the
cross-over point in the hydraulic conductivity would exceed that in
the water retention by the value θt.
4.1. Unsaturated hydraulic conductivity prediction from SWRC
The results of ﬁtting the piecewise soil water retention curve model
Eq. (5) and prediction of unsaturated hydraulic conductivity model
Eq. (23) are presented in Fig. 4 for each soil sample. As we show in
the graphs of this ﬁgure, the water retention model ﬁtted the measured
data very well. The ﬁtted parameters of Eq. (5) are given in Table 2. For
all soils but sample 2530 D2 was greater than D1. Millán and
González-Posada (2005) reported that half of their soil water retention
datasets behaved as D1 b D2 and for the other half D1 > D2.
As we demonstrate in Fig. 4 the predicted unsaturated hydraulic
conductivity curve does not agree with the measured one for the second
regime (low water contents), nor even in all cases in the ﬁrst regime. By
using bimodal soil water retention curve and hydraulic conductivity
models Coppola (2000), like us, found better agreement between
predicted and measured hydraulic conductivity values at higher water
contents. Fig. 4 also shows the results of the prediction of unimodal hydraulic conductivity model developed in the Ghanbarian-Alavijeh and
Hunt (2012) article. Comparing the measured data with the unimodal
and bimodal models indicates that the bimodal distribution could provide more realistic looking predictions than the unimodal one consistent with the Durner (1994) and Romano et al. (2011) ﬁndings. Our
results are also in agreement with those reported by Durner (1994)
who found that the ignorance of the second regime of the pore-size
distribution may lead to large errors in the unsaturated hydraulic conductivity predictions.
4.2. Possible sources of error
4.2.1. Soil water retention curve may not represent the real pore-size
distribution
In order to understand the discrepancy between theory and experiment we investigated ﬁrst the possibility that the ﬁts to the SWRC did
not return the appropriate value of the fractal dimensionality. Thus
we ﬁtted Eq. (23) to the measured unsaturated hydraulic conductivity
curves and determined D1 and D2. Fig. 5 shows the ﬁtted unsaturated
conductivity model and the model capability for all soil samples. The
comparison of calculated fractal dimension of the ﬁrst and second
regimes (D1, D2) using the soil water retention curve and unsaturated
hydraulic conductivity data given in Table 3 rendered relative error
values less than 4%. Although the relative error values are small, Fig. 4

shows that a small change in fractal dimension may lead to even 8 orders of magnitude difference at very low water contents (see samples
4033 and 4681). The obtained results are consistent with the results
of Ghanbarian-Alavijeh and Hunt (2012) who found that the percolation based unsaturated hydraulic conductivity model combined with
the PSF water retention approach is sensitive to both β and fractal
dimension values. In particular, a small change in β and D led to several
orders of magnitude difference between the predicted and measured
hydraulic conductivity curves, and in several cases the value of D
extracted from the water retention curve was not consistent with
the best ﬁt D value for the hydraulic conductivity. High sensitivity to
model parameters might be regarded as a drawback, but we regard it
rather as an advantage. It makes it possible to distinguish between
the efﬁcacies of different means to extract such parameters from experimental data, by accentuating discrepancies between prediction and
experiment. In particular, small changes in the value of D, if the value
of D is near three, are consistent with large changes in a pore-size
distribution.
Table 3 also indicates that the fractal dimensionality determined
from the ﬁrst regime was greater than the one calculated from the
second regime on unsaturated hydraulic conductivity curves for all
soils but sample 2530. The larger fractal dimensionality for the ﬁrst
regime seems reasonable because typically a large portion of pore
space is drained at low tension heads. Thus, the slope (fractal dimensionality) of soil water retention and hydraulic conductivity curves is
commonly steeper (larger) at high saturation than low water content.
We found that the estimation of D1 was more accurate than that of
D2 as indicated by the smaller relative error values presented in
Table 3. This might be due to a failure of some common assumptions,
e.g., of the existence of cylindrical soil pores that are perfectly wetting
(ideal contact angle) in the Young–Laplace equation, etc. meaning
that the soil water retention curve may be a more realistic representation of the pore size distribution at low tension heads than at high
ones. As Hillel (2004) explains, the contact angle of pure water on
smooth mineral surfaces is generally zero; however, where the surface
is rough the contact angle can be considerably greater than zero and
may even exceed 90°. At high tension heads where ﬁne soil particles
like clay are likely more representative, the usual assumptions may
not be valid due to clay’s complex behavior, e.g., clay particles are planar
not spherical, clay surface adsorption (cation exchange capacity) is different from that of coarser particles, e.g., silt and sand, and clay particles
are rarely completely dry (Hillel, 2004). In addition, ﬁlm ﬂow and also
corner ﬂow (Tuller and Or, 2001) may dominate capillary ﬂow at high
tension heads, making the modeling of unsaturated hydraulic conductivity more complicated. However, ﬁlm ﬂow should only be critically
important when water content approaches the percolation threshold
θt (the critical volume content).
In addition, Dullien (1975) states that soil water retention curves
measured with different methods, such as photomicrography and
mercury intrusion porosimetry are not identical. The photomicrography method gives the distribution of pore volume over all pore sizes,
while the mercury intrusion technique yields the entry pore-size
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distribution (Dullien, 1975). Pore-size distribution derived by photomicrography is closer to reality than the entry pore size provided by
mercury intrusion porosimetry (Dullien, 1975). Sahimi (2011, p. 88)
states that each pore-size distribution measurement method has
strong and weak points. For example, the success of mercury intrusion
porosimetry method requires prior knowledge of the pore space
connectivity and pore shapes (Sahimi, 2011).
Besides the fact that the soil water retention curve may not really represent the pore-size distribution, soil water retention curve modeling is
also uncertain. Crawford et al. (1995) argued that soil water retention
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curve “is a complicated function of both the pore-size distribution and
the connectivity, and does not depend in a simple way on the spatial correlation of structure.” They also concluded that the interpretation of soil
water retention curve is ambiguous because as they demonstrated a
power–law relationship between tension head and water content could
be a consequence of either a fractal pore space, a fractal solid matrix, a
fractal pore–solid interface, or a non-fractal self-similar pore–solid interface. Following Cheng et al. (2004), Deinert et al. (2008) assumed that
tension head (or capillary pressure) should be related to ﬂuid interfacial
area rather than pore diameter (or Young–Laplace equation). In accord

Fig. 4. Soil water retention and unsaturated hydraulic conductivity curves of 8 soil samples used in this study. The piecewise soil water retention model Eq. (5) was ﬁtted to the measured
data. The unsaturated hydraulic conductivity curve was predicted using unimodal (dash line; results from Ghanbarian-Alavijeh and Hunt, 2012) and bimodal (solid line; Eq. (23)) models.

136	
  
	
  

274

A.G. Hunt et al. / Geoderma 207–208 (2013) 268–278

Fig. 4 (continued).

with the Crawford et al. (1995) results, Deinert et al. (2008) found that
the exponent of the soil water retention curve fractal model is a product
of both pore volume and surface fractal dimensions.
4.2.2. Poiseuille’s law may not be valid in natural porous media
Under the condition that the threshold water content is zero
(as appears by our analysis to be appropriate for each of these soils),
the saturation-dependence of the critical pore radius tracks exactly
the saturation dependence of the largest water-ﬁlled pore. This allows
a rather precise comparison of the theoretical scaling of hydraulic conductivity with pore radius. As seen in Fig. 4, the pore size (tension head)

Table 2
The ﬁtted parameters of the piecewise PSF water retention model Eq. (5).
Soil code

2530
3380
3390
3392
4033
4172
4680
4681
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hmin (cm)

β1

D1

hx (cm)

β2

D2

ϕ2

32.0
6.3
9.0
4.7
1.0
1.5
7.5
10.0

1
1
1
1
1
1
1
1

2.900
2.962
2.958
2.983
2.986
2.981
2.990
2.989

110
400
455
230
100
100
100
490

1
1
1
1
1
1
1
1

2.964
2.935
2.928
2.958
2.953
2.925
2.948
2.950

0.312
0.280
0.260
0.330
0.350
0.346
0.522
0.537
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Fig. 5. The ﬁtted unsaturated hydraulic conductivity model (Eq. (23)) to the measured curves.

ranges between 2 and 4 orders of magnitude while the hydraulic conductivity typically changes by 3 to 6 orders in the same range of water
content. But based on Poiseuille's law adapted for self-similar fractal porous media K(θ) ∝ r3 (Ghanbarian-Alavijeh and Hunt, 2012; Hunt,
2001; Hunt and Ewing, 2009). This means that if pore sizes change between 2 and 4 orders of magnitude, the hydraulic conductivity should
change between 6 and 12 orders, if the same radius r is relevant to
both properties. This discrepancy requires additional discussion.
Table 4 records the logarithms of the ratios of the largest to
smallest pore sizes as well as the largest to smallest K(θ) values in

each regime for each soil. With our assumption that the unsaturated
dependence of the hydraulic conductivity is proportional to the
cube of the critical radius, and under the condition that θt = 0 we
should expect that the logarithms in columns 3 and 5 should be exactly three times those of columns 2 and 4. For non-zero values of θt
this ratio can be rather less than 3. Note that both the Mualem–van
Genuchten formulations (van Genuchten, 1980) and Burdine (1953)
ultimately appeal to Miller–Miller similitude (Miller and Miller,
1956) and would be consistent with the power of 2, again in the
case that a single value for a characteristic pore radius would
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Table 3
The fractal dimension values calculated by directly ﬁtting the piecewise soil water retention (Eq. (5)) and unsaturated hydraulic conductivity (Eq. (23)) models to the measured
curves.
Soil code

2530
3380
3390
3392
4033
4172
4680
4681

Soil water retention
model Eq. (5)

Unsaturated hydraulic
conductivity Eq. (23)

D1

D1

2.900
2.962
2.958
2.983
2.986
2.981
2.990
2.989

2.935
2.941
2.932
2.957
2.968
2.974
2.989
2.982

Relative error
(%)

1.2
−0.7
−0.9
−0.9
−0.6
−0.2
0.0
−0.2

characterize both ﬂow and water retention. However, inﬂuences of
both pore roughness and shape can confound this inference and the
actual relationship between the two scaling exponents depends on
the means chosen to generate the representative pore radii. For
ﬂow the controlling factor is a bottle-neck pore throat radius on a
connected path, whereas for water retention, the assumption has
been that a characteristic pore throat radius determined by local geometry dominates. If pores could be considered self-similar, one
would have a basis for asserting that these two different radii would
at least have the same dependence on mean pore volume. But if
pore shapes are irregular, there is no, a priori reason to assume that
all cross-sections will scale identically with changes in pore size.
Thus pore shape changes with size would contradict our assumption
of self-similarity. In fact, the data analyzed here imply that the ratio of
the two scaling exponents is typically less than 2. Powers signiﬁcantly
greater than 2 would clearly indicate the relevance of r3 scaling of K,
whereas powers less than 2 suggest the relevance of r2 scaling to
the hydraulic conductivity for θt = 0. The result, that 3 of the 16
cases yield a value greater than 2, is actually rather ambiguous, although at ﬁrst sight would seem to imply that r2 scaling of K is
more likely. In this context we mention the results of Priesack and
Durner (2006), who found that the exponent 3 may work much better than 2. We examine this question in somewhat greater detail next.
Poiseuille’s law is valid for incompressible, viscous and Newtonian
ﬂuids movement through a tube with constant circular cross-section
area where the ﬂow is laminar. However, in natural porous media like
soils, pores are neither perfectly circular nor uniform. Nor are they
straight and smooth. Experimental evidence of Arya et al. (1999) implies that the exponent of Poiseuille’s equation (Q ∝ r4/l, where Q is
the volume ﬂow rate) is not necessarily 4; instead they found a range
of 2.664–4.714 for soils with different textures. In addition, numerical
lattice-gas simulations in anisotropic fractures by Zhang et al. (1996)
indicate that the Poiseuille law exponent can be larger than 5. These

Table 4
Pore size scaling of the hydraulic conductivity with the range of water content given in
parentheses.
Soil
code

2530
3380
3390
3392
4033
4172
4680
4681

Soil water retention curve

Unsaturated hydraulic conductivity
curve

First regime

Second regime

First regime

Second regime

1.30
1.60
1.70
1.28
1.67
0.50
1.52
2.02

0.20
1.00
0.56
1.86
1.25
1.65
2.17
1.68

2.31
2.57
3.12
1.80
2.00
1.30
2.33
2.73

1.80
1.77
1.18
2.43
1.20
2.95
3.47
1.27

(0.31–0.42)
(0.28–0.39)
(0.26–0.41)
(0.35–0.41)
(0.35–0.41)
(0.35–0.37)
(0.52–0.55)
(0.54–0.58)

(0.30–0.31)
(0.14–0.28)
(0.18–0.26)
(0.18–0.33)
(0.25–0.35)
(0.12–0.35)
(0.32–0.52)
(0.34–0.54)

(0.31–0.42)
(0.28–0.39)
(0.26–0.41)
(0.35–0.41)
(0.35–0.41)
(0.35–0.37)
(0.52–0.55)
(0.54–0.58)

(0.30–0.31)
(0.14–0.28)
(0.18–0.26)
(0.18–0.33)
(0.25–0.35)
(0.12–0.35)
(0.32–0.52)
(0.34–0.54)

Unsaturated hydraulic
conductivity Eq. (23)

D2

D2

2.964
2.935
2.928
2.958
2.953
2.925
2.948
2.950

2.993
2.875
2.908
2.921
2.862
2.825
2.880
2.840

Relative error
(%)

1.0
−2.1
−0.7
−1.3
−3.2
−3.5
−2.4
−3.9

investigations indicate that, e.g., changes in pore roughness with pore
size can also affect the scaling of a pore conductance.
Some theoretical studies using the Navier–Stokes equation also
address the application of Poiseuille's equation in porous media
whose pores are not necessarily cylindrical. In particular, Mortensen
et al. (2005) studied the shape dependence of the hydraulic resistance using Poiseuille's law. They deﬁned a dimensionless compactness factor (C = P2 / A, where P is the perimeter and A is the area)
and a dimensionless geometrical correction factor (α = A2∆P / ηLQ
in which ∆P is pressure drop, Q is the discharge ﬂow, η is the dynamic
viscosity, L is the length, and A is the cross-sectional area). For different cross-sectional shape classes, e.g., triangular, rectangular, elliptical, and harmonically perturbed circle, their results indicated that α
is linearly proportional to C. However, the line slope and intercept
were not universal. Their result ﬁts in with our discussion, because
it implies that one should keep a numerical constant in the conductance equation, whose value diminishes with increasing deviation
from spherically-shaped pores. Again, whenever the typical pore
shape is a function of pore size, such as the case when smaller pores
are more platy and larger ones more nearly equidimensional, one
should expect a deviation from pure Poiseuille scaling, insofar as
this relationship is inferred from comparisons of water-retention
curves and the hydraulic conductivity.
In consequence of the previous discussion we suggest that more
attention needs to be paid to issues related to the suitability of
using SWRC to generate the pore-size distribution relevant for calculating the hydraulic conductivity.
4.3. Structural versus textural pores
Since the upper range of pore sizes typically corresponds to very
large pores and a small range of porosities, we might expect that
this range would represent structural pores. As argued in Hunt and
Ewing (2009, p. 288), such pores might be treated in a dual porosity
(or permeability) model (Gerke and van Genuchten, 1993). In such
a model structural and textural pores typically do not inﬂuence each
other, and the critical volume fractions for the structural and textural
pores would be independent since the ﬂow pathways are assumed to
be. Above we treated both the larger and smaller pores in the pore
space on the same footing (as though they were all textural pores),
which meant that a single threshold moisture content needed to be
chosen for both fractal regimes.
For the dual porosity treatment we chose the total water content
and the total hydraulic conductivity to be the sum of the values from
the ﬁrst and the second regimes (θtot = θ1 + θ2 and Ktot = K1 + K2).
This approach assumed independence of each regime, i.e., the pores of
one regime do not inﬂuence those of the other in the process of ﬂow,
as has been well explained in Kutilek (2004). The percolation threshold
of the medium was set equal to 0 (θt = 0). We found that the results of
the prediction of the corresponding bimodal model are fully consistent
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with those of the piecewise model developed in this study (results not
shown here). However, the piecewise approach can be used for both
structural–textural and textural–textural pore combinations.
5. Conclusion
Because a previous comparison of predicted and measured unsaturated hydraulic conductivity using percolation theory and the
pore-solid fractal model revealed the need to model a wider range
of soils, we developed piecewise functions to model soil water retention (SWRC) and unsaturated hydraulic conductivity (K(θ)) appropriate for bimodal pore size distributions. In particular, the previous
study showed that our predictions tended to underestimate the hydraulic conductivity at low moisture contents; thus it was hoped
that using a more appropriate model of the pore-size distribution
would lead to better predictions. Analyzing 8 soil samples from the
UNSODA database showed that both functional forms could ﬁt the measured water retention and hydraulic conductivity curves well in the case
of bimodal distributions. However, when the water retention data were
used to predict the unsaturated hydraulic conductivity, only the general
shape of the measured hydraulic conductivity curves was produced.
While the predictions were relatively successful for the ﬁrst regime at
higher moisture contents, the hydraulic conductivity in the second regime at lower moisture contents was, as a rule, still greatly
underestimated. Thus, even though our bimodal pore size distribution
tended to generate predictions of the hydraulic conductivity that were
closer to experimental values than an approximation using a unimodal
distribution, the fundamental problem that (K(θ)) was underestimated
at low moisture contents, remained. Just as in the previous study, we
found that our percolation theory based model is highly sensitive to the
fractal dimension D value when D approaches 3, so that a small change
(less than 4%) in D value may lead to orders of magnitude difference between the measured and predicted hydraulic conductivity curves. One
possible interpretation for the discrepancy is that some aspect of the theoretical construction is incorrect. Another possible interpretation is that
the SWRC returns a pore radius with different scaling properties (with
moisture) than is seen in the hydraulic conductivity. Since the aspects
of pore geometry that dominate the SWRC may not be precisely those
that control the hydraulic conductivity, and since a relatively small
change in D is sufﬁcient to generate an excellent ﬁt to (K(θ)), we favor
the second interpretation. Nevertheless, further investigation is required
to study the prediction of the hydraulic conductivity. In such an effort it
should be possible to eliminate the uncertainty in interpretation by
using more accurately measured pore-size distributions, e.g., from 3D
soil images. In addition, other porous medium properties, such as
lacunarity, a quantitative measure of the spatial distribution of pores,
can also be obtained from such images.
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In this study, we develop a saturation-dependent treatment of dispersion in porous media using concepts from
critical path analysis, cluster statistics of percolation, and fractal scaling of percolation clusters. We calculate
spatial solute distributions as a function of time and calculate arrival time distributions as a function of system
size. Our previous results correctly predict the range of observed dispersivity values over ten orders of magnitude
in experimental length scale, but that theory contains no explicit dependence on porosity or relative saturation.
This omission complicates comparisons with experimental results for dispersion, which are often conducted at
saturation less than 1. We now make specific comparisons of our predictions for the arrival time distribution with
experiments on a single column over a range of saturations. This comparison suggests that the most important
predictor of such distributions as a function of saturation is not the value of the saturation per se, but the
applicability of either random or invasion percolation models, depending on experimental conditions.
DOI: 10.1103/PhysRevE.86.066316

PACS number(s): 47.56.+r, 47.53.+n, 47.55.nb

I. INTRODUCTION: EXISTING MODELS FOR SOLUTE
TRANSPORT IN POROUS MEDIA

Predicting dispersion in porous media is relevant to a wide
range of problems in applied physics, such as remediation and
monitoring of toxic wastes in groundwater, cellular mitosis,
blood perfusion in the brain, chromatography, filtration,
secondary oil recovery, catalysis, the behavior of packed bed
reactors [1], degradation of building materials [2,3], tissue
physiology [4], and migration and epidemiology [5,6], as well
as heat dispersion in foams [7] and the internal dynamics
of the atom [8]. Dispersion is a process in which particles
move apart due to molecular diffusion and heterogeneities
in a vector flow field [1]. The typical approach to modeling
dispersion, particularly in the groundwater flow, which is the
focus here, is to use the partial differential equation referred to
most frequently as the advection-dispersion equation (ADE)
from continuum mechanics (in its traditional form) [9], but
known also as the convection-dispersion equation. Advection
is a process by which fluids flowing through the medium
carry solutes along passively; thus, the variability of local
flow velocities leads to a spreading, or dispersion, in a solute
plume. The ADE treats advection using a scalar product of
the local fluid velocity and the gradient of the concentration
while addressing diffusion (or hydrodynamic dispersion) using
a dispersion constant times the Laplacian operator.
For a variety of reasons, however, the ADE is not a
satisfactory model for solute transport in groundwater [10–12].
In particular, it predicts a normal (Gaussian) distribution
for solute arrival times, whereas experimental results, in
both porous and fractured media [11], typically conform
more nearly to power-law distribution tails at long times.
While such failures may not be surprising in fractured media
(which may be fractal), the reasons for such a failure in
an ostensibly homogeneous sand column are not as clear.
Moreover, the ADE underestimates solute transport at both
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short and long times as pointed out by Cortis and Berkowitz
[11]. The observed long-tailed arrival time distributions are
spatially invariant, i.e., they have the same shape for long
transport distances as for short distances [13,14]. This shape
invariance produces solute spreading (the variance of the
distribution) proportional to the square of the travel distance,
in contrast to Gaussian distributions, where the variance is
linearly proportional to the travel time (and thus distance)
[13,14]. The relevance of the long-time tail to groundwater
remediation, for example, is that the time required for toxic
waste concentrations to fall below an acceptable level may be
much greater than for a Gaussian distribution of arrival times
[15]. Essentially identical behavior has been identified in the
“dispersive transport” of photoexcited electrons in amorphous
semiconductors and polymers [13,14].
The ubiquity of this long-tailed particle arrival time distribution makes the solution to this problem for transport
in porous media and dispersive electronic transport in disordered materials widely relevant [10–14]. Many alternative
frameworks for understanding transport have been proposed,
including the fractional advection-dispersion equation (FADE)
[15–22], and the continuous time random walk (CTRW)
[10,11,13,14,23–25]. Since the FADE still underestimates
solute arrivals at short times [11] and the dispersion coefficient
of the FADE can still be scale dependent [17], its relevance
may be chiefly in the field of mathematics rather than to
actual solute transport problems. Although the generality of
the CTRW makes it an attractive and promising choice for
modelers, values for the specific parameters which govern the
truncated power-law arrival time distribution at long times are
unknown, which hinders its use for specific predictions. One
aspect of the CTRW that speaks strongly in its favor is that it
may be modified in a straightforward fashion to account for
nonconservative solutes [26], which may be quite difficult for
the treatment considered here.
In order to address the failures of the conventional ADE,
the field of groundwater hydrology has considered stochastic differential equations (stochastic subsurface hydrology
[27–35]), in which the parameters of the equation are allowed
to vary stochastically. While such techniques can, under
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ideal circumstances (constantly evolving heterogeneity with
increasing spatial scale), be made to generate a variance of the
distribution that increases faster than linearly [36], they do not
generate the required spatially invariant long tails in the arrival
time distribution. Furthermore, the existing predictions [37] of
the stochastic theory regarding the variance have also been
shown [12] to underestimate observed values in micromodel
experiments by roughly four orders of magnitude.
We have documented numerous successes of our alternative
theory for solute transport (e.g., [12,38–40]), but solute
distributions in our existing publications contain no explicit
dependence on porosity or relative saturation. This omission
complicates comparisons with experimental results for dispersion, which are often conducted at saturation less than
1. Since mixing from diffusion was addressed for saturated
conditions [39] and found to be relatively unimportant except
for the smallest length scales, diffusion was neglected in the
present extension to unsaturated conditions. Solute dispersion
appears to be more significantly affected by spatially variable
solute advection [12]. This variability is a product of the
variability of the local values of the hydraulic conductivity
(or conductances) and their correlations. The importance of
the correlations lies in their influence on the connectivity of
the local regions of higher conductance, a topic which may be
more suited to discussion in terms of percolation theory.
In the present paper, we therefore consider the saturation
dependence of the percolation model and also correct a minor
omission in the original model. We demonstrate that the
resulting calculation errors were minor, producing no discernible change in the original results. We develop analytical
expressions with explicit reference to saturation from which
solute distributions and their most important moments can
be derived numerically. Consequently, we can now make
direct comparisons with additional experiments. Finally, we
generalize the model of the medium itself in order to be able
to treat a wider range of porous media.
II. THEORY

We first provide a brief overview of the previous theory
applicable to saturated conditions, providing the context for
the modifications required to include saturation dependence
in the model. To generate a prediction for dispersion, we
choose a model of the porous medium and use it to develop
the appropriate statistical representation of the impedance
network. We then use the framework of percolation theory
(including critical path analysis) to treat the transport paths
through the network.
A. Percolation theoretic approach

Close links between the spatial variability of the hydraulic
conductivity K and solute dispersion have been noted in
the stochastic theory of flow and transport in porous media
[28–32]. Issues of flow channeling or preferential flow become
more important for more heterogeneous media, increasing the
likelihood that transport will be strongly influenced by these
optimal flow paths. The links between flow and transport
are emphasized further when the physics of transport is
examined within the context of percolation theory. We have

derived a successful method for describing dispersion in
porous media that predicts the following [12,38–41]:
(a) the observed distribution of dispersivity values over
ten orders of magnitude of length scale (consistent with over
2200 experiments) [12] and the dependences of individual
experimental results for the dispersivity on length scale and
heterogeneity [12];
(b) the temporal evolution of the variance in a series of
Borden aquifer experiments (without adjustable parameters,
or even detailed knowledge of the subsurface) [40];
(c) the observed distribution [42] of arrival times in twodimensional simulations at the percolation threshold [38],
giving also the predominant behavior of solute arrival time
tails in fracture flow [43,44];
(d) the systematic variation [12] of the exponents p (which
scale system crossing times proportional to system length
raised to the power p in dispersive transport) as a function of
the dimensionality of the relevant transport, e.g., 3D in amorphous semiconductors (ca. 1.9) [45–47] and 2D in polymers
(ca. 1.64) [48–50];
(e) the observed variability of these powers, if related to
the influence of finite-size corrections (ca. 10%) [12,41].
Note that powers of the time-length scaling greater than 1
imply a reduction in mean particle velocity with distance.
In our derivation, two fundamental connections between
solute dispersion and the hydraulic conductivity were established: (1) the predicted diminution of mean solute velocity
with increasing distances [12] corresponds to a diminution of
K with increasing length scale (verified by direct comparison
with numerical results [51]), and (2) the influence of the
experimenter on the fundamental length scale controlling the
dispersivity, as we determined in Ref. [40], is paralleled by
the role of the support volume in determining the range of
the correlations in the hydraulic conductivity semivariogram
[36,37,52]. In the case of anisotropy, an observed increase of
K with increasing length scale [36,37] is more properly interpreted as a shape, rather than as a scale, effect [53,54]. Thus,
with increasing system size, the experimental volume (which
effectively is highly nonequidimensional) accommodates a
crossover in flow path structure from one to three dimensional,
with corresponding reduction in the critical volume fraction for
percolation and associated increase in K. These relationships
are best understood within the framework of critical path
analysis from percolation theory [55], which clarifies that,
at large length scales, important flow and dominant solute
transport paths are controlled by the topology of percolation.
B. Basis for the saturation dependence of the percolation model

The explicit saturation dependence of the dispersion is
calculated assuming that pores are filled completely with
either water or air, with the distinction dependent on the
interfacial tension of the two phases as represented by the
Young-Laplace equation. This particular approximation is
common in soils, but is not necessarily justifiable and is
not typically used in other areas of research in porous
media. Thus, if warranted, later improvements to our calculations should involve the relaxation of this assumption.
While the applicability of our calculations is intended to
be restricted only to saturations for which the water phase
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is continuous, the conditions determining which experimental data were suitable for comparison did restrict severely
the range of saturation values that actually appear in our
assessment.
As the saturation of a porous medium is reduced, it is known
that two percolation transitions occur [55–57]: the first occurs
when the invading nonwetting fluid first percolates, and the
second occurs when the defending, wetting, fluid first ceases
to percolate. When the wetting fluid is water, this moisture
content is typically referred to as the residual saturation. When
the wetting fluid is reintroduced, two analogous percolation
transitions occur [55–57]. When the nonwetting fluid is air,
air entrapment is possible at the second percolation transition,
since the air phase becomes discontinuous and a connected
path for air flow no longer exists. How do these changes affect
solute transport? The latter eventuality appears to be the most
important single consideration.
But consider now also the varying physical inputs to the hydraulic conductivity as a function of saturation. The hydraulic
conductivity drops rapidly with diminishing saturation, but
for different reasons at high and low moisture contents [58].
At high saturations, the hydraulic conductivity is dominated
by pore distribution effects, for which the optimal flow paths
are governed by structural constraints, whereas at the critical
limit for saturation, the topology of the allowed flow paths is
governed by percolation theory. The theoretical changes that
we have introduced, which accommodate the changes in flow
constraints as a function of saturation, are able to distinguish
the cases of structural constraints on flow (low saturation) and
optimization of flow paths in flow heterogeneity by critical
path analysis (high saturation). In the latter case we account
for all solute transport paths, but use the structure and language
of percolation to classify them.
The local variation in transport resistance due to variability
in pore size or medium characteristics can be represented using
a master equation (see, e.g., Scher and co-workers [10] and
Sahimi [59]). Such a master equation can be transformed
to an impedance network representation [51], in which the
impedance distribution defines the local resistance to flow
[51]. Our existing development [12,38–41] starts with a
combination of critical path analysis and the cluster statistics
of percolation theory to predict the probability density function
Wp (g|x) that a given system of length x can be spanned by an
interconnected cluster of conductances with minimum local
conductance value g and cluster length equal to the system
length x (i.e., the clusters span the system). Then we use
the theory for the topology of such clusters to predict the
dependence of the cluster crossing time t(g,x) on cluster length
x, as well as on the minimal conductance value g. In this
theory the dominant parameter is the fractal dimensionality of
the percolation backbone [60]. From fundamental probability
theory we can then predict the distribution of solute arrival
times in terms of Wp (g|x) and t(g,x). Although this theory
was developed to address solute transport in a medium
where flow heterogeneity is due to variability in the local
hydraulic conductances, we are now able to treat heterogeneity
which is purely structural. The structural phase transition can
be addressed by choosing parameters that yield a narrow
distribution of local conductances for values of the saturation
near the percolation threshold.

C. Model

In prior publications, we have adopted the Rieu and Sposito
(RS) truncated random fractal model [61] of a porous medium.
While this is the simplest realistic model that could be
applied, here we prefer generalizing the existing treatment
to accommodate a somewhat wider variety of media. This
treatment is a generalization of the RS model that yields the
Tyler and Wheatcraft [62] fractal model and RS [61] model
as its limiting cases. The procedure here will be to present
the relevant arguments, and then to present the current results
alongside the older ones.
The chosen network representation here is based on a twophase (pore and solid) model. As in past publications, we
found it convenient to use a continuous distribution of pore
sizes [in terms of a probability density function (PDF)] rather
than using discrete fractal treatments [51]. In this treatment,
the PDF describing the pore sizes is written as
W (r) = kr −1−D ,

k=

(1)

D
−D
−D
rmin
− rmax

.

(2)

In natural porous media for which rmin " rmax , Eq. (2) reduces
to
D
k = Drmin
.

(3)

Only with this simplification does our treatment yield the Tyler
and Wheatcraft model [62]. However, we note that for the
purpose of examining (primarily artificial) porous media with
limited ranges of pore sizes, this approximation cannot be
used. The simplification in Eq. (3) may also compromise the
accuracy of predictions for D values much smaller than 2.
Defining porosity as the integrated pore volume between
rmin and rmax , weighted by the PDF at each value of r, and
using Eqs. (1) and (3) gives
! rmax
D "
#
BDrmin
3−D
3−D
φ=
rmax
,
(4)
Br #3 W (r # )dr # =
− rmin
3
−
D
rmin

where B is a normalization factor with units (length)−3 and a
numerical value that depends on the pore shape.
The water content as a function of r can also be defined as
! r
D "
#
BDrmin
3−D
r 3−D − rmin
.
(5)
Br #3 W (r # )dr # =
θ =
3−D
rmin

Combining Eqs. (4) and (5) with the Young-Laplace equation
(specifically, h = A/r in which A is a constant and h is the
tension head) gives the soil water retention curve (SWRC)
&
'
$
%
h D−3
, hmin < h < hmax , (6)
θ = φ−β 1−
hmin
3−D
3−D
3−D
/(rmax
− rmin
). The bounds on the
in which β = φrmax
tension are hmin = A/rmax and hmax = A/rmin .
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rmin < r < rmax ,

where k is a constant coefficient (a normalization factor), r
is the pore radius, D is the fractal dimensionality of the pore
space, and rmin and rmax are the lower and upper limits of the
(truncated) fractal distribution.
If one takes the integral of Eq. (1) from rmin to rmax and sets
it equal to 1, the constant coefficient k will be
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Our general model for the SWRC in Eq. (6) reduces to the
Tyler and Wheatcraft [62] and Rieu and Sposito [61] models
for β equal to φ and 1, respectively. This increased generality
means that it is possible to address a wider range of media. The
chief advantage here will be that we can, for a wider range of
natural media, make detailed predictions for the dispersion that
are based on specific parameters obtained from experimental
soil water retention curves. Equation (6) is consistent with a
model developed by Perrier et al. [63] in which β = V0 /VT ,
where V0 is the upper bound on the total pore volume as rmin
approaches 0 and VT is the total volume of a soil sample.
The parameters of the generalized soil water retention model
[Eq. (6)] can be extracted from an experimental soil water
retention curve (tension head h as a function of water content
θ ) [64].
The SWRC [Eq. (6)], obtained from the pore-size distribution, assumes that pores with radius greater than a given
value r are filled with air, while smaller pores are filled
with water. The Young-Laplace equation gives r = A/h as
the inverse of the tension head h, and A is a parameter
that depends on the wettability of the surface. As described
in what follows, the pore-size distribution is then used to
find the distribution of conductance values W (g), to put into
the random impedance network [51]. An important purpose
of including the development of the SWRC for the general
model [Eq. (6)] is to give a result that allows extraction from
experiment of all the relevant parameters for the prediction of
dispersion. Using an experimental SWRC to find the relevant
values of β, D, and θt cannot be expected to give valid results,
however, if the experimental SWRC does not conform to the
general model; thus we do not yet have a universal algorithm
for predicting dispersion.
From the Poiseiulle flow equation, one can generate a
conductance [51,65]
g∝

r4
∝ r 3,
l

(7)

assuming the pore radius r and pore length l are proportional
to each other, in order to conform to the requirements of selfsimilarity, consistent with use of a fractal model. The PDF
for the local conductance distribution W (g) is found from
W (g)dg = W (r)dr using Eq. (7) for g(r).
Quantities in percolation theory can be expressed in terms
of the percolation variable p, which, in continuum percolation,
is a fractional volume. In the case of variable saturation,
when one is interested in the connectivity of the wetting
phase, p is the fractional moisture content. If one is interested
in defining an optimal flow path, p must be related to a
conductance distribution. One can relate [51,55] p to the
cumulative probability distribution W̃ (g) of conductances less
than a given value g as follows:
! ∞
p = 1 − W̃ (g) =
W (g $ )dg $ .
(8)
g

The special case
pc = 1 − W̃ (gc ) =

!

∞
gc

W (g $ )dg $ ,

(9)

the percolating value of p, defines the interconnected subnetwork of the system with the largest possible value of the
minimum conductance gc [51,55].
In this case then, gc is referred to as the critical conductance
because it corresponds to critical percolation. In continuum
percolation problems the variables p and pc correspond to a
volume fraction V and a critical volume fraction Vc , respectively. We choose a continuum percolation representation since
we are interested in percolating fractions of the pore space,
and since we thereby sidestep the need to classify this space
as pore throat or pore body, as well as the need to understand
local coordination numbers of pores. The drawback is that
we cannot, a priori, make an estimate of the value of the
critical volume fraction for percolation. However, this is not
such a practical difficulty in the present case, as we will be
considering soil water retention curves, and Vc may typically
be identified with the minimum water content attained, θt [65].
Still, in the context of choosing values of exponents we will
have to reconsider the question of what kind of percolation
problem drainage corresponds to.
The pore-size distribution of Eq. (1) is a power-law
distribution, which also gives a power-law distribution for
W (g) derived from it. The likelihood that a system of length x
is spanned by a continuous path through an interconnected
cluster of conductances with arbitrary minimum value g
of the conductanc, Wp (g|x), is developed from the cluster
statistics of percolation theory [38] using the transformation
of variables given above and the power-law distribution of local
conductances W (g). The cluster statistics are given in terms of
p and pc , which can be transformed to g and gc using Eqs. (8)
and (9). The cluster volume s is transformed [38,66] to a cluster
length N by using the transformation s ≈ N 1/σ ν , where ν and
σ are universal exponents from percolation theory equal to
0.88 and 0.45, respectively, in a 3D system. Then the product
of the cluster statistics and N 3 (the Euclidean volume of a
cluster of s ≈ N 1/σ ν elements) was integrated over N > x/L,
where L is a particular value of the correlation length (to be
discussed below). The reason for the integration is that any
cluster of dimension greater than x can span the system. The
result for Wp (g|x) was found to be [38–41]
Wp (g|x) ∝

(10)

where
Ei[z] =

!

∞
z

exp[−y]
dy
y

(11)

is the exponential integral, L is a quantity related to the
correlation length but influenced by experimental conditions
as well [12,40], and the parameters a and b are given
by [38–40],
&
# $(3−D)/3 &2
&
&
g
& and b = 2 .
(12)
a = &&1 −
&
gc
ν

Here the quantity ν defines the divergence of the correlation
length in percolation theory [67,68], while the fractal dimension of the pore space D describes the width of the power-law
local conductance distribution.
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At moisture contents less than the porosity, the YoungLaplace equation implies that the conductance distribution is
effectively truncated at the largest water-filled pore. Under
these circumstances, Eq. (10) for Wp (g|x) must be rewritten

The result of these calculations using the Rieu and Sposito
pore-size distribution model for saturated conditions was [38]

Wp (g|x,θ ) ∝

! " #b "
# $
x
β − φ + θ − θt b
1
.
Ei a
b
L
β − θt

t (g|x) =

(13)

Here θt is the critical volume fraction (expressed as a moisture
content) for percolation while the other parameters retain
the same meaning as in Eq. (10). The additional saturationdependent factor in the argument of the exponential integral is
provided by a scaling argument that makes the factor equal to
1 at saturation and allows for a divergence of the correlation
length when β = φ and the moisture content takes on its
critical value. Note that Wp (g|x; θ ) is defined by Eq. (13) only
between the bounds gmax and gmin corresponding to rmax and
rmin . In keeping with the notation that expresses all quantities
in terms of the critical conductance gc , these values are
!
$3/(3−D)
β −φ+θ
gmax = gc
,
(14)
β − φ + θ − θt
!
$3/(3−D)
β −φ
gmin = gc
.
(15)
β − φ + θ − θt

Results for the saturated case can easily be obtained by
substituting θ = φ. In the limit of zero moisture content,
gmax = gmin , even though Eqs. (14) and (15) really apply only
for θ ! θt . In previous publications [38–40], upper and lower
bounds on g in Wp (g|x) were omitted. This is the omission
alluded to earlier.
The exponential integral has a logarithmic, not a
power-law, divergence at the critical conductance, as given
by the asymptotic expansion of the exponential integral
function. Thus the power-law form of the local conductance
distribution is not relevant to the asymptotic (long-time)
behavior of the arrival time distribution, since the pertinent
input from this distribution is the logarithmic divergence
[38–41]. The more important input to the distribution tail is
specified by the divergence of the arrival times at the critical
conductance (shown next) and is related to the fractal structure
of large clusters as given in percolation theory. Thus, the
structure of the medium is of little importance when compared
to the relevance of the topology of the optimal (controlling)
flow paths as defined through percolation theory [69].
The probability distribution function for solute arrival times
in a system of length x, Wp (t|x; θ ), is found using the
identity Wp (t|x; θ )dt = gWp (g|x)dg. In order to apply such
an identity, one must first have an expression for the typical
transit time t(g,x) of a cluster of length x and controlling
conductance g.
The typical time for transport along a one-dimensional path
through such a cluster is generated by isolating the effects of
cluster topology and the conductance distribution [38]. For the
latter, we found the effects on the solute arrival time by using
the conductance distribution for the entire medium as a guide.
In particular, we terminate that distribution at a minimum value
for the path and renormalize it accordingly. For the former we
referred to Ref. [60] where the typical arrival time was related
to the fractal dimensionality of the backbone.

Here the exponent Db is the fractal dimensionality of the
backbone, θt is the critical volume fraction for percolation, ν
is the exponent describing the divergence of the correlation
length, t0 is a typical pore-crossing time, and x is the
system size in terms of the length L. Since the expression
is scaled with gc , which ultimately defines the hydraulic
conductivity K, t0 itself should presumably scale with K −1 ,
since the characteristic time scale for the fluid flow is inversely
proportional to the flow rate. Equation (16) normalizes the
pore-size PDF by applying a condition on the total pore
volume, i.e., porosity. For the construction of a 1D path,
however, we now consider it preferable to normalize the
relevant PDF in terms of the total number of pores encountered
[in Eq. (17), below], explaining the need to use the two different
parameters k and B in Eqs. (1) and (4). This we regard as the
second minor correction to previous works.
If we now solve for the saturation dependence of t(g|x; θ )
for the generalized pore-size distribution model [Eq. (6)], the
result is
t (g|x; θ )

 ) *
! $ Db
gc 1−D/3 ) β−φ+θ *
−1
Dt0 
x
g
β−φ+θ−θt

=
*
) * )
L
3 − D 1 − g D/3 β−φ+θ−θt D/(3−D)
gc
β−φ+θ
(Db −1)ν

$
!
1
1
×
.
-
) *
-1 − g 1−D/3 (β − φ + θ − θt )(Db −1)ν
gc

(17)

In the absence of the factor in the denominator in the first
square bracket (from the alternate normalization), Eq. (17)
would reduce to Eq. (16) under simultaneous application of the
conditions θ = φ and β = 1. Note that all the parameters in this
equation have a physical meaning. Some, like the exponent
for the correlation length, ν, are believed to be universal for
a given flow dimension [67,68]. Others, like the exponent
for the fractal dimensionality of the backbone, are known,
under a wide range of conditions [69], to have only a limited
variability (in particular, with flow dimensionality and whether
the percolation problem is random or invasion), but could
also have a wider range of values given certain correlation
structures for the local conductance distribution [70,71].
The critical volume fraction for percolation will not, in
general, be known, but a good estimate can be made from the
SWRC, where it can be identified with the minimum water
content measured (residual water content) [65]. The fractal
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1
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dimensionality D and the parameter β can also be extracted
from the soil water retention curve.
Application of the probabilistic identity mentioned [38–41]
yields an expression for Wp (t|x; θ ). The numerical procedure
to determine Wp (t|x; θ ) is rather complicated, however, since
it involves an inversion of Eq. (17) for t(g|x; θ ), i.e., solution
of g(t). While, for any x, t(g) is single valued, g(t) is
not, and either one, two, or even three different limiting
conductance values can give the same arrival time [38].
Moreover, the existence of multiple powers of g in t(g) means
that inversion requires a numerical solution. As a consequence
of the potential multivalued nature of the solution for g(t),
our procedure generates, at small system size, inputs to large
values of the arrival time from effects of both small values
of the limiting conductance (e.g., g ! gc ) and tortuous paths
(e.g., g ≈ gc ) near the percolation threshold. Further, for small
system sizes, it also allows unusual clusters with limiting
conductance value much greater than gc to provide rapid,
relatively straight, paths of solute transport. This leads to a
narrowing of the arrival time distribution with increase in
system size x on the short-time wing of the distribution.
III. RESULTS AND DISCUSSION

In Fig. 1, we show the variation in Wp (t|x; θ ) which arises
from variation in D (essentially a proxy for flow heterogeneity)
for a typical 3D porous medium with φ = 0.4, θ = 0.4, θt =
0.08, and β = 1. The larger the fractal dimension is, the more
heterogeneous is the medium. In this study we set x/L equal to
50. In Fig. 2 we show the effects of variation in β for a medium
with D = 2.9, φ = 0.4, θ = 0.1, and θt = 0.08. As can be seen
in this figure, the arrival time distribution is rather sensitive
to the value of β = 0.42, close to the porosity, corresponding

FIG. 1. Dependence of the arrival time distribution on fractal
dimensionality D of the pore space in the generalized pore-size
distribution model for a typical 3D porous medium with φ = 0.40,
θ = 0.40, θt = 0.08, x/L = 50, t0 = 1, β = 1.0, and Db = 1.87 (random
percolation). The width of the peak increases with increasing D,
which represents increasing heterogeneity in the flow, but the slope
at long times remains the same. However, if the slope is estimated
in the vicinity of the peak, it will appear to diminish slightly with
increasing heterogeneity.

β

FIG. 2. Dependence of the arrival time distribution on the
parameter β in the generalized pore-size distribution model for a
typical 3D porous medium with D = 2.90, φ = 0.40, θ = 0.10,
θt = 0.08, t0 = 1, x/L = 50, and Db = 1.87 (random percolation). As
β is reduced from 1 towards the porosity (accompanying a transition
from the Rieu and Sposito model to the Tyler and Wheatcraft model),
the peak width narrows.

to the case that the pore-size distribution approaches the Tyler
and Wheatcraft [62] model. As β approaches φ, rmin (and also
gmin ) tends to zero so that the ratio gmax /gmin tends to infinity. It
was similarly found [65] that the percolation-based hydraulic
conductivity model is also sensitive to β, and values close
to porosity change the shape of the hydraulic conductivity
function significantly. Since the arrival time distribution is
most fundamentally related to the conductance distribution,
the impact of β on the arrival time distribution, especially for
β close to the porosity, is not too surprising. In Fig. 3 we also
show the corresponding variation with θt in a 3D medium in
which D = 2.9, φ = 0.4, θ = 0.1, and β = 1.

FIG. 3. Dependence of the arrival time distribution on the critical
moisture content for percolation, θt , in the generalized pore-size
distribution model for a typical 3D porous medium with D = 2.90,
φ = 0.40, θ = 0.10, x/L = 50, t0 = 1, β = 1.0, and Db = 1.87
(random percolation). With increasing θt a slight narrowing of the
peak occurs.
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TABLE I. The slope of the arrival time distribution at large times
for different model input parameters in 2D porous media.
Percolation
universality class

θ
θ

Random
θ

Invasion

FIG. 4. Dependence of the arrival time distribution on saturation
in the generalized pore-size distribution model for a typical 2D porous
medium with D = 1.80, φ = 0.50, θt = 0.20, x/L = 50, β = 1.0,
and Db = 1.87 (random percolation). A slight narrowing occurs with
increasing saturation.

For Figs. 1 to 3, we set the typical pore-crossing time
t0 equal to 1. Generally, as the water content decreases, t0
increases in inverse proportion to the hydraulic conductivity
[t0 (θ ) ∝ 1/K(θ )]. If one wishes to know the full effects of
changes in saturation on an arrival time distribution, this
retardation of t0 should be incorporated into the calculation,
as we show in Figs. 4 and 5. In Fig. 4, we show the variation
arising from different values of θ for a typical 2D porous
medium with D = 1.8, φ = 0.5, θt = 0.20, and β = 1. As
Fig. 4 indicates, when the water content decreases from 0.5
(saturation) to 0.3 (close to the percolation threshold), the
arrival time distribution curve is shifted to the right. We found
a time shift of six orders of magnitude in a 3D system in which
D = 2.9, φ = 0.4, θt = 0.08, and β = 1 (Fig. 5) when the
θ
θ
θ
θ

FIG. 5. Dependence of the arrival time distribution on saturation
in the generalized pore-size distribution model for a typical 3D porous
medium with D = 2.90, φ = 0.40, θt = 0.08, x/L = 50, β = 1.0
and Db = 1.87 (random percolation). A slight narrowing occurs with
increasing saturation.

φ

θ

θt

β

Power

1
1
1
1
1
1
1.99
1
1
1
1
1
1
1.99

0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6
0.6

0.6
0.3
0.6
0.3
0.6
0.3
0.6
0.6
0.3
0.6
0.3
0.6
0.3
0.6

0.2
0.2
0.1
0.05
0.2
0.2
0.2
0.2
0.2
0.1
0.05
0.2
0.2
0.2

1
1
1
1
0.63
0.63
1
1
1
1
1
0.63
0.63
1

−1.626
−1.658
−1.641
−1.714
−1.901
−2.020
−1.444
−3.736
−3.724
−3.756
−3.983
−4.040
−3.910
−3.362

saturation was reduced from 1 to 0.25. All of our results for any
given choice of percolation type (either random or invasion)
and flow dimensionality are consistent with the same slope
of the arrival time distribution at large times. However, the
peak width does depend on the parameters investigated. This
means that typical experimental investigations, which cannot
realistically generate an arrival time distribution over 5–10
orders of magnitude of time, may not be able to return the
universal slopes that we obtain. Further, experiments typically
report breakthrough curves from step function solute pulses
that relate to the integral of Wp (t|x; θ ). For this reason, we
investigated the variability of the slope that one might extract
from experimental results for a breakthrough curve.
The results for the slope in a 2D system with φ = 0.6 and
different D, θt , and β values are presented in Table I. We found
a range of −2.020 to −1.444 and −4.040 to −3.362 for the
random and invasion percolation classes, respectively, which
includes the value of −1.58 found [42] in 2D simulations and
already generated by our theory in Ref. [38]. Furthermore,
the smallest values for the slope that we obtained were
appropriate for the narrowest pore-size distributions, generally
compatible with simulation [42] (which incorporated only
topological disorder and no pore-size disorder). The minimum
and maximum slopes calculated for a 3D medium with φ = 0.4
and different D, θt , and β values are summarized in Table II
for the two random and invasion percolation classes. Ranges
of −2.118 to −1.453 and −3.218 to −2.385 were found for
the random and invasion percolation classes, respectively. The
results show that our model is also able to generate a Gaussian
distribution, which occurs when the slope of the distribution
tail is steeper than −3, as discussed in Ref. [13]. Under those
conditions the existence of the first two moments in time allows
application of the central limit theorem.
Another important result to show is the evolution of
Wp (t|x; θ ) with increasing transport distance or system size.
Figure 6 shows that as the system size increases, the time
required for particles to move through the system increases
rapidly as well, and the arrival time distribution is shifted to
the right.
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TABLE II. The minimum and maximum slopes of the arrival time distribution at large times for different model input parameters in 3D
porous media.
Class
Random
Invasion

Min
Max
Min
Max

D=1

D=2

D = 2.3

D = 2.6

D = 2.9

D = 2.95

−2.118
−2.015
−3.115
−2.958

−2.043
−1.923
−3.152
−2.907

−2.099
−1.961
−3.179
−2.801

−1.848
−1.453
−3.189
−2.469

−1.815
−1.510
−3.185
−2.415

−1.848
−1.630
−3.218
−2.385

The spatial distribution at an instant in time, Wp (x/t; θ ), is
obtained similarly to the procedure for generating Wp (t|x; θ ),
as described in Ref. [38]. Wp (x/t; θ ) can be used to obtain
the variance of the solute distribution as a function of time,
Var(t), as well as derived quantities such as the longitudinal
dispersion coefficient Dl (t) and the dispersivity αl (x). The
former is defined as one-half the time derivative of Var(t),
while the latter is given as Dl (t)/"u#, where "u# is the mean
solute velocity. If Var(t) is a power of the time, then the
time derivative is proportional to Var(t)/t. It is usual, but not
necessary, to represent the longitudinal dispersion coefficient
as a function of time. The definition of the variance in terms
of the difference between "x 2 # and "x#2 makes it convenient to
represent the dispersivity very simply as [12]
αl (x) =

"x 2 # − "x#2
.
"x#

(18)

In this procedure, it is typical, though not necessary, to
represent the dispersivity as a function of x, as written.
Experimental results are also typically given in this form.
Conversely, we can use Wp (t|x; θ ) to calculate Var(x).
The result that Var(x) is proportional to "x#2 , as established
in dispersive transport in semiconductors [13,14], leads immediately to a dispersivity that is proportional to "x#, as is
also known from groundwater studies [72]. While it has been
reported [73,74] that the dispersion coefficient is typically a
small power (sublinear) of time and that the dispersivity is
roughly a linear function of x, the necessary consequence (as

FIG. 6. Dependence of the arrival time distribution on length in
the generalized pore-size distribution model for a typical 3D porous
medium with D = 2.90, φ = 0.40, θ = 0.30, θt = 0.08, β = 1.0 and
Db = 1.87 (random percolation).

shown in Fig. 7), that the time for particles to reach a given
distance x is a superlinear function of x, has been reported only
once [75] (to our knowledge) for solute transport in porous
media, but is well known in dispersive transport [45–50]. In
particular, we have then Var(x) ∝ "x#2 and Var(x) ∝ t 1+δ , with
δ % 1 giving immediately t ∝ x 2/(1+δ) . When δ → 0, t ∝ x 2 ,
for example.
Figure 7 shows the length dependence of typical system
crossing times as derived from numerically inverting "x(t)#.
The exponents are largely determined by the assumed scaling
of time with the fractal dimensionality of the backbone (and the
variation of this scaling with the dimensionality of transport
has been confirmed in Ref. [12]), but a variability of roughly
10% is introduced by finite-size effects such as the narrowing
of the distribution with increasing transport distance. It has
already been shown [41] that the results from the simpler
fractal model (e.g., [61]) accurately describe the observed
variability of this scaling exponent in dispersive transport.
The results for the length dependence of the dispersivity
show some significant variability, but this variability nearly
disappears in the limit of large transport distance (Fig. 8).
We argue that the regime where the various predictions
coincide exhibits universal characteristics. At smaller length
scales, variation in the width of the conduction distribution, or
dimensionality of flow paths, or class of percolation problem

FIG. 7. Dependence of the typical system crossing time on
average length for a typical 3D porous medium with φ = 0.40,
θ = 0.10, θt = 0.08, β = 1.0, and Db = 1.87 (random percolation).
The range of fractal dimensionalities from D = 1 to D = 2.5 produced
insufficient change in the predicted scaling to show up clearly in this
figure.
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FIG. 8. Comparison of dispersivity values of over 2200 experiments from Pachepsky et al. [17] and Refs. [76–83] with predicted
dependences for reasonable variations in model parameters. Note
that some of these experimental values are the same ones reported in
Ref. [12]; it was important to check here whether the performance of
the theory was degraded by the correction in the limits of W (g|x),
as well as to investigate any resulting changes from model variability
(Eq. (6) vs RS model). The typical values of φ = 0.60, θ = 0.60,
θt = 0.30, β = 1, and φ = 0.3, θ = 0.3, θt = 0.08, and β = 1 were
used in 2D and 3D systems, respectively.

produces a rather wide range of predicted values of the
dispersivity, in agreement with experiments from Pachepsky
et al. [17] and Refs. [76–83]. Since the excellent agreement
has already been discussed in detail elsewhere [12,40], we will
not go into detail here. Nevertheless, we should emphasize that
the introduction of the limits on the controlling conductance
(gmin and gmax ) from the truncated conductance distributions
has restricted the range of predicted values (compared with
Refs. [12,40]) at large values of the dispersivity and small
length scales. However, it may have been unrealistic to
expect a single model (a monomodal power-law conductance
distribution) to reproduce all the observed data. Further, it is
important to reemphasize that the variability as predicted was
generated by choosing a single length scale L of 1 m. The only
possibility that we could envision to make this single length
scale relevant to all experiments (except for the micromodel
experiments at scales of millimeters) was that it was largely
determined by the experimenter, probably in the choice of the
initial volume of solution [12,40].
IV. COMPARISON WITH EXPERIMENTS

We turn to the dependence of the breakthrough curve on
saturation. Since the experimental arrival time distribution is

obtained from the derivative of the experimental breakthrough
curve, it proved necessary to develop a method to minimize
the impacts of discretization uncertainty. The quantity C/C0
(in which C is the solute concentration and C0 is the initial
concentration) is not directly
the distribution of arrival times,
!
but rather related to W (t)dt. Thus, we first invert the
measured time-based breakthrough curve to 1 − C/C0 vs time,
fit it to an appropriate function (e.g., a series of Gaussian
functions), and then differentiate the corresponding function
and multiply that by −1 to generate the arrival time distribution
W (t).
We address here primarily additional experimental comparisons made possible by the present theoretical development.
We also show that corrections and extensions of the original
theory have no significant effect on the most striking results
obtained previously.
A. Prediction of arrival time distribution at different
saturations from the breakthrough curve measured
at saturation

Three soil experiments measured by Jardine et al. [84] were
used to evaluate how the predicted arrival time distribution
compares with the experimental measurements. The physical
properties of each experiment are presented in Table III. The
interested reader is referred to the original article published by
Jardine et al. [84] for more information on the experiments.
The soil water retention curve is not available for these data
sets.
Our first task is to discuss the values of the percolation
exponents that should be used to make our predictions of
the arrival time distribution. Since the experiments were performed in three dimensions, we use values for the correlation
length and the fractal dimensionality of the backbone for
three dimensions. The case in which the medium is fully
saturated clearly requires that we choose Db = 1.87 from
random percolation, since no remnants of the topology of the
water invasion remain. In order to use the value of Db =
1.46, the appropriate percolation problem must be bond,
trapping, invasion percolation [69]. The experiments were
performed under conditions of drying. Sahimi [59] argues
that drying is a bond invasion percolation problem and that
the incompressibility of water leads to trapping. One might
thus assume that Db = 1.46 would be the appropriate choice
for all saturations less than 1 for which a connected path of
water-filled pores exists. However, such a hypothesis does not
quite work, as is seen by our comparisons with experiment.
By fitting our model to the numerically calculated arrival
time distribution obtained from experiments (as explained
above) for the saturated case (h = 0 cm) in which Db =
1.87 and θ = 0.549 (Fig. 9), we found values of D = 2.966,

TABLE III. Physical properties for column displacement experiments (Jardine et al. [84]).

Tracer
Bromide
Bromide
Bromide

Tension head
(cm)

Water content
(cm3 /cm3 )

Bulk density
(g/cm3 )

Sample length
(cm)

Sample radius
(cm)

Pore-water
flux (cm/h)

0
10
15

0.549
0.533
0.513

1.5
1.5
1.5

24
24
24

4.25
4.25
4.25

14.66
2.82
0.354
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t D/(3−D)
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Ks β−φ+θ−θ
β−θt
" β−φ+θ−θ
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$
%2
K(θ ) =
t D/(3−D) θ−θt
,
Ks
β−θt
θd −θt

FIG. 9. Comparison of the fitted and predicted arrival time
distribution model to the Jardine et al. [84] experiments with a choice
of the backbone fractal dimensionality from random percolation
consistent with complete and close to saturation (h = 0 and 10 cm)
and invasion percolation consistent with incomplete saturation (h =
15 cm) resulting from entrapped air. D = 2.966, θt = 0.15, and
β = 0.8 were found by fitting the model to the saturated arrival time
distribution.

θt = 0.15, and β = 0.8 as the best fit. In fact, Db = 1.87
describes the saturated case very well. Then we used the same
D, θt , and β values to predict the arrival time distribution for
unsaturated cases (h = 10 and 15 cm). The results shown in
Fig. 9 indicate that Db = 1.46 (from invasion percolation) is
an excellent choice for tension h = 15 cm (at saturation 93%).
But the intermediate case at 10 cm (saturation 97%) could
not be described well by the value of the fractal dimensionality
of the backbone from invasion percolation. We found that
the Db value from random percolation was more appropriate
than that of invasion percolation in prediction of the
arrival time distribution (Fig. 9). Although the experimental
arrival time distribution curve actually appears to conform
to the random percolation prediction for intermediate time
scales, the prediction was not accurate at large time scales.
Thus, at saturation 97%, the experimental results still more
closely resemble random percolation, and it is not until the
saturation drops to 93% that invasion percolation clearly
becomes a superior choice. The results obtained indicate that
the air entry value hmin might be in the range of 10 to 15 cm.
We also found that the typical pore-crossing time t0 should
inversely scale with the hydraulic conductivity t0 ∝ K −1 in

θd ! θ < φ,
θt ! θ ! θd ,
(19)

where Ks is the saturated hydraulic conductivity, and θd is the
crossover point on the hydraulic conductivity curve which
distinguishes percolation scaling from fractal scaling [65].
Note that the second form of Eq. (19), in the case that
β = φ, generates the known form of nonuniversal scaling
of the hydraulic conductivity derived by Balberg [85]. As
can be seen in Fig. 9, the time values at the peak of the
arrival time distribution (tp ) for h = 0, 10, and 15 cm
are about 20, 200, and 3000 min, respectively. Therefore,
the ratios tp (h = 10)/tp (h = 0), tp (h = 15)/tp (h = 10), and
tp (h = 15)/tp (h = 0) would be 10, 15, and 150, respectively.
The ratios K(θ = 0.549)/K(θ = 0.533) = 8.8, K(θ =
0.533)/K(θ = 0.513) = 16.4, and K(θ = 0.549)/K(θ =
0.513) = 144.1 were calculated using Eq. (19) with D = 2.966,
θt = 0.15, and β = 0.8. Thus, the same set of parameters yields
both the appropriate shapes of the arrival time distribution and
the scaling of the most likely arrival time with saturation.
B. Prediction of arrival time distribution at different
saturations from measured soil water retention data

We used six Hanford sediment experiments by Cherrey
et al. [86] at different saturations e.g., θ = 0.4 (saturation),
0.237, 0.204, 0.172, 0.139, and 0.126. Table IV shows the
selected properties of each experiment, and more information
can be found in the paper by Cherrey et al. [86]. The measured
soil water retention curve shown in Fig. 10 indicates that the
critical water content for percolation θt is about 0.074. Fitting
the soil water retention model developed in this study, Eq. (6),
to the measured data yielded D = 1.95, β = 0.4 and hmin =
4.75 cm (Fig. 10).
Although we predict the dependence of the arrival time
distribution on saturation very well for the unsaturated medium
(Fig. 12) in this series of experiments, the predicted arrival
time distribution for complete saturation (Fig. 11), which
was narrower than at unsaturated conditions, did not match
our predictions at all when we used the exponents from 3D
random percolation. The authors of [86], however, mentioned
that complications due to “wall flow,” a relatively common
problem in Hanford sediments, could be excluded. Given
that the particle-size distribution was rather coarse, however,
which is known to be a contributing cause for wall flow,

TABLE IV. Physical and hydraulic properties of Hanford sediment experiments reported by Cherrey et al. [86].

Tracer

Water content
(cm3 /cm3 )

Sample length (cm)

Sample radius (cm)

Pore-water flux
(cm/min)

Nitrate
Nitrate
Nitrate
Nitrate
Nitrate
Nitrate

0.40
0.237
0.204
0.172
0.139
0.126

20
20
20
20
20
20

2.5
2.5
2.5
2.5
2.5
2.5

10.16
9.40
3.99
1.130
0.178
0.040
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FIG. 10. The measured soil water retention curve from Ref. [86]
and retention model Eq. (6) fitted to the measured data with D =
1.95, hmin = 4.75 cm, β = 0.4, and R 2 = 0.96.

we decided to investigate the possibility that the dispersion
experiment performed under ostensibly saturated conditions
could be influenced by this phenomenon.
The problem in wall flow is that the boundary of the core
wall and the medium may be distorted by the presence of many
coarse particles, producing a region of higher porosity and
thus preferential flow. Owing to the large pores, however, this
portion of the medium is difficult to maintain at saturation.
Since it is such a small fraction of the medium, even if
it is only 80% saturated, the medium generally may be at
99% saturation, which is exceedingly difficult to distinguish
from 100% saturation. Since the boundary might thus be
unsaturated and its configuration is two dimensional, we tried
using invasion percolation exponents in two dimensions. This
produced a much closer correspondence with experiment,
except at large times, where we still overestimate particle
arrivals.

FIG. 11. Comparison of the prediction for the arrival time
distribution with experiment by Cherrey et al. [86] at saturation for
parameters consistent with the soil water retention data (D = 1.95,
φ = 0.4, θt = 0.075, and β = 0.4). The exponents from 3D random
and 2D invasion percolation are ν = 0.88 and Db = 1.87 and ν = 4/3
and Db = 1.46, respectively.

In the unsaturated cases, we also somewhat overestimate
the arrival time distribution at long time scales. There are
two possibilities: (1) At long times diffusion might eliminate
the relevance of highly tortuous paths to dispersion as
Hunt and Skinner [39] pointed out (Fig. 6 of Ref. [39]);
(2) there could be a relevance of a bimodal distribution of
local conductances. Since the Peclet number values (presented
in Table II of Cherrey et al. [86]) are in the range of 5 to 300,
convection dominates dispersion, but the effect of diffusion
may be important [59]. Furthermore, recently Bijeljic et al.
[87] generalized the continuous time random walk approach
for media showing two distinct regimes and demonstrated its
relevance. For the saturated case, we might appeal to the
distinct portions of the medium possibly implicated above.
For the unsaturated experiments, we reconsider the soil water
retention curve. In particular, a reanalysis of the soil water
retention curve plotted on log10 -log10 scale indicated two
fractal regimes (D1 = 2.030 and β1 = 0.49 for the first regime
0.12 ! θ < 0.4, and D2 = 2.943 and β2 = 0.53 for the second
regime 0.07 < θ < 0.12). Trying to verify or falsify either of
these hypotheses is beyond the scope of the present study,
however.
Note that all the parameters except the fractal dimensionality of the backbone and the exponent for the correlation
length, whose values were stipulated from percolation theory,
were derived from fitting the water retention curve. Thus, we
had no free parameters to adjust. Furthermore, we wish to
emphasize that, for the unsaturated cases, the predicted scaling
of the peak arrival times with saturation was in each case
within 50% of the observed scaling, and in two of the four
cases within 10%. As we show in Fig. 12, the time values at
the peak of the arrival time distribution (tp ) for θ = 0.237,
0.204, 0.172, 0.139, and 0.126 are near 1.3, 2.8, 9.3, 66.5,
and 300 min, respectively, meaning that the ratios tp (θ =
0.204)/tp (θ = 0.237), tp (θ = 0.172)/tp (θ = 0.204), tp (θ =
0.139)/tp (θ = 0.172), and tp (θ = 0.126)/tp (θ = 0.139) are
2.15, 3.32, 7.15, and 4.51, respectively. The ratios K(θ =
0.237)/K(θ = 0.204) = 2.39, K(θ = 0.204)/K(θ =
0.172) = 2.97, K(θ = 0.172)/K(θ = 0.139) = 4.87, and

FIG. 12. Comparison of the prediction for the arrival time
distribution with experiment by Cherrey et al. [86] at different water
contents θ = 0.237, 0.204, 0.172, 0.139, and 0.126 for parameters
consistent with the soil water retention data (D = 1.95, φ = 0.4,
θt = 0.075, and β = 0.4) and a choice of the backbone fractal
dimensionality from invasion percolation, Db = 1.46.
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K(θ = 0.139)/K(θ = 0.126) = 2.36 were calculated using
Eq. (19) with D = 1.95, θt = 0.074, and β = 0.4. Thus, in this
case, all facets of the experimental results at saturations less
than 1 were reasonably well predicted from theory, while the
saturated case may have provided the opportunity to diagnose
an experimental complication.
We also note that the predicted peak shape was dominated
by universal exponents from percolation theory, even though
the dependence of the peak arrival time was obtained from
nonuniversal scaling of the hydraulic conductivity (as a
consequence of the coincidence that β = φ). This result is
in contrast to a recent publication of Sahimi [71], in which
the nonuniversality of the hydraulic conductivity requires a
related nonuniversality in the distribution of arrival times.
While analysis of this particular experiment appears to favor
our treatment, we regard this issue as unresolved.
V. SUMMARY

We have calculated dispersion properties of solutes in
flow through porous media in a model incorporating explicit
dependence on saturation and porosity. The calculation was
originally tailored [38] to media with wide ranges of local conductances, for which critical path analysis is the appropriate
percolation-theoretical framework for flow and transport. In
the current adaptation to generate the saturation dependence
of the dispersion, we had to make the calculations suitable
for structural percolation controls, i.e., direct topological
constraints. The theoretical development is strongly influenced
by work of Stanley and co-workers [60], which shows that
characteristic system crossing times scale with system length
raised to a power equal to the fractal dimensionality of the
backbone, Db . We did not use the scaling function for arrival
times used in Ref. [60] and related publications, however. That
distribution was proposed for use in a binary medium, in which
the constituents are either highly, or weakly, permeable. In
our case we have a continuous range of local permeabilities.
The principal variability in our distribution of arrival times
arises from the variability in clusters as described by the value
of the controlling conductance, rather than in the variability
of the paths across a given cluster. Consequently, it may be
somewhat surprising that our method generated [38] such
close correspondence to simulations performed [42] at the
percolation threshold and without pore-size variations. This
success was part of the motivation for extending the existing
theoretical results to account explicitly for the effects of variable saturation, allowing tuning of a system over a range that
extends far from the percolation threshold all the way to critical
percolation.
Our method has already been shown to predict the variability of the dispersivity as a function of length scale over
ten orders of magnitude of length scale [12,40], as well as to
predict the length dependence of the system crossing times for
nonequilibrium electronic transport (dispersive transport) in
disordered semiconductors and polymers [12]. We wished to
determine whether our theory generated significant variability
in the exponent describing the (approximate) power-law tail
of the distribution. Here, we have shown that considerable
variability in such an experimentally extracted slope could be
expected, and that this variability arises from the weaker effects

of the particular heterogeneity found in given experimental
systems. We have also shown here that in one soil [84], at
least, the variation in the tail of this distribution as a function
of saturation is compatible with the variation in Db associated
with the transition from invasion percolation at incomplete
saturation (93%) to random percolation at complete saturation
(100%). In particular, with only the expected change in Db and
(more minor) changes from the explicit saturation dependence,
we were able to generate both experimental curves, holding all
other parameters constant. It should be mentioned, however,
that at 97% saturation, the agreement with random percolation
was not perfect at all time scales. We investigated a second
system (a Hanford site sediment [86]) and found that under
unsaturated conditions the dependence of the arrival time
distribution, including the time scale, was well predicted over
a saturation range of 16% to 50%. Note that in this case, all
parameters (except the fractal dimensionality of the backbone
and the exponent for the correlation length) were obtained
from comparison with soil water retention data.
Determining the explicit saturation dependence has the
added advantage of allowing an evaluation of the relative importance of the spatial variability of flow velocities compared
with explicit structural constraints from percolation theory.
Our results show very little difference between the effects
of flow and topological heterogeneity, as foreseen by Sahimi
[56,59]. However, they do show the large impact of incomplete
saturation, representable in terms of a contrast between the
applicability of random vs invasion percolation [59,69], and
this contrast is apparently verified here by comparison with
experiments.
The strong dependence of the arrival time distribution width
on the exponents of percolation theory may also allow the
diagnosis of experimental complications, such as wall flow.
Such preferential flow, by changing the flow dimensionality
from three dimensions to two, and by making the relevant
portion of the medium unsaturated, can change the relevant
fractal dimensionality of the backbone in percolation theory
from 1.87 to 1.21. Such a large diminution in the tortuosity
of solute travel paths would show up as a large reduction
in the width of the peak of the arrival time distribution.
Consequently, in contrast to media without wall flow, where the
opposite tendency is observed, the saturated medium will have
a narrower distribution of arrival times than the unsaturated
medium. Our analysis indicates at least the possibility that
wall flow was present in the Hanford sediments that we
investigated.
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VIII. GENERAL CONCLUSIONS AND DIRECTIONS
FOR FUTURE RESEARCH

All things are difficult before they are easy.
“Thomas Fuller”

Our general results indicated that fractal geometry is widely applicable, while percolation
theory is a robust approach to treat influences of disorder in structure and
interconnectivity of heterogeneous porous media, respectively. Using a very wide range
of experiments and natural porous media, we indicated that a combination of fractal
models and percolation theoretical calculations provides a potential technique to model
hydraulic and conduction properties e.g., hydraulic conductivity, air permeability,
diffusion, and dispersion. We should emphasize that all the parameters of all the models
developed in previous chapters have physical meaning which makes them predictive and
accurate, if precise characterizations of a medium e.g., 3D images are available.
In the following, we summarize briefly each hydraulic property described above in more
detail, and propose future work and research.
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9.1. Soil water retention curve prediction from particle-size distribution
Estimating the soil water retention curve (SWRC) from textural data, such as the particlesize distribution, as an easily measurable soil property, has been under investigation for
several decades. For that purpose, various empirical, semi-physical and physical methods
were developed, one of which is the fractal approach. Since fractal geometry provides a
theoretical way to predict the soil water retention curve from the particle-size
distribution, we revisited three methods of Kravchenko and Zhang (1998), Bird et al.
(2000) and Hunt and Gee (2002) available in the literature. We found that although the
Kravchenko and Zhang (1998) model is simple and straightforward, it has conceptual
errors discussed in detail above in Chapter 2. Then, we compared the Bird et al. (2000)
and Hunt and Gee (2002) models, and found the latter integrated with the nonequilibrium model of Hunt and Skinner (2005) predicted SWRC more accurately than the
former, particularly at low water contents. However, predictions of both models were
reasonably accurate at moderate tension heads. This is due to complicated factors, e.g.,
accessibility, non-equilibration condition influencing SWRC measurements, and
complications from lack of phase continuity at both wet and dry ends. In the following
we discuss such factors in detail.
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9.1.1. Finite-size effects at high saturations
Larson and Morrow (1981) indicated that the soil water retention curve depends not only
on the geometrical and wetting properties of individual pores but also upon the pores’
connections to the surface of the sample. Since pores’ connections (accessibility) depend
on the distance from the sample surface, the SWRC must be sensitive to the sample size.
In fact, pores that are close to the surface of a sample are more often accessible than
interior pores. In natural porous media some large pore bodies are connected to others via
small pore throats. These pores are not drained until a sufficiently large suction
appropriate to the largest pore throats is executed. Therefore, their volumes are assigned
to the smaller pore (body) part of the pore-size distribution (at larger suctions) incorrectly
(Larson and Morrow, 1981). Dullien (1975) also indicated that the mercury intrusion
method results in the entry pore-size distribution rather than the real one. One possible
practical way to obtain a more realistic pore-size distribution is to reduce the fraction of
less accessible interior pores by decreasing the sample size. Larson and Morrow (1981)
studied the sample thickness effect on the soil water retention curve experimentally.
Their results indicated that as the sample size decreased, the wet end of the soil water
retention curve became sharper, which is consistent with the physical interpretation of the
air entry value where air starts effectively invading through the sample. Thus, the
existence of such a disrupting point (air entry value) at the wet end of the soil water
retention curve questions the application of the continuous form proposed by van
Genuchten (1980).
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9.1.2. Non-equilibrium condition at the dry end
It is theoretically assumed that the soil water retention curve is measured under
equilibrium conditions. However, in practice this assumption becomes more unrealistic as
the soil dries (Hunt and Gee, 2003; Hunt and Skinner, 2005; Bittelli and Flury, 2009).
This lack of equilibrium means that the water that doesn’t drain when it “should” is
attributed to subsequent “equilibrium” pressures in the sequence – to pores smaller than
those that actually held it, or to residual water in the case of the final pressure.
Bittelli and Flury (2009) found errors in soil water retention curves measured with
pressure plates, and reported large discrepancies between pressure plate and dew point
meter measurements at matric potentials less than -100 kPa. Water content at -1.5 MPa as
determined from pressure plates was twice that measured by the dew point meter method.
They also indicated that the Mualem-van Genuchten (Mualem, 1976; van Genuchten,
1980) model underestimated unsaturated hydraulic conductivity determined from the soil
water retention curve measured with pressure plates for a silt loam soil sample.
In another study, Solone et al. (2012) compared traditional methods, such as Stackman’s
tables and pressure plates with the dew point technique. Their results indicated that
differences between traditional methods and the dew point method are significant only
for fine-textured soils.
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9.1.3. Contact angle assumptions
The contact angle of pure water on smooth clean mineral surfaces is generally zero, but
where the surface is rough or the fluids are moving, the contact angle can be considerably
greater than zero and may even exceed 90°. In a thorough review paper, de Gennes
(1985b) discusses static and dynamic wettings, and connects them to wettability, wetting
transitions, long-range forces (e.g., van der Waals) and fluid dynamics. For forced flow in
a capillary (pipe), de Gennes considers the experiments of Hoffman (1975), who
measured velocities for two series of fluids e.g., silicone oils (completely wetting αe = 0;
where αe is the contact angle at equilibrium) and other oils and industrial products
(partially wetting αe > 0) in a glass capillary 2 mm in diameter. Hoffman (1975)
measured an apparent contact angle (αa) by a photographic technique. Introducing a
dimensionless parameter, the capillary number w (w = 𝑢!   η/ ρg; where 𝑢! is the local
velocity, η is the fluid viscosity, ρ is the fluid density, and g is the gravitational
acceleration), Hoffman (1975) found a universal relation between w and αa (w= F(αa)
where F denotes a function). Hoffman’s experiments covered almost five orders of
magnitude of capillary numbers (and velocities). Note that αa(w) first increases, then
levels off around w = 1, αa → π.
Revisiting Hoffman’s experiments, de Gennes (1985b) found that at low velocities (w <
10-1), the Hoffman data can be represented in the form

w = ζα am

(9.1)
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where ζ is a constant coefficient, and m = 3 ± 0.5. Later, de Gennes (1988) derived Eq.
(9.1) theoretically, with m = 3 for the case of a perfectly wetting fluid.
In a second series of experiments involving partially wetting fluids, Hoffman (1975)
could still express his data in terms of the apparent contact angle αa and equilibrium
contact angle αe > 0, finding w = F(αa) - F(αe). However, a more straightforward equation
was not proposed. de Gennes (1988) related the local velocity 𝑢! to the macroscopic
velocity u through the tortuosity parameter τ > 1 (𝑢! = τu), and derived a dynamic
capillary pressure for the imbibition process:
(9.2)

pd ∝ lc w2 3τ 5 3

where pd is the dynamic capillary pressure, lc is the length of the contact line, and τ is the
tortuosity parameter. When the randomness is weak in the porous medium, de Gennes
(1988) postulated that lc would be independent of the capillary number, but inversely
proportional to pore radius. Under this condition, the de Gennes (1988) results agree with
the empirical equation that Weitz et al. (1987) proposed from experiments.

9.2. Tortuosity in saturated and unsaturated porous media
The percolation-based model proposed for saturated and unsaturated porous media has a
physical interpretation whose parameters are physically meaningful, but it is still merely
a geometrical tortuosity model. Although we found excellent agreement between theory
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and experiments shown in Chapter 3, one should note that the developed geometrical
model gives accurate results for other types of tortuosity e.g., hydraulic, and electrical (or
diffusive), only when the medium is nearly uniform. Otherwise, one should expect
geometrical tortuosity to be less than electrical (or diffusive) and less than hydraulic
tortuosity (τg < τe (or τd) < τh) as we demonstrated using the Wheatstone bridge
configuration. The theoretical relation of Einstein (Einstein, 1905) and some
experimental results indicated that electrical tortuosity τe would be equal to diffusive
tortuosity τd. However, as discussed in detail in Chapter 3, sometimes measurements of
electrical conductivity do not relate to diffusion as expected, particularly when surface
conduction enhances the electrical conductivity, or in a diffusive double layer in which
diffusion is slowed by electrokinetic drag.
We should emphasize that our geometrical tortuosity model simply accounts for those
tortuous paths on the backbone, the multiply connected part of the sample-spanning
cluster. In fact, the sample-spanning cluster through which fluid flow and transport
occurs includes two parts: backbone and dead ends. The dead-end part does not carry any
flow. However, it may play an important role in the study of diffusive tortuosity and
reactive solute transport, particularly at low solute velocity.
We suggest running more numerical simulations to study different kinds of tortuosity in
natural porous media. Our comparison with numerical simulations in this dissertation is
restricted to 2D media. Since connectivity of 3D systems is different than from 2D
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networks, we strongly recommend studying 3D images to reconstruct the pore network of
a real porous medium and recommend comparing the proposed theoretical tortuosity
framework with 3D numerical simulations as well as experimental measurements.

9.3. Air permeability modeling in porous media
For a wide range of experiments, we found that the saturation dependence of the air
permeability follows the universal power law in the air-filled porosity (less a threshold
value) with an exponent of 2, which implies that the pore-size distribution has a
negligible effect on the saturation dependence of the air permeability. This is because in a
partially saturated porous medium, the smallest pores are filled with water, and the
largest ones with air. As a consequence, water permeability would be pore-size dependent
and non-universal, and air permeability would be universal in two-phase flow. Although
we showed that the exponent in our scaling law of air permeability is universal and
depends only on the Euclidean dimensionality of the system (2D or 3D), the geometrical
and topological properties of the medium, such as pore-size distribution and average
coordination number, do affect the percolation threshold value. We treated the threshold
value as a non-universal parameter, although we showed that it could be predicted
reasonably well using the soil water retention curve.
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We also demonstrated that normalizing air permeability using a reference point at
porosity or below it resulted in an accurate numerical prefactor in our calculations.
However, experimental results for gas and solute diffusion are referenced to a diffusion
value obtained in a medium with porosity 1. Such a large porosity is outside the range of
validity of percolation treatments (and reasonable network representations). For
diffusion, we found that the combination of universal scaling from percolation theory
with that of the effective medium approach produced a precise normalizing (or
numerical) prefactor. This switch from percolation theory to the effective medium
approach requires defining a cross-over point whose value might not be universal.
Comparison of our universal scaling law with other models proposed in the literature,
such as Millington and Quirk (1960), Burdine-Brooks-Corey (Burdine 1953; Brooks and
Core, 1964), and Kawamoto et al. (2006b) revealed that our percolation-based model
could predict air permeability more accurately than others.

9.4. Gas and solute diffusion in percolation clusters
We showed that the saturation dependence of the gas diffusion in porous media follows
universal scaling with a universal exponent of 2 in 3D systems from percolation theory.
A result that universal scaling describes the behavior of a property means that effects
from the pore-size distribution are negligible. However, the effect of the pore-size
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distribution and pore-space connectivity can be seen in the percolation threshold
parameter. Our results, criticizing derivation of the pore-size distribution from gas
diffusion data, demonstrated conclusively the relevance and utility of percolation theory
to gas transport in porous media. Integrating percolation and effective medium theories
produced a numerical prefactor whose value depends on the air-filled porosity threshold
and the air-filled porosity value, εx, above which the behavior of gas diffusion crosses
over from percolation to effective medium. Using 71 experiments (632 data points) we
found that an average value of εx = 0.75, as deduced from numerical simulations of
Kirkpatrick (1973), generated accurate characterization of gas diffusion. However, one
may expect this parameter to be non-universal, meaning its value changes from sample to
sample. In order to evaluate our percolation-based model, we compared our universal
scaling model with Buckingham (1904) and Millington and Quirk (1961). The results
obtained indicated that there are systematic errors in the Buckingham (1904) and
Millington and Quirk (1961) models, in particular, an overestimation of the diffusion
constant at low air-filled porosity values. That is because of the fact that both of these
models do not include a critical air content whose effect on gas diffusion would be
particularly strong at small air-filled porosities. As a result, the effective air-filled
porosity is overestimated, and consequently, gas diffusion is overestimated as well.
The same methodology used for gas diffusion was also applied to model the saturation
dependence of solute diffusion in porous media. Solute diffusion experiments collected
from the literature were used to evaluate our universal scaling. Although there was scatter
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in the results, we found the exponent and the numerical prefactor close to 2 and 1,
respectively, indicating the robustness of our approach. An average value of 0.75 for the
cross-over point led to an accurate numerical prefactor in the modeling of solute diffusion
in porous media, similar to the results obtained from gas diffusion. However, one may
also expect this value to be non-universal.
As we cautioned, solute diffusion in porous media is affected not only by tortuosity and
connectivity, but also other factors; e.g., the interaction between solute particles and the
solid phase plays an important role. In addition, accessibility of solute molecules to some
paths in the medium can be relevant. This effect might be modeled using a different value
of the accessible porosity, i.e., a different normalization factor. Issues such as chemical
interactions and the size dependence of the diffusion entity, have not been considered in
this dissertation, and further study is still required to address them.
In both solute and gas diffusion modeling, we follow Ben-Avraham and Havlin (2000),
who assumed that diffusion is not only constrained to sample-spanning cluster, but
happens unrestrictedly in all clusters. However, Sahimi (1993a,b; 2011) argues that only
diffusion in sample spanning clusters is relevant. Further study e.g., numerical
simulations in natural porous media are required to shed light on the question as to
whether diffusion occurs in all clusters without restriction as Ben-Avraham and Havlin
(2000) suggest, or is restricted to the sample-spanning cluster as Sahimi (1993b) assumes.
In addition, the value of the threshold pc and the crossover px should be determined from
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X-ray tomographic images. Such knowledge would eliminate the option to treat the
percolation threshold as a fitting parameter. Initial numerical simulations on 3D soil
images would provide a clearer determination of the potential relevance of universal
scaling laws from percolation theory and the effective medium approach.

9.5. Unsaturated hydraulic conductivity
Without doubt, the bundle of capillary tubes approach is the most widely used method in
the literature for hydraulic conductivity modeling. The main drawbacks of such a model,
as Hunt et al. (2013b) pointed out, are that it cannot address issues of connectivity
realistically, and its associated calculation of hydraulic conductivity is based upon an
arithmetic average, which is only applicable to parallel transport. However, a complicated
heterogeneous natural porous medium looks more like a resistor network with a very
complex mixture of parallel and series resistors. Calculating the effective conductance of
such a disordered medium requires an approach that accounts for how the resistors are
connected (Hunt et al., 2013b). If the conductance distribution is narrow, effective
medium approximations are applicable. However, in the case a broad distribution of
conductances, percolation theory is more suitable.
In fact, the inconsistency between the bundle of capillary tube model and natural porous
media was noted first by Irwin Fatt (1956) more than fifty years ago. Fatt (1956) states,
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“Equations are only as valid as is the model used in their development. The two models
used in the past, the sphere pack and the bundle of tubes, have been too simple [...] The
advantages gained by being able to make rigorous derivations from the model are offset
by the failure of the model to represent accurately real porous media.” The main
objection to the parallel-tubes model was that there are no connections between the
individual tubes, such as those, which are present in network models. Of course other
problems with capillary bundle models have been noted as well, such as the assumption
of a constant cross-sectional area along the tube, e.g., Burdine (1953). More generalized
models were developed to solve this issue. For example, Mualem (1976) assumed that
two tubes are connected in series, indicating one change in cross-section. Later, Kosugi
(1999) and Hoffmann et al. (1999) proposed a general model of capillary tube bundles in
which layers of parallel tubes are connected in series. However, their model variables are
fitting parameters with no physical interpretation. A critically important property of a real
porous medium is the interconnectivity of the pore space. Pore bodies of different sizes
and shapes are connected to each other through pore throats. This feature, however,
cannot be modeled within the bundle of tubes framework where each tube spans the
entire sample. In contrast to capillary tube bundles, critical path analysis (CPA), a
powerful approach from percolation theory, can be applied to model the interconnectivity
of porous media with a broad hydraulic conductance distribution and short-range
correlations in the medium. In critical path analysis, transport in a random system is
dominated by those conductances with magnitudes slightly greater than the threshold
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conductance, the smallest possible value of the conductance for which the set of all larger
conductances still forms an infinite connected cluster (Katz and Thompson, 1987).
CPA was applied to media that could be treated within the pore-solid fractal (PSF)
approach, either as unimodal (with mono fractal regime), or bimodal (with two fractal
regimes). Predictions were developed the unsaturated hydraulic conductivity using soil
water retention data. To evaluate our unimodal model, (Ghanbarian-Alavijeh and Hunt,
2012b) we used 104 experiments from the UNSODA database, and compared with two
other models e.g., van Genuchten-Mualem (Mualem, 1976; van Genuchten, 1980) and
PSF-Mualem (Mualem, 1976; Bird et al., 2000). The results obtained indicated that our
non-universal percolation-based model predicted unsaturated hydraulic conductivity
better than the other two models. However, we found that all three models tended to
underestimate the hydraulic conductivity value at low water content (and very low values
of the predicted hydraulic conductivity). This underestimation at high tension heads could
be due to the fact that all three models investigated ignore film flow and corner flow,
which may significantly contribute to water transport in this saturation range (Or and
Tuller, 2000; Tuller and Or, 2001).In addition, as was reported, our percolation-based
model is relatively sensitive to the values of PSF model parameters. In one case, for
example, altering the pore-solid interface fractal dimension from the value 2.932
(extracted from the SWRC) to 2.885 eliminated entirely the discrepancy between
conductivity predictions and measurements. This result suggests that in order to make
accurate predictions of unsaturated hydraulic conductivity in porous media with broad
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hydraulic conductance, one must determine the percolation threshold and pore-solid
fractal model parameters, e.g., pore-solid interface fractal dimensionality, directly from
3D soil images rather than soil water retention data. Further investigation is also required
to take adsorbed water film flow into account for precise prediction of unsaturated
hydraulic conductivity at very low saturations.
Using the same terminology in Ghanbarian-Alavijeh and Hunt (2012b), we (Hunt et al.,
2013a) developed bimodal models for soil water retention and unsaturated hydraulic
conductivity curves, and compared them with 8 measured experiments collected from the
UNSODA database. Although the model was fitted well to the measurements, we found
discrepancies between measured and predicted unsaturated hydraulic conductivity curves.
Although the predictions were relatively successful for the first regime at large water
contents, the hydraulic conductivity in the second regime at lower water contents was still
greatly underestimated. As we addressed, there are two possible sources of error: (1) the
soil water retention curve may not represents the real pore-size distribution, and (2)
Poiseuille’s law may not be valid in natural porous media. The former can be addressed
by deriving the real pore-size distribution from 3D soil image analysis, as we suggested
above. The latter requires numerical simulations of flow and solution of the onedimensional Navier-Stokes equation in a rough-walled pore.
We reiterate that both uni- and bi-modal models presented are predictive, whereas the
results of the bundle of capillary tubes model are descriptive. In particular, the parameters
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of unsaturated hydraulic conductivity models developed based on percolation theory have
physical meanings, and can be determined from physical characteristics of the porous
medium. This means, within the theoretical framework we presented, one would be able
to predict unsaturated hydraulic conductivity directly from particle-size distributions, soil
water retention curves, or 3D soil images, since all parameters of the models have
physical interpretation.

9.6. Saturation dependence of dispersion in porous media
Modeling flow and solute transport in porous media attracted a great deal of attention
during the past decades. Simple and basic models were first developed based on the
bundle of capillary tubes approach. However, it was acknowledged later that such a naïve
model was not able to describe accurately hydraulic properties e.g., conductivity (Fatt,
1956; Hunt and Ewing, 2009; Hunt et al., 2013a) or contaminant transport (Rao et al.,
1976; Hunt et al., 2013b) in porous media. Hunt et al. (2013b) state, “… in a capillary
bundle there is no opportunity for transverse dispersion beyond each individual tube; that
phenomenon can only be introduced by some modification of the model that allows flow
between tubes. But this modification and its ad hoc parameters are inconsistent with the
conceptual model for longitudinal dispersion: a single capillary-bundle-based model
cannot simultaneously predict both longitudinal and transverse dispersion. This
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deficiency already indicates that we must have a conceptual model that incorporates
connectivity.”
In addition to the bundle of capillary tubes approach, the advection-dispersion equation
(ADE) was proposed (see e.g., Scheidegger, 1959; Nielsen and Biggar, 1962; Bear, 1972)
and widely applied to model solute transport in different communities, such as hydrology,
soil science, hydrogeology, etc. However, as Sahimi (1987) points out, an approach based
on the ADE is purely phenomenological and provides no insight into how longitudinal
and transverse dispersion coefficients depend on the morphology of the pore space. It was
found that the ADE model is limited to specific media (e.g., homogeneous) and particular
condition (e.g., Fickian transport) whose solute arrival time follows a Gaussian
distribution.
As has been well documented, the ADE cannot describe the long tail seen at longer times
in the breakthrough curve, known as non-Fickian transport (Scheidegger, 1959; Cortis
and Berkowitz, 2004; Bijeljic et al., 2011). The origin of non-Fickian transport could be
either heterogeneity of the medium, which results in a broad hydraulic conductance
distribution, or retardation of solute particles due to mass transfer between trapped and
non-trapped fluid phases (Bijeljic et al., 2011). However, interestingly, Gist et al. (1990)
found that although their mercury intrusion porosimetry analyses on sandstones and
carbonate rocks indicated bimodal pore-size distribution, no long-time tails were
observed in their breakthrough curve measurements. Gist et al. (1990) discussed two
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possibilities that may contribute to long-time tails: (1) when the medium is
heterogeneous, hydraulic conductance varies significantly among different regions such
that the hydraulic conductance distribution is broad, and (2) when the pore-size
distribution is narrow, hydraulic conductance heterogeneities are the result of nonuniform packing density (Sahimi, 1993b). In contrast to the ADE, which is applicable
merely to Fickian transport, one may use the continuous-time random walk (CTRW)
technique to model non-Fickian solute transport in porous media. Although the CTRW is
a promising, powerful approach with a convincing theoretical and physical framework,
predicting the breakthrough curve using this method requires a parameter whose value is
non-universal and unknown. Sahimi (2012) states that the CTRW framework is still
phenomenological since the waiting-time distribution must still be fitted to experimental
data for the purpose of predictions.
We developed a saturation dependence percolation-based approach to dispersion by
extending results obtained by Hunt and Skinner, 2008, 2010ab; Hunt et al., 2011. In such
a model, an expression was derived for the characteristic velocities along different
pathways through the network. Our approach, based on concepts from critical path
analysis, cluster statistics of percolation, and fractal scaling of percolation clusters, is
consistent with experimental results in the following ways: (1) the longitudinal dispersion
coefficient scales with Peclet number and depends on time, (2) dispersivity scales as a
function of distance, in contrast to the ADE model, (3) typical system crossing times
scale with length, and (4) dispersion is saturation dependent.
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In order to predict dispersion and/or breakthrough curves, our percolation-based model
required information such as the pore-size distribution, water content and critical water
content for percolation, porosity, and the time to cross a characteristic pore. The latter is
inversely proportional to flow rate, and can be determined if the typical pore size of the
network is known.
Our model evaluation with experiments indicated excellent results. We compared our
theoretical framework for solute transport with two experimental databases e.g., Jardine
et al. (1993) and Cherrey et al. (2003) including three and six experiments, respectively.
In the first dataset, we fitted our model to the arrival time distribution calculated from the
measured breakthrough curve at saturation, and determined the model parameters, since
the pore-size distribution data were not available. Then these parameters (e.g., fractal
dimensionality of the pore space, threshold water content for percolation and β, the
generalized soil water retention curve model parameter) were used to predict the arrival
time distribution at two other saturations (e.g., 97 and 93%) where we found very good
match with measurements. Although we applied random percolation for a saturation of
97% (h = 10 cm, where h is tension head), invasion percolation provided a perfect match
for a saturation of 93% (h = 15 cm). This transition from random to invasion percolation
is expected in a drying process (bond percolation with trapping) (Sheppard et al., 1999),
and indicates that the air entry value likely lies between 10 and 15 cm. We found that the
same set of parameters not only yielded the appropriate shapes of the arrival time
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distribution, but also scaled the most likely arrival time (the peak) with saturation
properly.
In the second dataset, the arrival time distribution was predicted using the fractal
dimensionality of the pore space, the threshold water content for percolation, and β
derived from the measured soil water retention data. Our results showed that we predicted
the arrival time distribution very well for 5 unsaturated experiments. However, we found
overestimations at long time scales. This might be due to a bimodal distribution of local
hydraulic conductances. Reanalyzing soil water retention curve indicated that there were
two fractal regimes: (1) 0.07 < θ < 0.12, and (2) 0.12 < θ < 0.40.
For the saturated case the measured arrival time distribution was narrow, and did not
agree with our prediction when we used the exponents from 3D random percolation.
However, when exponents from 2D invasion percolation were used, consistent with wall
flow at incomplete saturation, much closer correspondence between theory and
experiment was obtained. Cherrey et al. (2003) also reported that wall flow is a common
issue with Hanford sediments.
Further study is then required to develop a model addressing the effect of a bimodal poresize distribution. In addition, at long time scales, diffusion might eliminate the relevance
of highly tortuous paths to dispersion, particularly for small Peclet number. Thus,
incorporating diffusion into the dispersion model might address the observed change in
the slope at long times.
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9.7. Concluding remarks
- We identified percolation theory as a powerful, promising approach to quantify the
effect of the interconnectivity of the pore space on its flow and transport properties. We
successfully modeled tortuosity and interconnectivity of flow paths in partially saturated
porous media.
- We demonstrated that universal scaling laws from percolation theory, which are
theoretically valid above but near the percolation threshold, were, indeed, applicable to a
much broader region above the criticality.
- It was conclusively shown that the saturation dependence of air permeability and gas
diffusion follows universal scaling from percolation theory. Thus, the effect of the poresize distribution is negligible. However, the influence of pore space geometry and
structure can be seen in the percolation threshold, whose value is non-universal, and
varies network to network.
- We found that integrating the linear universal scaling of conductance from effective
medium theory, valid at large p values, with the quadratic universal scaling from
percolation theory, valid near and above the percolation threshold, generates accurate
results in modeling transport in porous media.
- We expect that the predictions of the integrated percolation and effective-medium
theory for diffusion will make it possible to demonstrate that the saturation dependences
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of solute and gas diffusion, as well as air permeability, all follow the same universal
percolation scaling law over the majority of accessible porosities (below about 0.75).
- Critical path analysis from percolation theory applied to model the saturation
dependence of hydraulic conductivity and dispersion in porous media with a broad
conductance distribution predicted those properties accurately. This robust approach also
provided direct ways, such as 3D images, to predict such properties from other
characteristics of porous media.
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