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ABSTRACT

Chadha, Ankit., Ph.D., Department of Electrical Engineering, Wright State Uni-
versity, 2019. Tapped-Inductor Buck DC-DC Conuverter.

There is a high demand for low step-down dc voltage conversions. Many con-
ventional power converters that are currently being used have a moderate conversion
ratio and this may not be sufficient to meet the demand. This can be achieved by
either cascading power converters or using converters with a low step-down conver-
sion ratio. Cascading the convertors increases the power conversion stage complexity
and increase the order of the system, while also effecting the stability. Using con-
verters with high conversion ratio seem to be a more intelligent option to root. This
dissertation tackles to analyze one such converter, called tapped-inductor buck de-dc
converter.

A tapped-inductor buck de-dc converter, capable to produce higher conversion
ratios compared to the conventional converters is used. An analysis describing a
detailed steady-state operation of the converter is provided. The expected voltage
and current waveforms across different components at different point of time during
the entire operation of the converter are analytically derived. Design equations for the
converter have also been provided. Power lost across various converter components
are predicted. The overall converter efficiency is calculated.

The dynamics of the system are predicted. For this a model of the tapped-inductor
buck de-de converter is derived using circuit averaging technique. Transfer functions
relating the output to the input and the control voltages are derived. Various poles
and zeros effecting the system magnitude and phase plots were analytically defined.

A controller closed-loop system is implemented. Various time and frequency do-
main parameters effecting the system response are measured and compared to the

open-loop system.
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All the theoretically obtained responses are implemented using MATLAB and ver-
ified using saber circuit simulator. The verified model responses from the simulations

are also validated through hardware implementation.
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1 Introduction

Obtaining a sustainable energy production at lowered costs has always been a global
priority. This has lead to many improvements in technologies. Power electronic con-
verters with their many available topologies, which help interface different energy
sources is an example of one such technology. Power electronic converters use MOS-
FETs, driven by pulse width modulated (PWM) pulses, as switches to produce output
voltage. Hence, they are named switch-mode dc-dc converters. The turn-on time and
the turn-off time of these switches play an important role deciding the characteristics
of the converter as they provide conversion ratio for these converters.

Since power electronic converters provide good conversion ratio, a proper regula-
tion of the duty cycle can help in controlling the output voltage. A controller can be
employed for such application. The main task of a controller is to sense a change in a
required quantity and provide proper compensation, when the situations asks for it.
Power electronic converters like, a de-de buck or a de-de boost converter employ such
controllers to keep the output voltage in desired range. In this proposal the converter
in question in tapped-inductor current dc-dc converter. A type III controller will be
designed and implemented on this converter and analyzed through the remainder of

this document.

1.1 Motivation

Power convertors are rapidly used in many industries. My first hand experience for
the design and implementation of one such power converter would come to me during
internship at Delphi, Kokomo. The goal of our project was to develop a power supply
for a fully functional electrical vehicle. Multiple power converter topologies were used
for stepping up and down the voltages for different requirements. A single supply in

the form of a battery is used to run the vehicle and serve the remaining entertainment



and convenience in the vehicle. For the different levels of power conversions based on
the requirements are made. Even for charging the battery the power converters are
used for fast and efficient charging. Most of the converters in the project used were
conventional buck and boost converter which provide a good voltage conversions. But
the voltage conversion in these converters are linear in nature . If higher conversion
ratios are required, cascading the converters could help us achieve the task at hand.
This not only makes the power conversion complex but also adds to the circuit density.
As each convertor stage will require its own driver and control stage. But there are
many other topologies available in the market which can provide better conversion
ratios. One such converter is a tapped-inductor buck dc-dc converter. Having this
knowledge became a motivation for me to provide a good analytical background to
the scientific community to support the use of tapped-inductor buck dec-dc converter

and make it more convenient and easily available converter in the market.

1.2 Dissertation Objectives

e Analyse the operation and derive the design equations for tapped-inductor buck

dc-de converter.

e Model the converter and characterize the tapped-inductor buck de-dc converter
by deriving input voltage-output voltage transfer function (M,) and control-to-

output voltage transfer function (7},)

e Design and implement a controller for a designed converter. This helps obtain

a tuned and controlled output.

e Use SABER circuit simulator to implement the designed converter along with

controller and verify the obtained theoretical responses.

e Using hardware implementation to verify the SABER simulations.



1.3 Overview

The following proposal has been divided in to seven different chapters

e Chapter 2: Steady-state analysis of the tapped-inductor buck dc-dc converter
running in continuous-conduction mode (CCM) has been presented. The gain
offered by the converter is calculated. Design equations have been derived.
Mathematical equations to represent the converter waveforms have been pre-
sented. Power lost across each and every parasitic is calculated. An equation
representing the over all efficiency of the converter is derived. Design example
has been used to verify the designed converter using a circuit simulator and

hardware implementation.

e Chapter 3: Steady-state analysis of the tapped-inductor buck dc-de converter
running in discontinuous-conduction mode (DCM) has been presented. The
gain offered by the converter is calculated. The effect of load on the dc gain
has also been represented. Mathematical equations to represent the converter
waveforms have been presented. Power lost across each and every parasitic is
calculated. An equation representing the over all efficiency of the converter is
derived. Design example has been used to verify the designed converter using

a circuit simulator and hardware implementation.

e Chapter 4: In this chapter a linearized-averaged model to analyze the converter

has been derived using circuit averaging technique.

e Chapter 5: The characteristics of the converter is presented. Frequency-
domain transfer functions have been derived for the same. MATLAB and circuit
simulations are used to obtain and verify the model. The model was also verified

by using the switching circuit during the hardware implementation.



e Chapter 6: Here the voltage mode control has been introduced. Loop-gain
of the converter in question is using to design the required controller. The
closed-loop was designed to satisfy common industrial standards for a controlled

converter.

e Chapter 7: The responses obtained from the over all closed-loop system
namely, the closed-loop input-to-output voltage response (M, )and closed-loop
control-to-output voltage responses (7)) were analytically derived and verified

using MATLAB, SABER circuit simulator and hardware implementation



2 Steady-State Analysis of the Power Stage in CCM

Wide voltage conversion ratio power electronic converters are in great demand, es-
pecially in applications such as data centers, point-of-load power supplies, renewable
energy sources, and battery-operated portable devices. The tapped-inductor buck
converter is capable of providing a much wider step-down than that produced by a
conventional buck converter[I]-[I0]. Here a complete steady-state analysis for con-
verter operation in continuous-conduction mode is presented. The main objectives of

this chapter are:

1. To analyze the steady-state converter current and voltage waveforms during the

switch ON and OFF intervals.
2. To determine the expressions required to design the converter components.

3. To derive the expression for the total power loss and hence the overall efficiency

of the converter.

Using a design example of a tapped-inductor buck converter, the theoretical pre-
dictions are validated through circuit simulations performed on SABER simulation

software.

2.1 Principle of Operation

The principle of operation of the tapped-inductor buck converter is similar to that
of a conventional buck converter. A circuit representing a tapped-inductor buck
dc-de converter can be seen in Fig. 2. The tapped-inductor network provides a
wide voltage step down depending on the selected turns ratio n[I]. The input and
the output terminals of the tapped-inductor are hereby referred to as primary and
secondary, respectively. The magnetizing inductance is placed across the secondary

winding of the tapped-inductor. The magnetizing inductance performs the same task
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Figure 2.1: Circuit of a PWM tapped-inductor buck converter.

as the filter inductor in traditional buck converter. The primary and the secondary

voltages and currents of the tapped-inductor are related as[I]

Up ’L.S N1
P 1= 2.1
v i, Ny’ 21)
where the turns ratio
N;
= — +1. 2.2
"=t (22)

In (2.1), v, is the primary-winding voltage, vy is the secondary-winding voltage, N;

is the number of primary turns, and N5 is the number of secondary turns.
2.1.1 Time Interval: 0 <t < DT

In this time interval, the switch S; is ON the diode is OFF. The sub-circuit rele-
vant to this time interval is shown in Fig. 2.2l The input voltage is in series with
the magnetizing inductance L of the tapped-inductor. Fig. represents the ideal-
ized theoretical waveforms of PWM tapped buck dc-de converter running in CCM.

Applying Kirchhoff’s voltage law, the voltage across L is
v, =0, =V — Vo — v, (2.3)

Since v, = (n — 1)v,,

v =V = Vo — (n—1)v,. (2.4)
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Figure 2.2: Equivalent circuit of the tapped-inductor buck converter for the interval
0<t<DT.

Solving (2.4) for the secondary side voltage or the inductor voltage produces

Vi — V¢
vy =vp = +——9 (2.5)
n
The current through the inductance L is
N - Vi=Vo, .
i) = 7 /0 vidt = 204+ 0. (0). (2.6)

Therefore, the peak-to-peak value of the current through L is

Aiy =iy (DT) — i (0) = VIR_LVO DT. (2.7)

Applying Kirchhoft’s current law, the relationship between the switch current, induc-

tor current and the secondary side current is given by
isi(t) = ip(t) —is(t). (2.8)

Since 4, = ig; and iy = (n — 1)i,, the secondary side current is related to the switch

current as

iy = (n— 1)is1. (2.9)

Substituting (2.9) into (2.84]) produces

z’L(t)'

isi(t) =ir(t) = (n = Disi(t) = =

(2.10)
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Figure 2.3: Equivalent circuit of the tapped-inductor buck converter for the interval
DT <t <T.

Substituting (2.6] into (2.10]), the instantaneous switch current is

, ir(t) _ Vi—Vo,  i1(0)
= = 2.11
is1(t) 2l t+ n (2.11)
and the peak-to-peak value of switch current is
. . . Vi —V,
Nigy = igy(DT) — ig1(0) = %DT. (2.12)

The voltage across the switch vg; and the current through the diode 7 are zero. The

voltage across the diode vp is
Up = —(US + Vo) (213)

Substituting (2.5 into (2.13]) produces

- ~1
UD:_(VI Vo+VO):_V1+(n Vo

n

(2.14)

2.1.2 Time Interval: DT <t <T

In this time interval, the switch S; is OFF and the diode is ON. The sub-circuit relevant
to this time interval is shown in Fig. [2.3] The magnetizing inductance current flows

to the output and charges the capacitor. Using Kirchhoft’s voltage law, the voltage



across the secondary winding is
vs1 = Vi — (vp +vs + Vo). (2.15)
Using KVL on the output side loop to get
vg = —Vo. (2.16)

Substitute and ([2.15)) into (2.16]) to get
v =Vi—(—(n—1DVo =Vo+Vo)=Vi+(n—-1)Vp (2.17)

and the current through the switch 7g; is zero. The voltage across the inductor is
given by

v, = —Vo. (2.18)
The current through the diode ip is equal to the sum of magnetizing inductance

current 77, and secondary side cirrent 7g.
ip(t) =ip(t) +is(t). (2.19)

Since the MOSFET switch is off the current flowing through the primary is zero. This
results in the current flowing through the secondary of the tapped-inductor buck to

also be equal to zero.
is(t) = 0. (2.20)
Therefore, the diode current flows through the inductor and is given by

in(t) = in(t) = 2 ;T vpdt —VLO(t ~ DT) +i,(DT). (2.21)

Therefore, the the peak-to-peak value of diode current is
Aip =ip(T) —ip(DT) = ——(1 — D)T. (2.22)
The voltage across the diode vp is equal to zero.
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Figure 2.4: Key current and voltage waveforms of the tapped-inductor buck converter.
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2.2 DC Voltage and current Ratios

The principle of volt-second balance states that the average steady-state dc voltage

across the inductor is equal to zero. Applying this theory to L gives

DT T
/ opdt = / vrdt. (2.23)
0 DT
From (2.5), (2.18) and (2.23), we get
VI_VOD:VO(l—D). (2.24)
n

Therefore, the dc input-to-output voltage transfer function of the tapped-inductor
buck converter in CCM is

Vo D

V; D+n(l-D) (2.25)

Mype =

Fig. shows the plot representing the variation in dc voltage gain with respect to

duty cycle. For an ideal converter, the input power is equal to the output power
Volo = Vii. (2.26)
Therefore, the dc input-to-output current transfer function is

Mipe = = =——p—— (2.27)

2.3 Minimum Inductance

At the boundary between CCM and DCM, the maximum value of inductor current
for the converter to be in CCM as obtained from ([2.6)) is

Vi—Vo _ 1 — Myvpc

Aipmar = DT =V, . 2.28
‘L NLin @ 1 Lmin My pe (2.28)
The dc currents through the load can be obtained as
1 T A max
IOB:T/ iLdt—]SZ 2z —I[(n—l). (2.29)
0

11
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Figure 2.5: DC voltage gain as a function of duty cycle at selected turns ratios.

Equation (2.29) can be simplified for Aip,q. to get
AZ‘Lmin = 2IOmin [1 - MVDC(” - 1)] . (230)

Equating (2.28)) to (2.30)), the maximum inductance the tapped-inductor can offer to

maintain the converter in DCM is given by

. RD(-Mypo) _ RyD(1-D)
" 2nfoMypo[lH+Mype (n — 1)) 2nfiMypc

(2.31)

A plot representing the boundary between CCM and DCM can be seen in Fig. [2.6
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Figure 2.6: Normalized output current as a function of the duty cycle.
2.4 Filter Capacitance

The ac components of the currents through the secondary winding and the magne-

tizing inductance flow through the filter capacitor and expressed as

) Aip Aip
o= —t — ——. 2.32
T T 2 (2.32)

Assuming r¢ is the equivalent series resistance of the filter capacitor, the voltage

across rg is given by

t 1
Vpe = Tcic = TcAiO <DT - 2> . (233)

The voltage across the capacitor is

1 Aio [t 1 Nip [
ve= = [icdt+ve) = 22 [ (5 _ o]
0

) (pp ) w0 =58 (m "f) +e(0).
(2.34)

13



i51 fps — T - T~~~ "-T"_-1-°< r i
e O O
S Ip D Is ,
Sl o~
V= Rl L RS Vo
D rC }
V,—

Figure 2.7: Circuit of tapped-inductor buck converter including the parasitic compo-
nents.

In steady-state v.(DT) = v0) making the voltage waveform a parabolic function.
As the ac component is responsible for the ripple. The total voltage across the filter

capacitor is expressed as

. t2 Tc 1 Tc
- =A ——t—- = . 2.
Vo = Ure e = 800 [2CDT * (DT 2(1) 5 ] +e(0) (2.35)

The rate of change of capacitor voltage is

dv, . t ro 1
g~ o (CDT DT 20) ' (2.36)

Setting this to zero. The minimum ac output voltage occurs at

DT

Therefore, the minimum filter capacitance is

D

Conin = 55—
QfSTC

(2.38)

2.5 Power Losses and Efficiency

An equivalent circuit representing a lossy tapped-inductor buck dc-dc converter is

shown in Fig. The resistor rpg represents the MOSFET on-resistance, Rp is the

14



diode forward resistance, V is the diode threshold voltage, and r; and r¢o are ESRs
of the tapped-inductor and the filter capacitor, respectively. During the time interval

0 <t < DT, from Fig. R.7], the inductor current on the primary winding is

i, =is1+1is (2.39)
and the secondary winding current is

i =10 +1is. (2.40)

Using (22.1)), (2.39), and (2.40)), the switch current is

. {IO 0<t<DT
151 =

0 DI<t<T. (2:41)

The rms value of switch current is

1 /T 1 /T

The conduction loss in the switch is

T'DsD
Ry

P,ps = rpsliims = rpslpD = Po. (2.43)

The switching loss is expressed as

fsCoV2 fsCoRL
P,, = ° P, 9.44
MEpe  Mype (244)

where C, is the transistor output capacitance. Therefore, the total switch power loss

is

PS'UJ
Prgpr = Prps + 5 (2.45)
By substituting (2.43)) and ([2.44)) into (2.45)) results in
rps(n —1)2D CoR
Pppr = l s ) + foCoRy Po. (2.46)

The diode current is

(2.47)

. [0 0<t<DT
=31, DT <t<T.

15



The rms diode current is

e 17
]mM:¢TAﬁMZ¢TA]Mhﬂmﬂ—D

The power loss in Rp is

(1— D)Rp

Prr = Rpl},,..= (1 — D)Rpl} = 7
L

Po.
The average diode current is

I L d L Iod 1—-D)]

p T/o ‘D T Jpr © ( )Mo
The power loss associated with the forward diode voltage Vr is

1 — D)V

FW:W@:Wﬂ—Mb:(V P,.
[0

The total power loss in the diode is

Ve R
PD—HW+RW—afJnG£+}£>%.

The magnetizing inductance current during each switching sub-interval is

D+ (1-D)

. " I, 0<t<DT
1, = n
I, DT <t<T.

The rms magnetizing inductance current is

I NEWREY L "’ 2d+ [ 13d
=/ = 2dt = | — t t
Lrms TAZL T(A (D + (1 —D)n)2° +LT0>

) IOJ (@rd—mm 1) P+

The power loss in 7, is

RL:rﬂ;mzwIKﬁ—&)D+QJg=rL<<7ﬂ—1>D+1>

D+ (1—Dn
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(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)



The current through the capacitor is
Ai, Ai,

t— 0<t< DT
DT 2 =S
o = Ad A (2.56)
1o(t — DT To
— DTI'<t<T.
(1-D)T 2 -
The rms capacitor current is
1 /T Ai
I rms — */ 2dt = — 2.57
C T Jo o \/ﬁ ( )

The ac component of the magnetizing inductance and the secondary winding currents

flow through the filter capacitor power resulting in its conduction loss given by

A2 Aig, — (n—1)Aig ]2
PT‘C = Tciérms =Tc 1;0 = TC[ ' (n12 ) ZSI] . (258)

Substituting (2.7)) and (2.12)) into ([2.58)), we get

TcRL<1 - D)2
P.c = Po. 2.59
¢ 12r2f2  °©° (2:59)
The total power loss is

Substituting (2.43)), (2.44), (2.52)), (2.55)), and ([2.59) into (2.60)) yields the total power

loss as a function of the output power as

rpsD fsCoRL
P p—
L { Ry T My pc

Ve R
+(1—D)(V2+Rj)

n2

L K(D +(1-Dpn)? 1) ot 1] | reRe(1-D)? }Po. o

Ry, 1212 f2
Therefore, the overall efficiency of the converter is

B Py B 1
- Pp+Prg Prs’
o+ s 14 L8
Po

The voltage gain of the non-ideal converter is given by

U (2.62)

nD

D= (2.63)

MVDClossy =

17



2.6 Simulation Validation of the Analysis of the Power Stage
Running in CCM in Time-Domain

A tapped-inductor buck converter with the following specifications is considered: V; =
12V, f, =100 kHz, Pp = 2.5 W, and Vp = 5 V. The tapped-inductor turns ratio is
n = 2. The parasitic of the components are r;, = 0.5 €, rpg = 55 m), Rp = 25 m{},
and Vr = 0.7 V.

The load resistance is

V2
Ry =2

=g =100 (2.64)

The required voltage gain from the specification is

v
Mype = 70 = 0.42. (2.65)
I

The duty cycle required for this gain can be calculated from ([2.25)

_ nMypc
1+ (TL — 1)MVDC

D = 0.59. (2.66)

The minimum inductance required for the converter to run in CCM can be calculated

from ([2.31))
R,(1—-D)D
Lyin = ———— = 14.38 uH. 2.67
2nfsMypc a (2.67)
Let L = 115 pH/500 m$2
The maximum inductor ripple current is
Ai Voll=D) _ 15 5 (2.68)
iLmaz = ————— = 0. : :
g 2f.L
The ripple voltage is assumed to be 2% of Vj
Vo
V. 100 0.5 mV (2.69)

The maximum ESR of the filter capacitor is given by

V.
AiLmaac

=0.72 Q. (2.70)

T'Cmaz =

18



The minimum filter capacitor is given by

Crin = = 29.41 uF

2fsTC’

(2.71)

Let C' = 160 pF/re = 50 m€). The selected MOSFET and diode were IRF540 and

MBR10100 by vishay semiconductors.

The conduction loss in the switch is

TpsD

PrDS = PO = 8.25 mW.
L
The switching loss is expressed as
sCoR
Po = 298l p 079w,
Mypc

where C, = 100 pF is the transistor output capacitance.

The total power loss in the diode is

VP, RF) Py = 0.1496 W.

PD—(l—D)<VO o

The power loss in ry, is

nZ

Po
P = ——— 1| D+1]) — =020 W.
" TL<<D+<1—D)n ) +>RL !

The power loss in the filter capacitor is

p . TcRL(l — D)2
O 2L

Py =6.07 uW.
The total power loss is

Prs=PFP,,+ Py +FPp+ P+ FPc=035W.

DS

Therefore, the overall efficiency of the converter is

FPo

—— =87.55%.
Po + Prs !

n = 100 x

19
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(2.75)
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The voltage gain of the non-ideal converter
MVDClossy = nMVDC = 0.37. (279)

Thus, the output voltage under loss operation is Vp = 4.59 V. The new duty cy-
cle to achieve Vo = 5 V is D = 0.62. The theoretical results were verified using
SABER circuit simulator. Fig. 2.8 shows the dc voltage transfer function My pc as
a function of duty cycle using and was verified through simulations. Fig. [2.9
shows the simulated waveforms of the gate-to-source voltage, drain-to-source voltage,
magnetizing inductance current, and output voltage. Fig. [2.10]shows the simulated
waveforms of the drain-to-source voltage, switch current, diode current, and diode
voltage. The average output voltage is Vp = 4.49 V. The maximum switch and diode
voltage stresses were Vg; = 17.6 V and Vp = —8.35 V|, respectively. The inductor
voltage, when the switch is ON was V;, = 3.57 V. The peak-to-peak switch current was
Aig; = 87 mA. The peak-to-peak value of the diode current was Aip; = 189 mA. The
peak-to-peak value of the magnetizing inductance current was Ai;, = 185 mA. The
theoretical and simulation results were in good agreement with each other. Fig. [2.11
shows the simulated input power and output power waveforms of the tapped-inductor
buck converter. The average input power was P; = 2.36 W and the average output
power was Pp = 2.11 W. Therefore, the overall efficiency was n = 0.89, which was in
agreement with the theoretical calculations.

The steady-state analysis of the pulse-width modulated (PWM) tapped-inductor buck
dc-dc converter in continuous-conduction mode has been performed. The steady-state
waveforms have been analyzed and the expressions to design the converter compo-
nents have been derived. The expressions for the total power loss and the overall
converter efficiency have been derived. An example tapped-inductor buck converter
was designed and simulated using SABER simulation software. The tapped-inductor

provides a much wider step-down than the traditional buck topology in single-stage
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Figure 2.8: Comparison of theoretical and simulated dc voltage gain as functions of
duty cycle.

voltage conversion.
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2.7 Experimental Validation of the Analysis of the Power
Stage Running in CCM in Time-Domain.

For the validation of the theoretical findings in previous section a tapped inductor
buck dc-dc converter was design and implemented for an input voltage of V; = 12
V, switching frequency of f; = 100 kHz, output power of Pp = 2.5 W and output
voltage Vo = 5 V. The measured parasitic resistances across the capacitor, MOSFET
drain-to-source and the tapped-inductor are ro = 0.5 Q, rp, = 0.5 Q, rpg = 55
m(). The tapped-inductor is designed for a turns ratio of n = 2. Knowing the gain
required from the converter the required duty cycle can be obtained by using .
The minimum capacitance required to make sure that the ripples are well with in
the 1% of the output voltage can be obtained from ([2.38)). The selected capacitor
has a capacitance of C' = 150 uF. The Inductance required from the tapped-inductor
for the converter to run in continuous-conduction mode can be obtained from (2.31]).
To obtain this required inductance from the tapped-inductor 0.42515IC has been
selected. The type of coil used is AWG20, with a total of 36 turns in the primary and
the secondary. The test set up can be seen in Fig. 2.12] The dc output voltage can
be measured by using a multimeter and is measured to be equal to Vp = 4.5 V. at
D = 0.59. A dc current probe can be used to measure dc values of output current,
input current and diode current and are measured to be Iy = 0.21 A, Ip = 0.45 A

and Ip = 0.24 A. From ([2.17)), the voltage across the switch is given by
Vs1 = V} + (TL — 1)VO =165 V. (280)

As seen in Fig. [2.13] the experimental results are in good agreement with theoretical

results. From ({2.14)), the voltage across the diode is given by

Vi + (n— 1)V,
vp = — IH"H Vo _gas5v. (2.81)

As seen in Fig. [2.14] the experimental results are in good agreement with theoretical

results. When the switch is on, the voltage across the magnetizing inductance as seen
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Figure 2.12: Tapped-inductor buck dc-dc converter on zero board to test its steady-
state characteristics.
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Figure 2.13: Steady-state plots of switch voltage vg; .
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Figure 2.14: Steady-state plots of diode voltage vp .

in ([2.5) is

_Vi—=VW

n

(%

=3.75 V. (2.82)
When the switch is off the voltage across the magnetizing inductance as seen in ([2.16)
is

Vs = —Vo =—45V. (283)
As seen in Fig. the experimental results are in good agreement with theoretical
results. From (2.11)), the slope of the switch current is given by

. Vi—Vo
istslope = ——57— = 16 x 103, (2.84)

As seen in Fig. [2.16] change in current over 1 us is 16 mA. Therefore, the slope is
16 x 103, which is in good agreement with the theoretical calculations. From (2.21)),
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the slope of the switch current is given by

1%
iDsbpe::«—gi? — 40 x 10°. (2.85)

As seen in Fig. [2.17, change in current over 1 us is 50 mA. Therefore, the slope is

50 x 103, which is in good agreement with the theoretical calculations.

T'DsD

P.ps = Po =22 mW. (2.86)
L
The switching loss is expressed as
sCoR
ngf L Py =4.4mwW, (2.87)
Mypc
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Figure 2.16: Steady-state plots of switch current ig;.

where C, = 180 pF is the transistor output capacitance.
The total power loss in the diode is

Pp—(1—D) <“Z+ Zf) Po = 0.720 W.

The power loss in 7, is

n2

TL<<_1>D+1>
1-D P
P = D+( " “0 _ 020 W,

RL RL
The power loss in the filter capacitor is

. TcRL(l — D>2

P = Po = 0.77 mW.
¢ 120272 © o

The total power loss is

Prs=P, .+ Pyw+ Pp+ P.p+ Pc =947.17 mW.

DS
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Figure 2.17: Steady-state plot of diode current 7p.
Therefore, the overall efficiency of the converter is
n =100 x Po T Bs 84%. (2.92)

From the measured values of input and output voltages and current the measured
efficiency of the converter is 80 % The plot representing the variation of lossy voltage
gain My pciessy for the change in duty cycle can be seen in Fig. The practical,
simulation and the theoretical results are in good agreement with each other. It
can also be noted that even thought the simulation and experimental results are in
good agreement with each other the experimental results have high ringing due to the
non-ideal inductance of the tapped-inductor. This could be compensated by using a

snubber circuit for a more practical implementations.
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Figure 2.18: Plot representing lossy voltage gain as obtained from theoretical equa-
tions, practical implementation and circuit simulation.
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3 Steady-State Analysis of the Power Stage in DCM

For applications which do not require a continuous flow of the inductor current or for
low loads, discontinuous-conduction mode can be a good option for power conversion.
In this scenario the required inductance to maintain the required output power can
be low. This helps build small compact components with lower losses. This chapter

is sorted with following the objectives in mind

1. To perform steady-state analysis of the converter in DCM and produce its cur-

rent and voltage waveforms
2. To derive the design equations for the converter components.

3. To determine the expression for the total power loss and hence the overall

efficiency of the converter.

4. To validate the converter operation and derived equations through SABER

circuit simulation.

5. To validate the converter operation and derived equations through hardware

implementation.

3.1 Principle of Operation

The circuit representing a tapped-inductor buck dc-dc converter working in DCM
can be seen in Fig. [B.I] An input voltage V; provides a input current I;. The
converter produces an output voltage Vp across the load resistance Ry, with load
current Ip flowing through it. The tapped-inductor used for storing energy has a
secondary side inductance of L. The turns on the primary and secondary sides are
N; and Nj respectively. The voltages across the primary and secondary are v, and

v, respectively. The currents flowing through the primary and secondary side of the
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Figure 3.1: Circuit of a tapped-inductor buck PWM dc-dc converter.

tapped-inductor are i, and ¢s respectively. The relationship between the voltages,

currents and the turns ratio is given by

L —— (3.1)

Vs 1
The converter also has semi-conductive switches like MOSFET S; and diode Dj.
These semi-conductive switches along with the tapped-inductor help in the power
conversion. To understand and analyze the working of the converter in DCM, the
converter operation is broken down into three different time intervals. These time
intervals are divided based on the operating states of the two MOSFET and diode
switches. The following section help breakdown the operation of the convertor in

different time intervals
3.1.1 Time Interval: 0 <t < DT

During this time interval the gate-to-source voltage to the MOSFET switch Sy is
high. Therefore, the switch is in ON-state. As the MOSFET is shorted the voltage
across it is zero. This also leaves the cathode of the diode with high voltage, while

the anode is grounded. This causes the diode to reverse bias. The diode switch is
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now in OFF-state. The circuit representing the convertor during this time interval
can be seen in Fig. 3.2l Applying the Kirchhoff’s voltage low the voltage across the

inductor L is given by

Vi— Ve
v =0, =V = Vo —v, = In 9. (3.2)

The current flowing through the magnetizing inductance L is

, 1 Vi—Vo, .
ZL(t) = Z/() ULdt = ITLL Ot, ZL<O) =0. (33)

The peak-to-peak value of the inductance current is

Aip = ig(DT) — iy (0) = an_LVO DT. (3.4)

Since the switch is in ON-state during this time interval, the voltage across the MOSFET

vg; is zero. The instantaneous value of switch current is

ir(t) _ Vi—Vo

isi(t) = 2t is(0) = 0, (3.5)

and the peak-to-peak value of the current through the switch is

Vi—Vo
n2L

Aigi = ig1(DT) — ig1(0) = DT. (3.6)

Applying Kirchhoft’s voltage law, the voltage across the diode Dy is

‘/[‘i‘ (TL— 1)VO

n

Up = —(Us + Vo) = (37)

Since the diode switch is open, no current flows through it. Therefore, ip = 0.
3.1.2 Time Interval: DT <t < (D + Dy)T

During this time interval the gate-to-source voltage of the MOSFET switch S; is
low. Therefore, the switch is in OFF-state. As the MOSFET is open no current will
be flowing through it therefore, the current ig; = 0. The diode is for forward biased

and this causes the cathode to ground. Now the diode is shorting and the voltage
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across the diode is zero. The circuit representing the converter in this time interval

can be seen in Fig. Applying the Kitchhoff’s voltage law across the inductor.

v = —Vo. (38)

Since, the MOSFET is open, no current flows through the primary and the secondary
turns of the tapped-inductor buck. The current flowing through the magnetizing

inductor is equal to the current flowing through the diode and is given by

in(t) = ig(t) =~ [ ng:-‘f(t — DT)+in(DT). (3.9)

L Jpr

The peak value of inductance current for the converter in DCM can be measured at

time t=DT and is equal to the initial or peak value of diode current. Substituting

into .

. . Vo Vi—Vo
t)=1ir(t)=——(t—-DT)+ ———=DT. 3.10
in(t) = ir(t) = —2(t = DT) + (3.10)
The peak-to-peak value of diode current is
Ve
Nip = Aij, = TODlT. (3.11)

Since the diode is in ON-state and the MOSFET is in OFF-state, the voltage vp across
the diode is zero and the current flowing through the MOSFET ig; is zero. Applying

Kirchhoff’s voltage law, the voltage across S is

vs1 = Vi — (vp +vs + Vo) =Vi+ (n = 1)Vp. (3.12)

3.1.3 Time Interval: (D+ D)7 <t<T

During this time interval the gate-to-source voltage across the MOSFET continues

to stay low. The current in the inductor drains completely to the output side of the
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Figure 3.3: Sub-circuit of the tapped-inductor buck converter for the interval DT <
t <(D+ Dy)T.

converter and no current flows through the inductor nor the diode. This discontinuity
in the inductor current lead to the discontinuous conduction mode of the converter.
Both the MOSFET and diode switches are open and no current flows through them.

Kirchhoft’s voltage law can be used to calculate the voltage across the switch.
vs1 =V = Vo. (3.13)
The voltage cross the diode vp is

Up = —Vo. (314)
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Figure 3.4: Sub-circuit of the tapped-inductor buck converter for the interval (D +
D)T <t<T.
Using the derived equations, the voltage and current waveforms of the tapped-inductor

buck de-de converter can be predicted as seen in Fig. [3.5]

3.2 DC Voltage and Current Ratios

The average steady-state voltage across an inductor is zero, as stated by the principle

of volt-second balance.

DT (D+D1)T
/ vpdt = / vrdt. (3.15)
0

DT

From (3.2)) and (3.8)), we get
Vi—=Vo

n

D = VoDy. (3.16)

Therefore, the dc input-to-output voltage transfer function of the tapped-inductor

buck converter in DCM is

Vo D
M. = < =-_ - 3.17
vDC = = B aD, (3.17)
For an ideal converter, the input power is equal to the output power
Volo = Vii;. (3.18)
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Figure 3.5: Key current and voltage waveforms of the tapped-inductor buck converter.
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Therefore, the dc input-to-output current transfer function for a tapped-inductor

buck in DCM is
Io D +nD;
M = ="\ 3.19
e =7 D (3.19)

Applying Kirchhoft’s current law, at the output node of the tapped-inductor current

1 /T
]O:T/o ZLdt—IS: 9

— Ii(n—1). (3.20)

Substituting (3.4)), (3.17)), and (3.19)) into (3.20)), /o is obtained as
~ VoD*(1 — Mypc)

Ip = 21
O mELfME (3.21)
This can be rearranged to form
2n2Lf M2 polo

D = . 3.22
J (1= Mypc)Vo (3:22)

At the boundary between CCM and DCM][13].

D

Mypes = b (3.23)

D B+ n(l - D B) ’
Substituting (3.23)) into (3.22)), the duty cycle at boundary condition is a quadratic

equation given by

(n—1)D% — (2n — 1)Dg +n (1 — 2£SL> = 0. (3.24)

The duty cycle at boundary condition is

2n—1—\l (20— 1)% + dn(n — 1) (2st _ 1)

Dp= T . (3.25)

A plot on the effect of the normalized load on the duty cycle to maintain the required
voltage gain can be seen in Fig. [3.6l As can be noted unlike in the continuous
conduction mode, the output is no longer independent of the load in discontinuous
conduction mode. The increase in load requires a increase in duty cycle to maintain

the required voltage gain.
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Figure 3.6: Duty cycle as a function of normalized load Ip/(Vo/2n?f,L) at different
valuers of My pc.

3.3 Power Losses and Efficiency

To calculate the overall power lost in the converter, the parasitic losses across the
components are represented as seen in Fig. |3.7, The parasitic on-resistance of the
MOSFET is rpg. The parasitic resistive loss in the tapped-inductor is ;. The ESR
of the filter capacitor is represented as rc. The parasitic resistance of the diode Dy
is Rp and the forward diode voltage is Vr. The power lost across each and every
component can be calculated by first calculating the rms value of the current flowing
through these parasitic. The power is then calculated as the product of squared

current flowing through the parasitic and the resistance offered by each of them. The
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Figure 3.7: Circuit of tapped-inductor buck converter including the parasitic compo-
nents.

rms value of switch current is

1 /T
[Slrms == T/O Z%ldt

(3.26)
VDT ( 1 ) [D
N n?L MVDC -1 ’
Substituting (3.6) into (3.26]), we obtain
2R My pc \/2 (1 - Mype)
Isipms = 1 . 3.27
51 OJ 3n Lf.R; (3.27)
The conduction loss in the switch is
2rpsMype [2(1 — Mype)
P.ps=rpslz,. .= Po. 3.28

The switching loss is expressed as

fSOOV2 fSOORL
P, = 0 = Po, 3.29
MEpe — Mype  © (3.29)

where C, is the transistor output capacitance. Therefore, the total switch power loss
is
PS’LU

Prer = Pups + =" (3.30)

Substituting (3.27) and (3.29) into (3.30]) results in

2R M 2 (1— M

RyMypc [2( VDC)+fOCQORL P, (3.31)
3n LfsRy 2My pe
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Using (3.10]), the rms value of diode current is

1 (D1+D)T . V0D1 D1
Iprms = */ 2dt = —_—.
b \/T D ‘D Lf, \ 3

Substituting (3.19) and (3.21)) into ([3.32])

1|81~ Mypc)®
Iprms = Vi .
v OJ 3RL\I LfRy

The power loss across Rp is

Rr | 8(1—Mypc)?
Prr=Rpl? =—"\|~ "% p,
RF F+LDrms 3 \l LstL O
The average diode current is
o] (D+D)T gt — Vo D? ( 1 1)2
D=7 Jor et = 2n? f, L \ My, DC

Substituting (3.21]) into (3.35)), we get
Ip =1o(1 — Mype).

The power loss associated with the diode forward voltage Vg is

v
Pyp=Vplp = V*F(l — My pe)Po.
o

The total power loss in the diode is

Pp = Prp+Pyrp=

RFJ 8(1— My pe)?
3

The rms value of current flowing through the inductor parasitic is

1 oT (D+DOT
Itirms = T </0 15, dt + /DT zLdt>
D+ D
- Am/n;l.
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Substituting (3.19)) and (| into ( , we obtain

. (n2 — 1)MVDC +1 8(1 — MVDC’)
[Llrms - VO .

The power loss in 7, is

P :TLI%rms
8(1—MVD0)

PH.
9f,LR, ©°

=7y {(nz — 1>MVDC + 1}

The total power loss is
Prs = P.ps + Psw + Pp + Prr.

Therefore, the overall efficiency of the converter is

PO_ Py B 1
Pr _P0+PLS_1+@
Po

77:

The average value of input current is

D*(V;—Vp)  D*Vo ( 1 1)

dt= =
T/ ZSI 2n2fs 2n2st MVDC

The required power from the input is

D2Vo[,< 1 _1>

P =V =
T i 2 f.L

My pc

The reflected power at the output is

The efficiency can now be defined as

e 2n? f,LMZ o

P, D?R(1- Mype)

For a lossy converter, the required duty cycle is

. 2n2LfsMx2/Dc]0
n(1— Myvpc)Vo
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Figure 3.8: Duty cycle as a function of normalized load Ip/(Vp/2n?fsL) for a lossy
converter.

For a lossy converter, the duty cycle at boundary condition is

8L fsn
Ry,

2n+77—2—\/172—|—[n2+n (n—2)—n+1]
Dp=

— (3.49)
2<n—|—77—2—n+n>

A plot representing the effect of the normalized load on the duty cycle for a lossy

converter is shown in Fig. |3.8
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3.4 Simulation Validation of the Analysis of the Power Stage
Running in DCM in Time-Domain.

To validate the obtained theoretical results a SABER circuit simulator was used. A
tapped-inductor buck for the following specification was considered: An input voltage
of Vi = 12 V, converter switching frequency f; = 100 kHz, output power Pp = 2.5
W and output voltage of Vo = 5 V. The tapped-inductor turns ratio is n = 2. The
parasitic of the components are r;, = 0.5 €2, rps = 55 m2, Rp = 25 mf, and Vi = 0.7
V.

The load resistance is

Vo

= -0 _100Q. .
R =5 =10 (3.50)

The required voltage gain from the specification is
Mype = — = 0.42. (3.51)

The maximum duty cycle required at the boundary between CCM and DCM for this

gain can be calculated from (2.25|)

nMypcs (3 52)

Dy = = 0.59.
P+ (n —1)Mypes

The maximum inductance required for the converter to run in DCM can be calculated

from ([2.31))
R (1-D)D

Lipaw = = 14.38 uH. 3.53
2nfsMypc H (3:53)

Let L =5 pH/55 mS2
The duty cycle required for the required normalized load and for an efficiency ¢ = 0.9

is

2L fo M2 o1,
p— |2 LiMipclo o7 (3.54)
n(1 — Mypc)Vo
The maximum inductor ripple current is
. (Vi —Vo)D
Niomar = ————— = 1.3 A. .
10 n2Lf5 3 (3 55)
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The ripple voltage is assumed to be 1% of Vo

Vo

Vr=100 "

50 mV.

The maximum ESR of the filter capacitor is given by

v
maz = ———— = 0.04 Q.
e AZOmaa:
The minimum filter capacitor is given by
D
Cin = —— = 46.25 uF
2f sT'c K

(3.56)

(3.57)

(3.58)

Let C' = 47 uF/rc = 30 mQ. The selected MOSFET and diode were IRF540 and

MBR10100 by vishay semiconductors.

The conduction loss in the switch is

2rpsMypc [2(1 — Mype)
P.ps= Po =9.27 mW.
Ds 3n ¢ Lf.R, © o
The switching loss is expressed as
sCoR
P = 29F L p 050 mw,
My pc

where C, = 100 pF is the transistor output capacitance.

The total power loss in the diode is

Rr |8(1—Mypc)® Ve
Pp=|—\——FFF"""+—(1-M Po =0.215 W.
P73 J LhR, vy Mvoc) | Fo
The power loss in 7, is
8(1—Mype)
— 2 _ _
Py =ry (0 = )Mype + 1] =022 LR, fo=1726mW.

The total power loss is

Pog =P, .+ P+ Pp+ Py =023W.

DS
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Therefore, the overall efficiency of the converter is

Po
=100 x ———— = 91%. 3.64
1 Pt P 0 (3.64)
The voltage gain of the non-ideal converter
MVDC’lossy = nMVDC = 0.38. (365)

Thus, the output voltage under loss operation is Vp = 4.56 V. The new duty cycle to
achieve Vp =5 V is D = 0.62. The obtained simulated drain-to-source voltage, diode
voltage and voltage across inductor waveforms can be seen in Fig. [3.9] The measured
value of the voltages across the MOSFET drain-to-source, diode and the magnetizing
inductor during the first time interval are zero, vp = —8.49 V and vy, = 342 V
respectively. The calculated values from equation and are zero vp = —8.5
V and vy, = 3.5 V. During the second time interval the voltages are vg; = 16.89 V,
zero and vy, = —5.35 V respectively. The calculated values as obtained from equations
and are vg; = 17 V, zero and vy = —5 V respectively. During the third
time interval the measured values of voltages are vg; = 6.87 V, vp = —5.07 V and
zero respectively. The calculated values as obtained from equations and
are vg1 = 7 V, vp = —5 V and zero respectively. The inductor current, MOSFET
and diode switch currents can be seen in Fig. [3.10[ During the first time interval the
measured slope of the current flowing through the MOSFET, diode and the inductance
are 0.345 A/us, zero and 0.679 A /us respectively. The calculated values as obtained
from equations and are 0.345 A/pus, zero and 0.679 A/us respectively.
During the second time interval the current slopes are zero, 1.063 A/us, 1.097 A/us
respectively. The calculated values as obtained from equation are zero, 1.063
A/ps, 1.097 A/us respectively In the third time interval no current flows through any
of the switch nor the inductance and thus, they are zero in all the three cases. The
measured efficiency of the converter is 90 %. The obtained simulated results are in

good agreement with the theoretical calculations
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Figure 3.9: Simulated waveforms of the drain-to-source voltage, gate-to-source volt-
age, diode voltage, and voltage across inductance.

48



(4] t(s)

ik
L
(A) D t(s)
=1
L
(A D1is)
: : i0
EU | .............. ....... T TR ......................
Sl 5 CrE s T SEPTER B SRR
oo T : e o
| | [ |
4.24m 4. 25m 4. 261m 4.27m
tis)

Figure 3.10: Simulated waveforms of the inductor current, switch current, and diode
current.
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3.5 Experimental Validation of the Analysis of the Power
Stage Running in DCM in Time-Domain.

For the experimental validation of the converter running in DCM the similar spec-
ification from the previous section is used. To maintain the converter in DCM a
tapped-inductor is designed for 5 uH inductance. To maintain the required amount
of current a P-type 18/11 core ferrite core was used. The primary to secondary turns
ratio was maintained at N; /Ny = 1. The measured DC parasetic was r;, = 0.5 . The
selected capacitor to maintain the output ripple is 47 puF. The measured DC parasitic
across the capacitor is rc = 0.5 Q. To withstand the stresses across the switches the
selected semi conductive switches are IRF640 and MUR10100. A high bandwidth
driver IR2117 was used for switching the MOSFET. HP6266B DC power supply was
to power up the the converter and can be used to provide input voltage between 0-40
V and currents between 0-5 A. A Tektronix AFG3251 function generator was used to
produce pulses for the driver input and HP E3631A power supply was used to power

up the driver. The voltage and current profile can now be verified as seen in Figs.

[3.13] [3.14 and [3.15] The voltages and current profile in the first time interval are as

follow. From ({3.7), the voltage across the diode is given by

Vit (n- DV

n

UVp =

= 85 V. (3.66)

Since the diode is in off state the current flowing though it is zero. When the MOSFET
switch is on the voltage across the switch is zero. The slope of the current flowing

through the MOSFET is given by

. Vi—"Vo
ZSlslope = W =0.35 A/,LLS (367)

Voltage across the magnetizing inductance as seen in (3.2) is

Vi -V,
vy =—+—2 =342V, (3.68)

n
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The slope of the current flowing through the magnetizing inductor is

Vi -V,
i Lslope = InL © —0.7 A/ps. (3.69)

During the second time interval the MODFET is off and the diode is on. Therefore,
the voltage across the diode and the current flowing through the MOSFET are zero.

The voltage across the MOSFET switch is given by
vs1=Vi+(n—1)Vo =17 V. (3.70)

The slope of the current flowing through the diode and the magnetizing inductance
is given by

. . Vi
ULslope = tDslope = _TO =1 A/MS (371)

During the third time interval both the MOSFET and the diode switches are off. No

current flows thoug the switches. The voltage across the MOSFET is

vs1 =Vi—Vo =TV (3.72)
and the voltage across diode is

vp=—Vp=-5HV. (3.73)

The bench setup required for the measurements can be seen in Fig. ??. The
measured voltage profiles can be seen in Fig. 7?7. The measured profiles of the
current flowing through the MOSFET switch and the output load can be sen in Figs.

3.14) and |3.15| respectively. The output current profile is also a representation of

current flowing through the inductor and the diode during different time intervals.
During the first time interval the measured values of voltages across MOSFET, diode
and magnetizing inductor are zero, —8.4 V and 3.2 V respectively. The slope of the
currents flowing through the MOSFET and diodes are 0.30 A /us and zero respectively.

During the second time period the measured values of voltages across MOSFET, diode
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Figure 3.12: Experimental setup.

and magnetizing inductor are 7.2 V, zero and 0.4 V respectively. The measured slope
of the currents flowing through the MOSFET and diodes are zero and 0.88 A/us
respectively. During the third time interval, the voltages across the MOSFET and
diode switches are 7.2 V and —5 V respectively. The measured efficiency of the
converter can be calculated by measuring the output power by using a multimeter. It

was observed to be equal to 90 %. The measured values are in good agreement with
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Figure 3.13: Experimental waveforms of the drain-to-source voltage, gate-to-source
voltage, diode voltage, and voltage across inductance.
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4 Small-Signal Modeling of Power Stage in CCM

This chapter presents the small-signal analysis of the power stage of a tapped-inductor
pulse-width modulated (PWM) buck dec-de converter operating in continuous-conduction
mode(CCM). Using circuit averaging technique, the small-signal model of the power
stage is derived. The derivation of duty cycle-to-output voltage and input-to-output
voltage transfer functions are presented. An example tapped inductor buck dc-dc
converter is considered. The time-domain and frequency-domain characteristics of
the converter are analyzed and discussed. The theoretical results are validated using
circuit simulations.

The steady-state analysis of the common-diode tapped-inductor buck converter
was analyzed in previous chapter. Here the derivation of its small-signal model and
subsequently, its power stage transfer functions such as duty cycle-to-output voltage
and input voltage-to-output voltage. The small-signal model of the converter has been
derived using circuit averaging technique, where the nonlinear switching network is
replaced by a linearized two-port network of controlled voltage and current sources.
The transient and frequency-domain characteristics of the converter are analyzed
using the design of an example tapped-buck circuit topology and are verified circuit

simulations.

4.1 Average Model
4.1.1 Average Switch Model

The relationship between the dc input and the dc output side current as seen in ([2.27))
is given by

Io. (4.1)

o7



The average value of switch current is the dc input current, while the value of the

current flowing though the output impedance is equal to the dc output current.

D

I = —
T D4n(1-D)

Iz,. (4.2)

The non-linear large-signal equation that can be represented from the dc equation

ig = . +CiT(lez_ = (4.3)
where
is1 = Is1 + is1, (4.4)
tgy = Iz, + sy, (4.5)
and
dr =D +d. (4.6)

The non-linear larger-signal model of the switch can now be represented as seen in

Fig. [.1] Substituting (4.4), ([.5]) and (4.6) into (4.3)), the non-linear equation can

be represented as
(D+d)(Iz, +1is,)

I 51 = . 4.7
S S S i n(l—D - d) (4.7)
Rearranging the equation produces
(Is1 +is))[D+d4+n(l—D —d)] = (D+d)(Iz, +is,). (4.8)
Simplification yields
DIgi +nlgy —nDIgy + Ig1d — nlgid + i D + i1d + nigy — nDig; — nigd
(4.9)

= DIy, + Di,, + I7,d+1,,d.
The above mentioned equation is non-linear in nature due to the presence of higher

order small-signal ac components. This can be linearized by considering the following

igd < Isd, (4.10)
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iSl
l drip
dr"”(l-dr)

I\O—\O—OU)
l

Figure 4.1: Non-linear large-signal model of the MOSFET switch used in PWM
tapped-inductor buck converter.

isnd < Dig, (4.11)
1s1d <K Nigy, (4.12)
isnd < Di,,, (4.13)
ig1d < Ip,d, (4.14)
i.,d < Is1d, (4.15)
i.,d < Dig, (4.16)
iayd < Mgy, (4.17)
ir,d < Di,, (4.18)
and
i2d < Iz,d. (4.19)

The linear equation obtained by using the above inequality is

Digi +nlgy —nDIg; + Ig1d — nlgid + Digp + nigy — nDig

de - , (4.20)
= DIZ2 —|—DZZ2 +IZ2d.
—— ——

de ac

The circuit representing the above mentioned equation can be seen in Fig. [4.2] Since
this equation is linear in nature theory of superposition can be used to split the dc

and ac equations to get
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Figure 4.2: Linear large-signal model of the MOSFET switch used in PWM tapped-
inductor buck converter.
/Sl
~—oS§
ISll
Dlz
D+n(1-D)

I\O—\O—OU)
l

Figure 4.3: Dc model of the MOSFET switch used in PWM tapped-inductor buck
converter.

DISl + nISl — nDISl = DIZ2. (421)

The obtained relationship between the dc quantities is

1;.D
[¢p= —22— =k 4.22
where
D
kH=—-—-——. 4.2
""" D+n(1-D) (423)

The circuit representation of the above mentioned equation can be seen in Fig.
and is called the dc model. The other part of the equations (4.20) can be used to

obtain the relationship between the ac quantities

ISld — nlgld + Disl + m'sl - nDiSl = DZZ2 + IZQd. (424)

60



isl
—05

Is1

k,d kyin

q

Figure 4.4: Small-signal model of the MOSFET switch used in PWM tapped-inductor
buck converter.

Simplification helps obtain

— D i + ]Zz . ISl(l_n)
D+(1-Dn™>* D+((1-Dn D+ (1-D)n

d. (4.25)

isl
Substituting (4.22)) into (4.25) and simplifying further produces the relationship be-

tween the ac components

. D . 71122 .
sl — z d - k 2 k d, 42
M D =D D4 (1= Dmp" e TR (4.26)
where
D
kH=———— 4.2
and
I 1,
ky = iz, _ no (4.28)

[D+(1—D)n]> [D+(1— D)n]?’
where the average value of the current flowing through the output impedance is
equivalent to the dc output current. The Fig. representing the small-signal model of

the switch can be seen in Fig. [4.4]
4.1.2 Average Diode Model

From Fig. [2.1, when the switch is ON and the diode is OFF the kirchhoft’s voltage
law can be used to obtain

v+ Vp =V, (4.29)
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and

Vs + VO = VD. (430)

From (2.1, (4.29) and (4.30]), the diode voltage when the switch is on is given by

1
%:—%+%z>%. (4.31)

From ([2.25)) and (4.31]), the diode voltage is given by

Vi
Vp=——7——. 4.32
P D+n(1-D) (432)
The voltage across the diode at different time intervals is
Vi
— 0<t< DT
op = Pl =D) (4.33)
0 DT <t<T.
The average value of voltage across the diode is
1 DT Vi DV;
"7 TJ) D+n(l-D) D+n(1—D) (4:34)

The non-linear large-signal equation that can be represented from the DC equation

are
W:_@+ﬁﬁwﬂ’ (4.85)
where
vp = Vp + vy, (4.36)
v = Vi +u, (4.37)
and
dr =D +d. (4.38)

The non-linear larger-signal model of the diode can now be represented as seen in

Fig. [4.5] Substituting (4.36), (4.38) and (4.38)) into (4.37)), the non-linear voltage

equations can be represented as

(D + d)(Vi + v)

VD+Ud:_D+d+n(1—D—d)'

(4.39)
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Figure 4.5: Non-linear large-signal model of diode used in PWM tapped-inductor
buck converter.

Rearranging the equation produces
(Vb +vg)[D+d+n(l—D—d)]=—(D+d)(V;+v). (4.40)

Simplification yields

DVD + nVD — nDVD + VDd — TlVDd + UdD + Udd + nvg — and — nvdd
(4.41)

The above mentioned equations are non-linear in nature due to the presence of higher

order small-signal ac components this can be linearized by considering the following

vad < Vpd, (4.42)
vad < Dy, (4.43)
vgd <K ng, (4.44)
vad < Dv; (4.45)
vgd < Vid. (4.46)
vid < Vi, (4.47)
v;d < Dy, (4.48)
v;d < nuyg, (4.49)
vid < D (4.50)
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Figure 4.6: Linear large-signal model of diode used in PWM tapped-inductor buck
converter.

L
I o0—o0 L
W Ol
LD( ! D+n(1-D)
o O . oD
D

Figure 4.7: Dc model of diode used in PWM tapped-inductor buck converter.

and

The linear equation obtained by using the above inequality is

DVp +nVp —nDVp +Vpd — nVpd + Dvg + nvg — nDuy
dc ac
= —DV;—Dv, — Vid.
N~ ———

dc ac

(4.52)

The circuit representing the above mentioned equation can be seen in Fig. [4.6] Since
the above mentioned equation is linear in nature theory of superposition can be used

to split the dc and ac equations to get

DVD — nDVD + nVD = —‘/[D (453)
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Figure 4.8: Small-signal model of diode used in PWM tapped-inductor buck converter.

The obtained relationship between the dc quantities is

ViD

Yo =y = D)

=~k V. (4.54)

The circuit representing the above mentioned equation can be seen in Fig. [f.7and is
called the dc model. The other part of the equations (4.52)) can be used to obtain the

relationship between the ac quantities
Vpd — nVpd + vgD + nvg — nDvy = —Duv; — Vid. (4.55)

Simplifying it further for vy gives us

B Dv; B Vid Vp(1l —n)d
D+(1-Dn D+(1—-D)n D+ (1-D)n

Vq =

(4.56)

Substituting (4.53)) into (4.56) and simplifying further produces the relationship be-

tween the ac components

D nV;
Sy ,— = —kv; — 4.
U T DT A= D T D (1= Dynplt T v sl (4.57)
where
nVr
ko = 4.58
>7 D+ (1—D)n)? (4.58)

The figure representing the small-signal model of the switch can be seen in Fig. [4.§
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4.1.3 Average Tapped-Inductor Model

The voltage across the primary winding at different time intervals as seen in equation

1), 4. and [2.18) is given by

n—1

(Vi+Vo) 0<t<DT
Vp=4 " (4.59)

—(n—1)Vo DI <t<T.
The average value across the primary is given by

T

1 /7T 1 (PTn-—1 1
W:—/zmﬁ:—/ Vit Vo)dt+ — | —(n—1)Vodt  (4.60)
T Jo T Jo T

n DT

Simplifying the integration and substituting (2.25)) into (4.60|) produces
Vo(l — D)(n—1) — Vo(1 — D)(n — 1) = 0. (4.61)

Since the average voltage across the primary of the tapped-inductor buck is zero, the

average model can be represented as a short circuit.
v, = (n — 1)v. (4.62)

The average value of current flowing through the MOSFET is equal to the average
value of current in the primary of the tapped-inductor buck dec-dc conductor as seen
in (4.26)). The relationship between the primary and secondary current is given in
(2.1). Using the above mentioned relationships the average value of current flowing

through the secondary of the tapped-inductor buck is given by

(n — I)IZQD

Ig =~ 220
ST D+n(1-D)

= k‘l(n — 1)[22, (463)

For dc, the inductor in parallel to the secondary winding is a short circuit and thus
leaving with just a wire representing the secondary. the dc model of the tapped-
inductor can be seen in Fig. A large-signal equation representing the transformer

secondary given by
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Figure 4.9: Dc model of the tapped-inductor used in the tapped-inductor buck con-
verter.

ig = d§n+ nl(ilZ—ZCflj;)’ (4.64)
where
ig = Is + 1, (4.65)
iy =17, + s, (4.66)
and
dr =D +d. (4.67)

The circuit representing non-linear large-signal model of a tapped-inductor can be
seen in Fig. [4.10] The circuit representing a linear version can be seen in Fig. [4.11]
The small-signal equation can be obtained from (4.26) as

~ (n—=1)D n(n — 1)1z,
" D+(1-Dmn* " [D+(1-Dnp (4.68)
= ki(n —1)i,, + kao(n — 1)d.

is

The circuit representing a small-signal model of a tapped-inductor as seen in Fig.

The equivalent averaged resistance r connected in series with the inductor is

r = DTDS + (1 — D)RF + rr, (469)
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I y drtn(1-dy) Vi

L’ L’
Figure 4.10: Non-linear large-signal model of the tapped-inductor used in PWM

tapped-inductor buck converter.

Is
4;

5 O ’ O L
|
I (n-1)v; ¥
H ? %l?kl(n 1)in -lv ky(n-1)d ki(n-1)Iz, Vi
! -
L/ LI

Figure 4.11: Linear large-signal model of the tapped-inductor used in PWM tapped-
inductor buck converter.

where D is the duty cycle, rpg is the ON-resistance of the switch, Rp is the diode
forward resistance, and 7, is the parasitic resistance of the inductance. The non-linear

large-signal model of the switch, the diode and the tapped-inductor as obtained in

sub section [4.1.1} 4.1.2] and 4.1.3| can now be used to obtain the large signal model

of the tapped-inductor buck dec-dc converter as seen in Fig. [4.13. This model can
be reduced by using the linearized models of the switch and the diode to obtain the
linear large-signal model of the converter as seen in Fig. [4.14] The equivalent dc and

ac model can also be seen in Figs. and respectively.
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Figure 4.12: Small-signal model of the tapped-inductor used in PWM tapped-inductor
buck converter.

, _(n-1)drizs_
_ Oz dr+n(1-dy)
drtn(1-dy)  (n-1)v ~ T
A
L= .
Vi @ drv, + + v, - —L 5
v, = dren(1-dr) "\ L RS "
=

Figure 4.13: Non-linear large-signal model of a PWM tapped-inductor buck converter.
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Figure 4.14: Linear large-signal model of a PWM tapped-inductor buck converter.

p // > s
V’—___ k1V/ 7 RL§ VO

Figure 4.15: Dc model of a PWM tapped-inductor buck converter.
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Figure 4.16: Small-signal model of a PWM tapped-inductor buck converter.
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5 Derivation of Power Stage Transfer Functions in
CcCCM

5.1 DC Transfer Functions

A dc model of a tapped-inductor buck de-dc converter as seen in Fig. is derived
by replacing the switching components with averaged components. Since this is dc
model the inductor is shorted and the capacitor is replaced with an open circuit. The

kirchhoft’s voltage law can be used to obtain

D

Vo=kV=— "
M T DY (11— D)n

V. (5.1)

The dc input-to-output voltage transfer function is given by

Vo D
vpe =, 1V D+(1—Dn (5.2)
The dc control-to-output voltage transfer function is given by
Ve Ve
Trpo = -5 = kiVi = 9 (5.3)

D+ (1-D)n’
5.2 Duty Cycle-to-Output Voltage Transfer Function 7,

The small-signal model of the PWM buck-boost converter is shown in Fig. 4.16| The
resulting state equations required to derive the transfer functions are as follows. The

impedance in the inductor and the capacitor branch are lumped and represented as

Zl =sL (54)
and 1
1y (e o)
Zy = Ry <7’c—|—> = S (5.5)
sC R B
L +rc+
sC

The duty cycle-to-output voltage transfer function is obtained by setting v; = 0 in
Fig. [£.16] The simplified circuit can be seen in Fig. [5.1] The current through the

magnetizing inductance is
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Figure 5.1: Simplified small-signal model of a PWM tapped-inductor buck converter
to obtain transfer function 7},, when ¢,=0 and v;=0 .

i =1, + (n— Dk, + (n— 1)kad. (5.6)
Applying Kirchof’s voltage law
ksd = 0,21 + i,,(r + Zs). (5.7)
This can be simplified to obtain ; as
1

. Vo
1] = Z k?gd - Z(T + Zg) . (58)

73



From (5.4), (5.5), (5.6), and (5.8)), the control-to-inductor current transfer function

in s-domain is

1) = 5 i
ko(n — 1)Rpre ks 1
<(RL Y o)1+ (n— 1)k1)> (S T L(n— 1)k2> (5 + rCC)
_ - L(1+ (n—1)k)+ C(Rrr+rre+ Rrre) N (r + Rp)
° LC(R, +ro)(1+ (n— ky) T LO@L + o)1+ (n— Dky)

_ 7 (5 + wen) (s — wzp) T (1+win> (1_wip>

P g2 2bwgs +wi P (S>2+2§S+1 ’
wo wWo
(5.9)
where the dc gain T, is
RpE: RV
T, = 223 L7 n . (5.10)
RL—I—T’ RL+TD[D+(1—D)R]
The gain T, is
ka(n —1)R Ve -1
T, =— 2(n — 1) Rpre ___Vorec n ’ (5.11)
(Rp +7re)[1+ (n—1)k] Ry +rc[D+ (1 — D)nj

the angular corner frequency or the angular undamped natural frequency is

o — (T+RL) o T+RL D+(1—D)n (5 12)
"N LC(R,+rc)1+ (n—Dk)  \LC(RL +rc) n ’ '

the damping ratio is
L1+ (n—1)k)+ClrRy +71c(r + Ryr)
2\/LC(Ry, +7e)(r + R)(1+ (n— 1)ky)

5.13
 Ln+ ClrRy +re(r + R))D + (1 — D)l (5.13)
2/nLC(Ry, +r¢)(r + Rp)[D + (1 — D)n]’
the angular frequency of the left-half plane zero is
1
v ch ( )
and the angular frequency of the right-half plane zero is
k RyD+(1-D
Wap = 3 — Ry D+(1-D)n (5.15)

Lin—1)k L D(n-1)
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Figure 5.2: Simplified small-signal model of a PWM tapped-inductor buck converter
to obtain transfer function M,,.

5.3 Input Voltage-to-Output Voltage Transfer Function M,

The input voltage-to-output voltage transfer function is obtained by setting d = 0
in Fig. [4.16] The simplified circuit can be seen in Fig. [5.2l The current through
magnetizing inductance is

i =iz + (0 — 1)kyis,. (5.16)

Applying Kirchhoft’s voltage law

kv = 171 + (r + 1) Ve (5.17)
Zo

This can be simplified to obtain ¢; as

1 v
= kv — 2 (r + Z)] 1
“ Zl[”’ ZQ(H 2)] (5.18)
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From (5.4), (5.5), (5.16), and (5.18)), the input voltage-to-output voltage transfer

function in s-domain as

M(s) = 2 i

klRLTC 1
(L(RL + TC’)(l + (n - 1)k1)> (S * W)

, . L+ (n—1Dky) + C(Rpr + rre + Rere) (r+ Rp)
LC(Ry +rc)(1+ (n—1)k) LC(Ry +rc)(1+ (n—1)k)
S
o S+ Wyp .y 1+ Wain
ST R O
Wo wWo
(5.19)

where the dc gain M,, is

kiR, Ry, D
M, = = , 5.20
r+R, r+R,D+(1—-D)n ( )
the gain M, is
kiR R D
M,, = LLre =_—tc = (5.21)

LRy +rc[l+(n—1)k] LRy +7rc)n

the angular corner frequency or the angular undamped natural frequency is

_ (r+Ryp) - r+R, D+ (1—D)n
Wo = \l LC(Rp +71c)(1+(n—1ky) $ LC(Ry, + rc) " ,  (5.22)

the damping ratio is

L+ (n—1ky) + ClrR + ro(r + Ry)]
 2/LC(Rp +re)(r + Ro)(L + (n — Lky)

5.23
_ Ln+C[rRy +rc(r+ Rp)|[D + (1 — D)n) (5.23)
2\/nLC Ry +7¢)(r+ Rp)[D + (1 — D)n)
the angular frequency of the left-half plane zero is
1
n — 5 5.24
w Tco ( )
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5.4 Simulation Validation of the Power Stage

The design example used in Section can be used to obtain the frequency response

of the transfer functions derived in this chapter.

5.4.1 Frequency Response of T, using MATLAB and SABER Circuit Sim-
ulator

Equation can be used to obtain the frequency response of control-to-output
voltage transfer function on MATLAB. The magnitude plot of this transfer function
can be seen in Fig. and the phase response can be seen in Fig. [5.4 The dc gain
as obtained from

T RLkg . RLVO n

o = = = 11.50, 5.25
P RL+T RL—l-TD[D—F(l—D)n] ( )

on the decibel scale this is equal to 21.21 db. High frequency gain can be calculated
from [5.11]

T ko(n — 1)Rpre B Vore n—1

R 7 Cprar g o S et By ey Y —0.0175, (5.26)

on the decibel scale this is equal to —35.07 db. The angular corner frequency or the

angular undamped natural frequency is

o — (’f’—l— RL)
TN LC(RL +re)(1 + (n— 1)ky)
(5.27)
r+ R, D+ (1—D)n 3
= = 20.95 x 10° rad/sec.
LORy + o) - X rad/sec
The corner frequency is
fo=2 _ 333 KHz (5.28)
2m
The damping ratio is
L1+ (n—1)k)+ClrRy +7r¢(r + Ryr)
2\/LC(Rp +rc)(r + Ry)(1+ (n — 1)ky) (5.29)

_ In+C[rRy +rc(r+ Rp)][D + (1 — D)n|

= ) = (0.45.
2,/nLC(Ry, + re)(r+ Rp)[D + (1 — D)n]
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The angular frequency of the left-half plane zero is

1
Wop = ol = 70.92 x 10° rad/sec,

frequency of this left-half plane zero is given by

_ wzn

fon =

= 11.28 kHz.
27

The angular frequency of the right-half plane zero is

ey R.D+(1— D) ,
Tin—Dh L D1 0107 rad/sec,

wzp -

and frequency of this right-half plane zero is

for = “2’”’ = 107 kHz.

™

(5.30)

(5.31)

(5.32)

(5.33)

This can also be verified by using SABER circuit simulator to obtain the plots as

seen in Fig. and Fig. [5.6]
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Figure 5.3: Magnitude plot of the 7}, transfer function as obtained on MATLAB.
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Figure 5.4: Phase plot of the T}, transfer function as obtained on MATLAB.
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Figure 5.5: Magnitude plot of the 7}, transfer function as obtained on SABER.
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Figure 5.6: Phase plot of the T, transfer function as obtained on SABER.
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5.4.2 Frequency Response of M, using MATLAB and SABER Circuit
Simulator

The equation (5.19) can be used to obtain the frequency response of input-to-output

voltage transfer function on MATALB. The magnitude plot of this transfer function

can be seen in Fig. and the phase response can be seen in Fig. [5.8 The dc gain

can be obtained from
kiR,
T+ RL

M, = = 0.40, (5.34)

on the decibel scale this is equal to —8 db. The gain M, is

kiRrre Rpre
M,, — - — 127.62, 5.35
LR, +rc)(1+ (n—1)ky) L(Rp+1¢) ( )

on the decibel scale this is equal to 42.12 db. This can also be verified by using
SABER circuit simulator to obtain the plots as seen in Fig. and Fig. [5.10}
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Figure 5.7: Magnitude plot of the M, transfer function as obtained on MATLAB.
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Figure 5.8: Phase plot of the M, transfer function as obtained on MATLAB.
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Figure 5.9: Magnitude plot of the M, transfer function as obtained on SABER.
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Figure 5.10: Phase plot of the M, transfer function as obtained on SABER.
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5.4.3 Response of Output Voltage for a Step Change in Duty Cycle

The step responses of transfer function 7}, can be obtained by implementing AD = 0.1
on MATLAB and can be seen in Fig. [5.11 The measured values of overshoot, rise

time and settling time are 5 %, 70 usec, 0.3 msec respectively.
5.4.4 Response of Output Voltage for a Step Change in Input Voltage

The step responses of the transfer function M, for a step change of AV; = 1V as
obtained on MATLAB and SABER can be seen in Figs. and respectively.
The measured values of overshoot, rise time and settling time are 1.7 %, 69.3 usec,

0.4 msec respectively.
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Figure 5.11: Step response of T}, as obtained on MATLAB.
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Figure 5.12: Step response of T}, as obtained on SABER.
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Figure 5.13: Step response of M, as obtained on MATLAB.
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5.5 Experimental Validation of Tapped-Inductor Buck DC-
DC Converter in Frequency-Domain.

A gain-phase analyzer by HP, will be used to validate the magnitude and phase plots
as obtained from theoretical calculations and SABER circuit simulators. A 4194A
Impedance/gain-phase analyzer by HP works for a frequency range of 10 Hz - 100
MHz. This is a wide enough bandwidth to accommodate the converters switching
frequency and should be capable enough to validate the responses. A block diagram
representing the gain-phase analyzer can be seen in Fig. [5.15] The analyzer produces
an ac output which varies its frequency over time. It also accepts two input signals
called a test input and reference input. To test a specific input-to-output transfer
function, the output from the system analyzer is first induced into the test equipment
to produce perturbation in the test setup. The reference input from the analyzer
can be connected to the input part of the transfer function the test input can be
connected to the output part of the transfer function. The analyzer calculated the
gain and phase difference between the test and reference inputs and provides the
information on its display over a wide frequency range. The obtained data can then
be noted and plotted by using MATLAB. The drawback of using this gain-phase
analyzer is that the input does not accept any signal higher than +5 V DC. But for
the small signal operation the dc can be blocked out by adding bulk capacitors at
the input of the gain-phase analyzer. A 47 pF/650VDC, with a flat gain over the
required frequency range is used to block any DC voltage trying to enter the gain-
phase analyzer. For testing the equipment simulation specifications with V; = 12 V|
fs =100 kHz, Pp = 2.5 W, and Vo = 5 V was selected. The tapped-inductor turns
ratio is n = 2. To obtained the required output a coupled inductor DRQ125-330-R
by with magnetizing inductance 35 uH was used. The selected MOSFET and diode
were [RF540 and MBR10100 by Vishay semiconductors. The complete PCB circuit
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can be seen in Fig. [5.16|

Gain-Phase Analyzer

Display Controls

Output Input
Reference Test

OlNeXe

P10
Y

i

330
48CG15M }

()
DRQ125

Figure 5.16: Final Product.

5.5.1 Frequency Response of 7, using 4194A Impedance/gain-phase an-
alyzer

The bench set up required to verify the derived transfer function 7}, from Section
can be seen in Fig. An LT1630 high bandwidth op-amp is used to produce

pulses for MOSFET switching. It also helps superimpose a sinusoidal voltage, with
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varying frequency over the control voltage. The triangular voltage with an amplitude
Virm is used to produce the pulse voltage. More on the working of the PWM will be
discussed in Section [6.2] The gain offered by the PWM is T,,, = 0.2 V/V = —14 dB.
Followed by the PWM output is IR2117 high bandwidth high side MOSFET driver,
with bootstap capacitor and diode. The output of the gain-phase analyzer is added in
series with the PWM control voltage by using a current transducer with 0.001 gain.
The secondary has 50 turns. The total gained offered by the transducer is 0.05 V/V
or —26 dB. The reference input is connected in parallel to the gain-phase analyzer
output. The gain-phase test input is connected to the output of the converter. The
total transducer and PWM gain of —40 dB is added to the obtained magnitude and
phase plot on gain-phase analyzer. This gives the magnitude and phase plot of the

transfer function 7),. The obtained magnitude and phase plots and its comparison

with the theoretical results can be seen in Figs. [5.1§] and [5.19| respectively. The

obtained responses from the gain-phase analyzer is in good agreement with theoretical

responses.

5.5.2 Frequency Response of M, using 4194A Impedance/gain-phase an-
alyzer

The bench set up required to verify the derived transfer function M, from Section
[.3] can be seen in Fig. [5.20] The output of the gain-phase analyzer is added in series
with the input voltage for the converter by using a current transducer with 0.001 gain.
The secondary has 50 turns. The total gained offered by the transducer is 0.05 V/V
or —26 dB. The reference input is connected in parallel to the gain-phase analyzer
output. The gain-phase test input is connected to the output of the converter. The
transducer gain is added to the obtained magnitude and phase plot on gain-phase
analyzer. This gives the magnitude and phase plot of the transfer function M,. The

obtained magnitude and phase plots and its comparison with the theoretical results
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Figure 5.17: Bench setup to obtain control-to-output voltage transfer function.
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Figure 5.18: Magnitude plot comparing the theoretical and practical results of transfer
function Tj,.

can be seen in Figs. [5.21] and [5.22] respectively. The obtained responses from the

gain-phase analyzer is in good agreement with theoretical responses.
5.5.3 Response of Output Voltage for a Step Change in Duty Cycle

The step change in duty cycle is produced by changing the duty cycle from the
function generator by 10%. The obtained step response can be seen in Fig. [5.23. The
measured values of overshoot, rise time and settling time are 2.7 %, 4.8 msec, 4 msec

respectively.
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Figure 5.19: Phase plot comparing the theoretical and practical results of transfer
function Tj,.

5.5.4 Response of Output Voltage for a Step Change in Input Voltage

The step change in duty cycle is produced by changing the supply voltage by 1 V. The
obtained step response can be seen in Fig. [5.24] The measured values of overshoot,

rise time and settling time are 0.7 %, 2 msec, 2 msec respectively.
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Figure 5.20: Bench setup to obtain input-to-output voltage transfer function.
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Figure 5.23: Step response of T}, as obtained on the test bench.
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Figure 5.24: Step response of T}, as obtained on the test bench.
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6 Voltage-Mode Control

A voltage-mode controller for the tapped-inductor buck de-dc converter is designed in
this section. The required transfer functions are taken as reference from the previous
section. Loop gains for an uncompensated system is used to design a controller to
control this specific converter. The stable system will required a phase margin of
60° and a gain margin of 15 db. A type III controller namely, an integral-double-
lead controller as referred in [I] is used in this instant. Frequency and time-domain
response representing a stable closed loop response is presented analytically using

MATLAB and verified through SABER circuit simulations.

6.1 Circuit Diagram of the Power Stage with Voltage-Mode
Control

A voltage control of a tapped-buck de-de converter can be seen in Fig. [6.1] Here
the output voltage is being sensed by the sense feedback resistance and is compared
to a reference voltage Viz. The control signal produced by the controller is then
sent to a pulse width modulator to produce pulses. These pulses are further used
to drive the MOSFET and therefore, help maintain the output voltage. As seen in
previous chapter the required transfer functions involved in representing a buck dc-dc
converter are T, M,, Z,. In the implemented control scheme the output is being
sensed to create required duty cycle, which further controls the converter output.
Therefore, the closed-loop small-signal low-frequency model of a tapped-buck dec-dc
converter can be seen in Fig. [6.2] where T, is the controller transfer function, T,, is
the PWM transfer function, § is the transfer function of the feedback network, as
seen in Fig. the value of the feedback resistor is decided by the feedback resistance

given by
Rp

P Rt Ry

(6.1)
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Figure 6.1: Circuit of a closed-loop PWM tapped-inductor buck converter.
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Figure 6.2: Block diagram of a closed-loop PWM tapped-inductor buck converter.

vy is the ac component of the feedback voltage, v, is the ac component of the control

voltage, v, is the ac component of the reference voltage. The voltage gain of the

forward path is given by

A= -1T1,T), (6.2)
Ve
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Figure 6.3: Simplified block diagram of a closed-loop PWM tapped-inductor buck
converter.

the loop gain is given by

T— Z— = BA = BT.T, T, (6.3)
f

The ac component of the output voltage is given by

A n M, Zo .
Vy = Uy v; — 1o
14T 1+7T 1+7T

= Tclvr + Mvclvi - Zocliou (64)

where T}, M,y and Z,, are the closed-loop transfer functions of 7, M, and Z,
respectively. The simplified block diagram can be seen in Fig. [6.3] Henceforth
each and every block as seen in Fig. will be derived and explained in detail
starting with the PWM, followed by the error amplifier and finally the derivation and

implementation of the selected integral-double-lead controller.

6.2 Pulse-Width Modulator

A pulse-width modulator is used to digitize the control signal and use this digitized
signal to drive the converter MOSFET. A PWM consists of an op-amp with its non-
inverting terminal connected to control signal v. and the inverting terminal connected
to a ramp voltage v;. Any change in the control signal due to any disturbance in the

system causes the control signal to increase Vo + v., which intern changes the duty
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Figure 6.4: Circuit of an op-amp as a comparator used for PWM.

cycle D + d of the op-amp’s digitized output. An op-amp used as a PWM can be
seen in Fig. [6.4] The ramp input and the pulse output can be seen in Fig. [6.5] The

slope of the ramp input is given by

Ve o VTm
dT, T,

M = tany = (6.5)

Rearranging (6.5]) gives the control voltage-to-duty cycle transfer function.

ro_d_ 11
" v Vem  MT, M’

(6.6)

6.3 Loop Gain without Controller Compensation

The block diagram of the closed-loop system can be seen in Fig. [6.2] The transfer
functions required to obtain the loop gain have been derived in (5.9 and . The

transfer function of the feedback is 8. The loop gain is

T, = L = T,,T,8. (6.7)

Ve
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Figure 6.5: Ramp signal for pulse width modulator.

Substituting (5.9) and into (6.7)), we get

o = v(s)
=)

(VTm 1 ﬁkif?{_liﬁﬁ T m)) (S - Llf2(];3—1)> (S * rc10>

L(1+ki(n—1))+ (Rer +rre + Rpre)C r+ Ry

IO+ ka(n — 1] (Ry + r0) T LM+ l(n = 1)](Ry + o)

52 +

T G U

kx™ 5 5 — tko 2 2 )
5% 4 28wos + wh <s) -I—fs-i—l
0

Wo

(6.8)
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where the dc gain T, is

BRLEks

T =To(0) = —— L™
ko = T5(0) Viem (Rp, + 1)

= 0.23 = —12.77 db, (6.9)

6.4 Loop Gain Design Example

For the specification used in designing the tapped-inductor buck dc-dc converter the
closed-loop can be implemented by sensing the output voltage using a voltage divider,
while making sure the transfer function of the feedback is g = 0.1.

Selecting R 4 for the feedback resistance to be 5 k2. The value of Rp can be obtained

from (|6.1])

_ b
1-p
The amplitude of the triangular wave used for the PWM can be selected to be 5 V.

Rp

R4 = 555.55 Q. (6.10)

The control to duty cycle transfer function is given by

1 1
Th=—=-. 6.11
T (6.11)
From The dc gain of T}, is
BRLk3
T7:(0) = —————=-0.23 6.12
{0 ==y R+ ) (6.12)

which in decibel scale is equal to —12.77 db. Using (6.7) and (5.9). The magnitude
and phase plots can be seen in Figs. and [6.7] respectively.

6.5 Integral-double-lead Controller

As seen in Fig. the magnitude of T} is below zero for entire frequency range. This
can be avoided by adding compensator network into the closed loop to maintain the
magnitude and phase margin of the loop gain. This helps obtained a controlled and
faster response. This controller adds in a pole at origin two pole-zero pairs into the

closed loop. This helps reduces the phase difference at the crossover frequency and
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Figure 6.6: Frequency effecting the magnitude of the tapped-inductor buck converter’s
loop gain without controller compensation.

this help obtain higher phase margins. An circuit of a integral-double-lead controller

is connected as shown in Fig. [6.8/ The impedance of the feedback network is given by

L (R2 + 1) s+ !
Zf _ SCQ SCl _ RQCl (613)
Ret -1+ L (3+01+02)’
2T se, T sy 2 RyC (Y
The impedance in the forward path of the controller is given by
Ry (R +1) s+ 6 I
Z; = hy + : ’ sCs = (hn + bl ) Cs [R3 (Rl a hll) + hllRl] ;
Rl+Rg,+L I+ 1ty RN —
503 Cg (Rl + Rg)
(6.14)
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Figure 6.7: Frequency effecting the phase of the tapped-inductor buck converter’s
loop gain without controller compensation.
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Figure 6.8: Circuit diagram of a integral-double-lead controller with two pole-zero
pairs.

where
RiRp

= - 6.15
Ro+ Rp ( )

111



The controller gain is given by

_UC(S)_ Zf_ R1+R3
A ) T 7 T T Gl RaRat b (B + )
(3+ ! )[s—i—ll (6.16)
RyCy Cs (B + Ry) |

3(5+Cl+02){5+ Ry + hyy }
R201C2 Cg [R1R3 + hll (Rl + Rg)]

The control voltage transfer function is given by

T.(s) = _ve(s) _ —Ay(s) = B(s + weer)(s + wed) (6.17)
Ve(s) $(s + Wper) (Wpe2)
where
Ri+ Rs
B= : 6.18
Cy [R1R3 + h11(R; + R3)] ( )
1
= — Nl
Weel R2017 (6 9)
! (6.20)
O R vy e .
> C3(Ry + Ry)
Cl + CQ Cl
_ =W = +1), 6.21
Wt = R oie, T Wl (02 * ) (6:21)
and
Ry + hny <Cl >
o = =Wy | =— +1). 6.22
2T CIRIRs + by (R + Ry)] P\ G (6.22)

Assuming the two poles are places at the same frequency and two zeros are places at
the frequency.

Wl = Wae2 = Wie aNd Wpet = Wpea = Wpe. (6.23)
The poles and zero gains ratio is now given by

K . @ wpcg wpc Cl (Rl + hn) (R1 + R3)

_ _ St L T . 6.24
Wil Wo2 Wze Oo RiR3 + hiy (Ry + Rs) ( )
Hence the controller transfer function is given by
s \? s \?2
Bu? (1 + ) B (1 + )
C B zC 2 ¢
T.(s) = ve(s)  B(s+ws) _ Wie) Wae (6.25)

= 2 2 2
Vel S S (8 + Wye
(s) ( pe) wgcs<1+ S) K23<1+ S)

Wpe Wpe
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6.6 Loop Gain

Knowing the controller compensation the loop gain of the converter is given by

16 =25 =TT
o =0 (6.26)
T (54 wee)” (8 + wan) (8 — wip)
(s 4 wpe)?(s% + 28wos + wi)

9

where
B pBVore
VTm(l — D)(RL —+ Tc) ’

T, = (6.27)
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6.7 Simulation Validation of Loop-Gain

6.7.1 Frequency Response of T, using MATLAB and SABER Circuit Sim-
ulator

The selected controller can be designed to compensated the tapped-inductor buck
converter and provide good gain and phase margins are the cross over frequencies.
The cross over frequency for the selected system can be selected to be at f. = 3 kHz.

The task of the controller is to compensate the system gain at the crossover frequency.

This can be simplified to obtain

|
Ti(fe)  BlTmp(fo)]

IT.(f.)| = — 0.8143 = —1.7843 db. (6.29)

The phase at the loop gain without controller compensation at the crossover frequency

is given by
<2§fc>
o1, (fe) = —180° + arctan (‘ﬂ) — arctan (‘ﬂ) — arctan LQ = —94.74°.
fzn fzp 1_ <fc>
Jo

(6.30)
Since the systems is to be designed to maintain a phase margin of 60°, the required

phase boost is given by

Om = PM — ¢r,(fe) — 90 = 64.74°, (6.31)
and the K factor is
K = tan? (ﬁ” + 45") = 3.30. (6.32)

From equation and

B = w K|T,(f.)| = 27 x 3000 x 3.30 x 1.7843 = 7.2 x 10*(rad/s). (6.33)
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Assuming the resistance in the forward path to be R; = 100 k2. From [6.32 one can

obtain
Ry [Ry — hyy (K —1)]
Ry = = 39.89 kQ. 6.34
57 (K =1)(Ry + hn) (6:34)
Pick R; = 3.3 k).
BT (fe)]
Cy = —2mPell — 474,63 pF. 6.35
2 We (Rl + hll) P ( )
Pick Cy = 500 pF.
Pick C; =1.58 nF
VK
Ry = = 45.78 k. 6.37
e (6.37)
Pick Ry = 68 k(2.
h
Cs = f1 + b — 610.29 pF. (6.38)

weV'K [RiRs + huy (Ry + R3))]
Pick C5 = 750 pF. The magnitude and phase plot of the designed controller can be
seen in Figs. and respectively. The magnitude and phase plot of the designed
controller on SABER circuit simulator can be seen in Figs. and respectively.
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Figure 6.9: Magnitude plot of the designed controller compensation.
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Figure 6.10: Phase plot of the designed controller compensation.
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Figure 6.11: Magnitude plot of the designed controller compensation on SABER
circuit simulator.
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Figure 6.12: Phase plot of the designed controller compensation on SABER circuit

simulator.
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Figure 6.13: Magnitude plot of loop gain with controller compensation.

6.7.2 Frequency Response of 7" using MATLAB and SABER Circuit Sim-
ulator

The magnitude and the phase plot can be seen in Figs. and respectively.

The crossover frequency is f. = 4.5 kHz. The obtained gain margin of the obtained

loop gain is 21.7 db and the phase margin is 54°. The respective magnitude and

phase plots of the loop-gain on SABER circuit simulator can be seen in Figs. [6.15
and [6.16]
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Figure 6.14: Phase plot of loop gain with controller compensation.
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Figure 6.15: Magnitude plot of loop gain with controller compensation on SABER
circuit simulator.
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Figure 6.16: Phase plot of loop gain with controller compensation on SABER circuit

simulator.
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6.8 Experimental Validation of Loop-Gain

6.8.1 Frequency Response of T, using 4194A Impedance/gain-phase an-
alyzer

To analyzed the controller magnitude an phase plot. The reference input of the
network analyzer is connected to the inverting terminal of the controller op-amp. The
test input is connected to the output of the op-amp and the injection is connected at
the input of the op-amp controller. The inverting input of the op-amp is also virtually
grounded. The measured gain-phase plot of the double-lead integral controller when
compared to the theoretical plot can be seen in Figs. and [6.18 Both the

theoretical and practically obtained responses are in good agreement with each other.

20 e e

%  Network Analyzer
15 MATLAB Model 4

10

(o3

| T|(dBV)
o

102 10° 10% 10°
f (Hz)

Figure 6.17: Magnitude plot comparing the theoretical and practical results of transfer
function 7.

124



MATLAB Model
%  Network Analyzer

f (Hz)

Figure 6.18: Phase plot comparing the theoretical and practical results of transfer
function T..

6.8.2 Frequency Response of 7" using 4194A Impedance/gain-phase ana-
lyzer
Similar to the open-loop analysis a 4194A impedance/gain-phase analyzer by HP will
be used. To inject the changing frequency and amplitude input an injecting resistor
R;,, is used. A low resistance for R;, is selected. This low resistance will not effect
overall loop-gain. The setup required to measure the loop-gain can be seen in Fig.
6.19. The injection resistor is inserted between the output and the feedback. This is
done so that the input side of the network analyzer has higher impedance compared
to the output side of the network analyzer. Now the reference input from the network

analyzer is connected to the feedback and the test input is connected to the output of
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the converter. The obtained magnitude response compared to the theoretical response
can be seen in Fig. [6.20] The phase response compared tot he theoretical response
can be seen in Fig. [6.21) The obtained responses are in good agreement with the

theoretical response.
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Figure 6.19: Bench setup to obtain loop-gain transfer function.
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Figure 6.20: Magnitude plot comparing the theoretical and practical results of transfer
function T'.
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Figure 6.21: Phase plot comparing the theoretical and practical results of transfer
function T'.
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7 Closed-loop Responses
7.1 Closed-loop Control-to-output Voltage Transfer Function

The closed-loop control-to-output voltage transfer function is given by
_uls) A TU)TWT(s)
Cou(s) im0 1+ BA(s) 1+ BTe(s)TnT,(s)

(s+ wzc)Z (5 + wsn) (5 — wsp)
(5 + wpe)2(52 4 2€wos + w2) + Ty (5 + wae)? (5 + wan) (5 — w2p)

(7.1)

=33

7.2 Closed-loop Input-to-output Voltage Transfer Function

The closed-loop input-to-output voltage transfer function is given by
Vo(s)  My(s) M,(s)
vi(s) |, o L1HT(s) 14 PT.(s)TwTpy(s)
Myps (s + wan) (s + wpc)2
S(s 4 wpe)?(s? + 28wos + w§) + Ty (s + Wae)? (5 + wan) (s — Wap)

(7.2)
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Figure 7.1: Magnitude plot of the T,; transfer function as obtained on MATLAB.

7.3 Simulation validation of the closed-loop Tapped-Buck
DC-DC Converter

7.3.1 Frequency Response of T,,; using MATLAB and SABER Circuit
Simulator

The magnitude and phase plots as seen on MATLAB can be seen in Figs. [7.1] and
[7.2l  The dc gain as observed in Fig. is 20 dB. This is equivalent to 10 V.

7.3.2 Frequency Response of M,,; using MATLAB and SABER Circuit
Simulator

The magnitude and phase plots as seen on MATLAB can be seen in Figs. and
[7.6] As seen in the magnitude response the magnitude is way lower than 0 dB. This

means that any perturbations in the system die to the input of the converter will get
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Figure 7.2: Phase plot of the T,; transfer function as obtained on MATLAB.

attenuated and thus would not reflect on the output voltage.
7.3.3 Response of Output Voltage for a Step Change in Reference Voltage

For a step change in reference voltage of dv, = 0.1 the output voltage should increase
by 1 V. The time-domain responses of the closed-loop control-to-output voltage trans-
fer function can be seen in Fig. and The measured values of overshoot, rise time
and settling time are 0 %, 77 psec, 1 msec respectively. The response is in good

agreement with the frequency-domain response.
7.3.4 Response of Output Voltage for a Step Change in Input Voltage

It can be observed that the closed-loop response is better as compared to the open-

loop response as the response has an overshoot of around 4.5 %, the settling time
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Figure 7.3: Magnitude plot of the T, transfer function as obtained on SABER Sim-
ulator.

Figure 7.4: Phase plot of the T,; transfer function as obtained on SABER, Simulator.

has dropped down to 1.14 msecs and rise time has dropped down to almost 0.The
time-domain responses of the closed-loop input-to-output voltage transfer function
can be seen in Fig. [7.11] as seen in this response the output voltage auto-corrects

itself and prevents any effect on the output voltage.
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Figure 7.5: Magnitude plot of the M, transfer function as obtained on MATLAB.
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Figure 7.6: Phase plot of the M, transfer function as obtained on MATLAB.
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Figure 7.7: Magnitude plot of the M,, transfer function as obtained on SABER
Simulator.
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Figure 7.8: Phase plot of the M, transfer function as obtained on SABER Simulator.
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Figure 7.9: Step Response of closed-loop control-to-output voltage transfer function.
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Figure 7.10: Step Response of closed-loop control-to-output voltage transfer function.
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Figure 7.11: Step Response of closed-loop input-to-output voltage transfer function.
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Figure 7.12: Step Response of closed-loop control-to-output voltage transfer function.
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7.4 Experimental validation of the closed-loop Tapped-Buck
DC-DC Converter

The designed converter can be made to run over different frequencies to check for
its magnitude and phase responses between the inputs and outputs using a 4194A
Impedance/gain-phase analyzer. This equipment is designed to measure transmission
characteristics of a plant for a wide frequency ranges. This specific model is capable
of testing the equipment is capable of testing the plant between the frequency range
of 10 Hz - 100 MHz. This is fully capable of handling the designed converter over
the required frequency ranges. The obtained plots is then used to validated the ones
obtained using MATLAB and SABER circuit simulations. The Drawback of using
this equipment is that, it can not read any dc values at its input. This will required
an additional circuit modifications which requires huge bulk capacitors at the input

of the instrument to eliminate any dc component running into the instrument.

7.4.1 Frequency Response of 7}, Using 4194A Impedance/gain-phase An-
alyzer

For the transfer function in question, the change in the reference voltage of the con-
troller can be taken as the input of the transfer function and is connected reference
input of the network analyzer. This input is also connected in series with the output
of the network analyzer. This is made possible by using an isolating transformer with
50:1 turns ratio. This reduces the magnitude of the response by —26 dB. The output
voltage of the converter is considered as the output of the transfer functions. This
is connected to the test input of the network analyzer. The 4194A can now be used
to produce required frequency plots and as mentioned earlier. The setup required to
obtained transfer function can be seen in Fig. The obtained magnitude and

phase response of the closed-loop converter compared to the theoretically obtained

response can be seen in Figs. and respectively.
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Figure 7.13: Bench setup to obtain closed-loop control-to-output voltage transfer
function.
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Figure 7.14: Magnitude plot comparing the theoretical and practical results of transfer
function Ty;.

7.4.2 Frequency Response of M,, Using 4194A Impedance/gain-phase
Analyzer

For the transfer function in question the change in the input voltage of the converter
can be taken as the input of the transfer function. An isolating transformer with
50:1 turns ratio is used to add the output of the network analyzer in series with
the input of the dc-dc converter. This adds a —26 dB magnitude of the output
response. The network analyzer’s reference inputs is also connected to the output
of the isolating transformer. The output voltage of the converter can be considered
as the output of the transfer functions. The test input of the network analyzer is

connected to the output of the converter. The required test setup can be seen in Fig.
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Figure 7.15: Phase plot comparing the theoretical and practical results of transfer
function Ty;.

7.16. The obtained magnitude and phase response can be seen in Figs. and

respectively.
7.4.3 Response of Output Voltage for a Step Change in Duty Cycle

The non-inverting input of the op-amp can be connected to a step-input. By produc-
ing a step voltage at the input of the op-amp will help produce a step response at the
output voltage. The obtained response on oscilloscope can be seen in Fig. [7.19, The
measured values of overshoot, rise time and settling time are 0 %, 13 usec, 1.7 msec

respectively.
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Figure 7.17: Magnitude plot comparing the theoretical and practical results of transfer
function M.

7.4.4 Response of Output Voltage for a Step Change in Reference Voltage

A step input can be connected to the reference of the controller. By producing a
step voltage at the input of the controller a step response at the output voltage is
produced. The obtained response can be seen in Fig. [7.20, The measured values of

overshoot, rise time and settling time are 10 %, 0 usec, 1.7 msec respectively.
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Figure 7.19: Step response of T}, as obtained on the test bench.
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8 Conclusion

e Tapped-inductor buck dec-dc converter provides higher step down at the output

voltage due to the presence of turns ratio in the tapped-inductor.

e This can help simplify higher stage for power conversion, utilizing a single stage

instead of multiple conversion stages.

e The steady-state analysis of the pulse-width modulated (PWM) tapped-inductor

buck de-de converter in continuous-conduction mode has been performed.

e The expressions to design the converter components and over all efficiency have
been derived. There is a loss in efficiency due to the higher losses observed in

tapped-inductor.

e An averaged small-signal model for a tapped-inductor buck de-dec converter has

been derived.

e The obtained small-signal model is used to derive the power stage transfer
functions. It is observed that the control-to-output voltage transfer function
has a right half plane zero, which is not present in a conventional buck dc-dc

converter. This makes the controller is little more complex.

e An integral-double-lead controller for the voltage mode control has also been
derived and implemented. All the theoretical expressions have been validated

through MATLAB, saber circuit simulations and hardware implementation.
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9 Future Work

This dissertation already provides the waveform of the converter during different
time intervals, when the converter is running in DCM. This can be expanded upon
by averaging the waveforms to obtain an averaged circuit model for the tapped-
inductor buck de-dc converter running in DCM. This should help eliminate the non-
linear components in the circuit and thus making the characterization of the converter
much simpler. Since a tapped-inductor has been implemented for storing the energy, a
multi-output tapped-inductor buck can also be analyzed and implemented depending

on the applications.
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