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MULTI-PEAK SOLUTIONS TO TWO TYPES OF FREE BOUNDARY
PROBLEMS

YI LI AND SHUANGJIE PENG

ABSTRACT. We consider the existence of multi-peak solutions to two types of free bound-
ary problems arising in confined plasma and steady vortex pair under conditions on the
nonlinearity we believe to be almost optimal. Our results show that the “core” of the
solution has multiple connected components, whose boundary called free boundary of the
problems consists approximately of spheres which shrink to distinct single points as the
parameter tends to zero.

1. INTRODUCTION

In this paper, we consider the following partial differential equation with Dirichlet bound-
ary condition

—?Au=K(z)f(u—1), u>0, x€eQ, 1)
u=0, € 09, '

where Q C RY (N > 3) is a bounded domain with smooth boundary 952, ¢ € R, is a small
parameter, f(t) is continuous in t and f(¢t) = 0 for ¢t < 0, K(x) is a positive function in
Q. For a positive solution u. to (1.1), the boundary of the core A, := {u. > 1} is the free
boundary in this problem.

Problem (1.1) is related to the following simple model describing the equilibrium of a
plasma confined in a toroidal cavity (a “Tokomak machine”):

Av = Ag(xz,v) z €,
v=c x € 01,
Jv

—ds =1,
a0 aV

(1.2)

where v is the outward unit normal to 0%, g(x,t) = 0 for ¢ > 0, ¢ is a constant which is
unprescribed, and [ is a given positive constant. For a detailed presentation of this model,
the reader is referred to the Appendix in [33].

In (1.2), we can suppose that ¢ > 0, since this is necessary for the existence of solutions to
problem (1.2) for large A (see [34]). Let v = ¢(1—u), we find that if v satisfies problem (1.2),
then u solves \

Au Cg(:c, clu—1)), u>0, xe€Q, (1.3)
u =0, x € 012,
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I/m Pis = —c m—dr /g(a:,—c(u—l)),

and [ > 0if g(x,t) > 0 for t < 0. Hence, we see problem (1.1) is of the form of problem (1.3)
with €% = ¢/\.

Problem (1.2) was studied by many authors. One example is g(x,v) = K(z)v_, where
vy = max{v,0}, v = vy —v_. In [33, 34], the solutions were obtained by minimizing a
certain variational problem. When N = 2 and N > 3, and K (z) = 1, for solutions obtained
n [33, 34], Caffarelli and Friedman [8] and Shibata [31] investigated precise asymptotic
location and shape of the free boundary as A\ — +4o00. Especially, they proved that for
A sufficiently large, the core is approximated by a ball with the center converging to a
harmonic center and the radius being comparable to 1/v/A. In [12], Flucher and Wei
considered problem (1.1) for the case K(z) =1, N > 3, and f(t) =t5 (1 <p < (N +
2)/(N — 2)), and proved that for € sufficient small, a mountain pass solution and its core
have the similar asymptotic behaviors as those in [8]. Problem (1.1) was also studied by
Shibata in the case N > 3 and f(t) =t} (1 <p < (N+2)/(N —2)) in [32], where Shibata
proved that the least energy solution concentrates at a global maximum of K (z) as ¢ — 0.
We should also mention the interesting work [36] where Wei obtained multi-peak solutions
o (1.1) by gluing localized solutions. More results can be found in [4, 22, 23] and the
references therein.

However, for the general nonlinearity f, it seems that there are very few results. More-
over, even for some special nonlinearity f(t) ( for example, f(t) = t;, or t&), the core of
the solutions is simply connected. Recently, for the case K(x) =1, f(t) =ty and N = 2,
under the condition that the homology of (2 is nontrivial, Cao, Peng and Yan [9] proved
by a constructive way that for any given integer £ > 1, there is ¢g > 0, such that for
0 <e<egp, (1.1) has a solution with core consisting of k& components. It follows from [33],
that the solution for problem (1.1) is unique in the case that f(¢) =t; and ¢ is large, so it
is a natural problem whether or not problem (1.1) has multiple solutions for small . The
main purpose of this paper is trying to find multiple solutions for much more general non-
linearities. More precisely, under some conditions on f(t), which we believe to be almost
optimal, we prove that problem (1.1) has solutions which concentrate on distinct points in
Q as € — 0, which implies that the core of the solutions has several connected components.

We suppose that K (z) has k sets of local maxima in Q including on the boundary 9,
that is,

(K;) there are M* C Q (i =1,--- , k) satisfying

K(x) =m;, Yo e M,
(K3) there are bounded disjoint open sets O' C Q (i = 1,--- , k) satisfying

M'C W, m; = sup K(z) > sup K(z).
z€0? 001\ 9N

and c satisfies

We also assume that f: R — R is Lipschtiz continuous and satisfies
(fi) f(t)=0fort <0 and limsup* I < 0, where I = (N +2)/(N —2).

t—4o0
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(f2) There exists £ > 0 such that F'(£) > 0, where F(t fo s)ds. Let & = inf{¢ >
0: F(§) > 0}.

We define H. to be the complete of C5°(€2) with respect to the norm ||ul|. = ([, £%[Vu|?)"/?,
and DV?(RY), DL?(RY) the completes of C§°(RY) with respect to the norms ||ul|pr2gy) =
(fen [Vu[*)/? and [ull pregny = (Jan £2|Vul?)/? respectively.

Theorem 1.1. Suppose that (K) — (K2) and (fi) — (f2) hold. Then there exists €y > 0,
such that for e € (0,eq), problem (1.1) has a positive solution u. satisfying
(i)  wue has k local mazimum points xt € O" such that

lim maxkdzst(x M") =0,

e—=01i=1

and
1
ue( )<C€N 2 HlaX m, \V/IGQ\UBg

=1,k |z —

where d > 0 is any fired constant and C' depends on 9.

(i1) for any sequence {e,} C (0,e0) with e, — 0, there exists a subsequence still denoted
by {e,}, such that for each i € {1,--- k}, there is ' € M" with z. — ' and U' €
DY2(RYN), a least energy solution of

~AU =m;f(U—1), U>0, Uec D"*(R"), (1.4)
satisfying

_ i

ZU’ )+ w.,, (1.5)

where w., € D2(RY), and ||w., || p12@yy = 0(5,]1\//2).

In this paper, we also consider the following problem

{ —*Au = f(u—k(z)), =€

1.6
u =0, x € 0N (1.6)

Problem (1.6) is a variant of the following free-boundary problem arising in steady vortex

pairs:
Af(U), x€eA,
ap M) B (1.7)
0, xeQ\ A
\If’aA = O, \11’39 = —ko(l‘) < O, (18)

where (U, A) is a steady vortex pair: ¥ is a Stokes stream function, A C Q C R" is an
open set called the cross-section of a steady vortex ring and unknown a priori. ko(z) > 0
is a continuous function defined on 0€2. For more detailed presentation of this model, we
refer the readers to [17] and [28].
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Let ¢ be the solution of

{ Ak(z) =0, z€Q, (1.9)

k(x) = ko(z), =€ 00.
Then, k(z) > 0 achieves its maximum and minimum on 2.

Letu=U+k(z), A={r € Q: u>k(z)} and € = 1/), then problems (1.7) and (1.8)
become (1.6).

In this paper, we investigate problem (1.6) to obtain its solution pairs (u., A.) for
sufficiently small, where the “vortex core” A, :={z € Q: u. > k(x)}.

There are many existence results for problem (1.6) under various assumptions. In [1, 2,
27, 38], the solutions were obtained by using mountain pass lemma for various nonlinearities
f(z,u) and any € > 0. In [3, 6, 17, 28, 35], to find the solutions, the constrained variation
methods were used, but the vorticity function f is unknown a priori. Moreover, in [6,
17, 28], the solutions were obtained by regarding 1/¢? as eigenvalue, so ¢ is not arbitrary.
The asymptotic behavior of the solution pair (u., A.) of problem (1.6) was investigated in
6, 8, 12, 24, 38]. Recently, for the case f(t) = tﬂ’:l and N > 2, under the condition that
k(x) has [ strictly local minimum points on the boundary 052, the authors [25] proved that
for € sufficiently small, (1.6) has a solution with “vortex core” consisting of [ components
by a constructive way.

We also emphasize that almost all of the above papers imposed the Ambrosetti-Rabinowitz
condition on the nonlinearity f(¢) and most of the solutions mentioned here are in some
sense the least energy solutions and the “vortex core” shrinks to a single point as ¢ — 0.
In this paper, using the arguments in proving Theorem 1.1, we can find some high energy
solutions whose “vortex core” consists of multiple connected components which shrink to
distinct points in  as e — 0 under the much more general conditions (f;) — (f2).

Our following assumptions on k(z) cover the case that k(x) € C1(Q) is harmonic:

(k1) there are M* C Q (i = 1,--- , k) satisfying

k(r) =a; >0, Vo € M"
(k2) there are bounded disjoint open sets O C Q (i = 1,--- , k) satisfying

M cO', a;= inf k(z) < inf k().
z€Oi DON\HN

Theorem 1.2. Suppose that k(x) > 0 in Q, (k1) — (k2) and (f1) — (f2) hold and f(t)

is strictly increasing in positive t. Then Theorem 1.1 is true to problem (1.6) with U’ €
DY2(RYN) being a least energy solution of

~AU = f(U —a;), U>0, Uec D“*RM). (1.10)

By (5.1)-(5.3) in [5], we see (1.4) or (1.10) has a lease energy solution if (f;) — (f2) are
satisfied, and also, similarly to [5], we can use Pohozaev’s identity to check that (f1)— (f2)
are almost necessary for existence of a non-trivial solution of the associated problem (1.4).
We point out here that in our theorems, if U¥M? C €, we do not require the Lipschitz
continuity of f(¢) since in this case we do not need to use the blow-up technique near the
boundary in Proposition 3.3. Furthermore, if we assume the uniqueness of the least energy
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solution of (1.4) or (1.10), it is not necessary to pass to subsequences in our theorems. At
last, from the proof of Theorem 1.1, we see that Theorem 1.1 is still true for a unbounded
domain €.

By gluing localized solutions, we will search for a solution to (1.1) or (1.6) whose core
consists of k disjoint connected components close to the corresponding M*, and the solution
can be scaled into a least energy solution of (1.1) or (1.6) associated to the corresponding
M". Thus, on one side, we need to use the least energy solutions of (1.1) or (1.6) to con-
struct an approximate solution, which is an analogy of the Lyapounov-Schmidt reduction
approach (see, for example, [13] ). On the other side, we apply the descent gradient flow in
variational method to search for the critical point of the corresponding functional, which
does not require any uniqueness result of the least energy solution nor isolatedness result
of the least energy. We should point out that for gluing localized solutions, there have
been many efforts starting from the pioneer works [10, 11, 15, 20, 30], for example, we can
refer to [7, 29] and the references therein.

We remark that differently from [7], we should overcome some additional difficulties.
Firstly, we need to know the properties of the least energy solutions to the limit equations,
including the mountain pass characterization of the least energy solutions and the property
of decay of the least energy solutions at infinity. Secondly, since the least energy solutions
of the limit equations decay algebraically, we can not modify the functional corresponding
to (1.1) as in [7]. Instead, considering the fact that f(u — ¢) = 0 for u < ¢, we modify
the original equation by multiplying the nonlinearity f(¢) by a characteristic function on
a suitable set, which can force the concentration phenomena not to occur outside O° (i =
1, k).

The paper is organized as follows: in Section 2, we will prove some properties of the
least energy solutions to the limit problem related to problem (1.1) or (1.6). The proofs
for the main results will be provided in Section 3.

2. THE LIMIT PROBLEM
In this section, we consider the limit problem
—Au=af(u—c), u>0, ueD"?(RY) (2.1)

where a, ¢ are two positive constants, f(t) : R — R satisfies (f1) — (f2).

In order to make [,y F(u—c) of class C' and a meaningful functional for D'?(R"Y), we
modify f(t) as in [5], that is, we modify f(t — ¢) by letting f(t — ¢) = FEA(to+¢) =)
if there exists ¢y > & such that f(ty) < 0. For simplicity, we again denote by f(¢) the
modified function.

We recall that a solution w () of (2.1) is said to be a least energy solution, if

Loe (W) = mg :=inf {I,.(u) : w € D"* (RY) \ {0} is a solution of (2.1)}. (2.2)
Here I, . : D*? (RN) — R is the functional corresponding to (2.1)

Iw(u):%/RN\VMQ—/RNCLF(QL—C).
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In the fundamental paper [5], by considering the minimization problem

min {/RN\VuE:/RNaF(u—c)—l},

Berestycki and Lions proved that under conditions (f;) — (f2), (2.1) has a least energy
solution w (z) € D' (RY) satisfying w(z) > 0. Moreover, for any solution u(z) €

D'? (R™) of (2.1), the following Pohozaev identity holds:

N -2

T/ Vul> = N aF (u—c).
RN RN

Firstly, we have

Lemma 2.1. [, (u) has a mountain pass geometry, that is,

I,.(0)=0.

There exist po > 0 and do > 0 such that Ioc(w) = 6o for all ||ul| pi2gny = po-

There exists ug > 0 such that |[uo|| prz@~y > po and I, (ug) < 0.

Proof. (2.4) is trivial.
By assumptions (f1) — (f2), there exists C' > 0 such that

f(s—c) < C’|s\% for all s € R.
Thus, we have

F(s—c¢) < C|S|% for all s € R.
It follows from the embedding D%? (RN) < [¥-2 (/}RN),

1 2N
Ioc(u)> 2/ \Vu\ —C’/ |u|~=2

1
> — HuHDLQ(RN -’ HuHDMORN , Yu € D2 (RV).

Therefore choosing py > 0 small, we find that (2.5) holds.
Let w be a given least energy solution of (2.1). Define

w (z) = w (%) (t > 0),

tN72 5 N
Ioc(u) = \Vw|” —t alF' (w—c).
2 RN RN

we see

(2.3)

By the Pohozaev identity (2.3), we deduce that for sufficiently large L > 1, I, . (ur, (z)) < 0.

Hence uy, (z) satisfies (2.6).

g
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From Lemma 2.1, we can define

bac = inf max I, . (v (t)), (2.7)

~er te[0,1]
where
I={y() eC(0,1],D"(RY)):7(0) =0, L (y(1)) <0},
we have b, . > 0.
In the following, we will prove b, . = m, . by using the arguments in [21].

Lemma 2.2. There exists a path v € I' satisfying

w e v([0,1]) and ten1[3>1{} I(v(t) = mae, (2.8)

where w (x) is a least energy solution of (2.1).
Proof. By Proposition 2.5, jw(z)| < C/|z|V~? for |z| large. Hence, we define
w (g) t>0,

— t
vow={§® 120
It is easy to check that
d d
E]a’c (v(t)) >0 for t € (0,1) and %LZ’C (v(t)) <0 for ¢t > 1.

Thus we can find a curve 7 (¢) : [0, L] = D"? (R") such that

Y (0) =0, Ia,c ('7 (L)) <0, we Y ([07 L]) ) trer%()a,)L(} [a,c (7 (t)) = Mgq,c-

After a suitable scale change in ¢, we get the desired path v € T. O

Define

7?:{ueD1’2(RN)\{0}:¥4N|Vu|2—]\f RNaF(u—c)zO},

then, we have
Lemma 2.3.
mae = inf I,.(u), v([0,1]) NP #£0 for ally €T.

ueP

Proof. Define

S:{ueDl’Q(RN):/RNaF(u—c)zl}.

x N -2
P (u) =u (E) by = \ oN ||u||D172(]RN)'

then ® : § — P is one-to-one, and

I one
Lo (@ (1)) = 58 fulfpaer — £ [ aFlu=0)

Set
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N—-2
1 /N—2\"T
-4 (W) [l sy Vi € S.

Thus

ueS N 2N
Now, recalling the proof of Theorem 4 in [5], we know infyes [|ul| p12gy) is achieved and

N-—2
: . L (N=2\72
i e (1) = i€ e (@ (0) = 06 (557 ) 7 Tl

® (u) is a corresponding least energy solution. Thus, m,. = inf,ep I, . (u).
For any 7 (t) € I', we see

N —2
2 oy~ N [ P ((0)— ) =0
RN
N -2
Ny oy~ N [P (1) =) <0
RN
By (2.5), there exists to € [0, 1] such that
N -2 ,
||7 (tO)HDL?(RN) > Po; ) ”’7 (tO)HDl,Q(RN) - N o aF (7 (to) — C) =0.
So, v ([0,1]) NP # 0. O

Now combining Lemma 2.2 and Lemma 2.3, we can easily obtain

Proposition 2.4. b,. = Mg, Moy e < Maye if a1 > az; Moreover, if f(t) is strictly
increasing in positive t, then Mg e, < Mg, for ¢ < Co.

Proposition 2.5. Let S, . be the set of least energy solutions U of (2.1) satisfying U (0) =
max,epy U (2). Then S, is compact in D'? (]RN). Moreover, there exists C' > 0 indepen-
dent of U € S, ., such that

C
Ulx) < HW for |z| large enough.
x
Proof. From Pohozaev’s identity, we see {||U|[ progny : U € Sy} is bounded. Then, we see
from elliptic estimate (see [19]) that S, is bound in L* (RY). Moreover, the maximum
principle implies that S, is bounded away from 0 in L* (RY) and ||U||,. > C for all
UeS,..

Now we claim that lim, . U (z) = 0 uniformly for U € S,.. To the contrary, we
assume that for some {Uy},~, C S, and {zy},o; C RY with limj_,« 25| = oo, it holds
lilgn inf Uy, (zx) > 0.

—00

Define Vi (x) = Uy (x + x). We see also from regularity theory of elliptic equations
that for some 8 > 0, {Uy, Vi }22, is bounded in C# (]RN ) Then, taking a subsequence
if necessary, we can assume that for some U,V € D2 (]RN ), Ur and V) converge re-
spectively to U and V in C, (R") and weakly in D' (RY). Moreover max,cgny U > ¢
and max,cgyv V' > c. Indeed, if max,cgyv U < ¢ or max, gy V' < ¢, then by Pohozaev



MULTI-PEAK SOLUTIONS TO FREE BOUNDARY PROBLEMS 9

identity, [|Ugllpregny = [IVillpregyy = 0 and Uy = Vi = 0 which is a contradiction to
li}gn inf Uy (zg) > 0. So U and V' are nontrivial solutions of (2.1) and
—00

Ioc(U), 1o (V) > 1, (W) for any W € S,
Thus, for each 2R < |z,

1 ! 9 1 2
L) =~ [ VO > —/ VU + — VUL
N Jrn~ N JBg) N JBg ()
1 o 1 2
_ - VU2 + — IVVi2.
N JBg) N JBg()

Taking R > 0 large enough, we reach a contradiction. Thus, lim;,o, U (z) = 0 uniformly
for U € Sc.
Now choose R large and suitable C', we see

Ulz) < |RI% on 9B (0)
U(r) < C in RY\ B (0).
So o
~AU = —A|— in RV\ By (0)

N-2
7|

and o
U(r) < —— or 9B (0).

— |x’N—2

By the comparison principle, we see that

Ux) < _C (if x| > R) for any U € S, (2.9)

— |$|N72

At last, we prove that S, . is compact in DV?(RY). Let {Ux}2, be a sequence in S, ...
Taking a subsequence if necessary, we can assume that U, converges weakly to some U in
D'? (RY). Note that U is solution of (2.1). It is standard to see that as k — oo

/ af (Ug —c) Uy — af (U —c)U for R > R large.
|lz|<R

|z[<R

Since
/ VUL — af (Up — ¢) Uy :/ \VU|? —af (U—¢)U =0,
RN RN
it follows from (2.9) that
lim [ |VU* = / IVUJ?.
k—o0 RN RN

This implies that Uy — U € S, . in D'? (]RN) since Uy, = U € S, weakly in D'? (RN).
As a result, we complete the proof. O
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3. THE PROOF OF THE MAIN RESULTS

In this section, we mainly prove Theorem 1.1 since the proof of Theorem 1.2 is similar.
For simplicity, we use S, to replace S, ;.

Define
k k
M= M o=]O
=1 =1

and for any set B C Q,§ >0, B’ = {z € Q : dist (z, B) < §}. For u € H_, let

L =5 [ 96~ [ xo(@) K (2) f =), (31)
w0~ {1 72,
We also define
B =5 |19 = [ xor @) K@ F (1), (3.2

It is easy to check that the functionals I. (u) and I’ are in C' (H.) if we modify f(t) as
in [5].
Let

d= 1 min < dist (M, 2\ O),mindist (0;,0;) ¢ .
10 i#j

We fix 5 € (0,6) and a cutoff ¢ € C§° (RN) such that 0 < ¢ < 1, ¢(z) =1 for || < 8
and ¢ (z) = 0 for |z| > 28. For each y; € (M?)” and U’ € S,,,., we define

k
v =36 (e — ) U' (”“" - y) . (33)
i=1

€

We will find a solution near the set
X = {Ugyzy’f () :y; € (Mz)ﬁ U €S, foreachi=1,--- ,k} . (3.4)

For each i € {1,--- ,k} and y; € M*, U* € S,,,, fixed, set W/ (z) = ¢ (x — ;) U (*Z2)
if y; € Q. If y; € 99, choose y,. € Q such that |y, — yi| = dist{y;., 00}, lvie—vil _,

ellne|
c <28,(c >0)ase — 0, and set Wi (z) = gzﬁ(il_lgleT)Ul (%2<). Accordingly, define
Wi (x) =¢(x—y) U (Z2) or Wi, (z) = gb(il_lglsT)Ul (2<). We see by Proposition 2.5

that lim HW;tH = 0. Moreover, we have
t—0 e

tN*Q

I (W;t):gN( [ v RNK(y,;)F(Ui—l))Jro(eN).

Thus, there exists T; > 0 such that I(WZ,) = It (W!,) < =2~ for t > T;.




MULTI-PEAK SOLUTIONS TO FREE BOUNDARY PROBLEMS 11

Let ~:(t) = W., (x) for t > 0 and 7 (0) = 0. For s = (s1,--- ,s,) € T = [0,T1] x --- x
[0, T%], we define

% (s) = D (i), D =max L. (7 (5)). (3.5)

For each ¢ > 0, define £, =b.; and E = Zle En,.

Proposition 3.1. We have
(i) D. = EeN =o(e") as e = 0.
(ii) limsup ng>T<5_N[E (7:(8)) < Er=max{E - E,,|i=1,....k} < E.

e—0 s€

(ili) for each d > 0, there exists a > 0 such that for sufficiently smalle > 0, I (7: (s)) >
N N

e dez | .
D, — ag® implies that . (s) € X2, where X2~ s the gsg neighborhood of the
set X. defined in (3.4).

Proof. Since supp . (s) € M2 for each s € T, we see I. (7. (s)) = Yo, I (7} (s:)). Now,
by Proposition 2.5, we find

/ez\v%(si)F:astvz VUi2+0(€N)
0

/QXoiK(x)f (e (s3) = 1) = Vs - K (y:) f (U = 1) +o(e").

So, from the Pohozaev identity, we see that

N-2
- s; N -2 ;2
Iz—: i : — N 7 o N i N .
(Vi(si) =€ ( 5 N sz> " VU "+ o0 (")
Also té?oao}i) (tN; - %t]\[) Jan IVU|” = E,,.. Hence, (i) and (i) can be proved easily.
Denote ¢ (t) = tN; — D224V then
>0 te(0,1)
gt =0 t=1
<0 t>1
and ¢” (1) =2 — N < 0. Hence, (iii) is obvious. O
Now define
Ul ={ypeC(0,T;],H.): ¢ (s;) =1L (s;) for s; =0o0rs; =T;} (3.6)
and
C' = inf max I' (¢ (s;)). (3.7)

¢6\Iﬂ' SiE[O,Ti]

Proposition 3.2. Fori=1,... k, lin% e NCi = E,,..
E—r
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Proof. We prove
liminf NC” > E,,, and limsup e NCZ < E,,

=0 e—0
Let ¥ (s;) =1L (s4), s; € [0,T;], then we can see
limsup e VC! < E,,,,.

e—0

For any ¢ € W, let ¢ (s;) (x) = ¥(s) (e + y) for y; € Q, O (1) (x) = ¥(s:) (67 + i)
for y; € 0L, then we see
2

rw =< (3 [ Vi) = [ K (5e)-1))+o)
and 1) (s;) satisfies 1 (0) = 0 and I,,, ; (@ZJ (TZ)> < -2
S0

2

max (%/RN Vis) ~ [ K@) (si)—l)) > B,

siE[O,Ti]
Hence lim iglf e NCI > E,,. O
E—

Proposition 3.3. Let (¢;) be such that lim;_,ce; =0 and (u.,) C ngaj such that

lim €; NI, (ue;) < E and lime; 2[ (usj) =0 in (H.)". (3.8)

jHOO

Then, for any fized d > 0 (sufficiently small), there ezists, up to a subsequence, {z } C
Q, i=1,....k v € M, UZESm,suchthat

jli_)rglo z; -y =0, wu,— 2@5 (z — z;) U (x ;]Z‘;) =0 (5?) . (3.9)
i= €
Before we prove Proposition 3.3, we give a preliminary lemma.
Lemma 3.4. Let v € DM2(RY) N C(RY) satisfy the equation
—Av = X@soypf(v—1), z€ RY.
Then v <1 for x; <0, so that v actually solves
—Av=fv—-1), zecR"Y

Proof. Standard regularity arguments yield v € CY(RY) and Vv — 0 as |z| — +oo. Using
9 55 a test function, we see

D1
too 9
/ dx’ / —|Vv| dry — / F(v(0,2") — 1)dz" = 0.
RN-1 RN-1

Noting that the first integral is zero, we obtain v(0,2’) < 1. Now, to prove that v < 1
for z; < 0, we just use (v — 1)1 Xz <0y € D"*(RY) as a test function, and obtain that
(v = 1)4X{z1<0} = 0. As a result, we complete the proof. U
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Proof of Proposition 3.3. For simplicity, we write € for ¢;. By compactness of S,,,, and M?,
there exist V; € S,,,, Z; € (MZ)B and y' € (MZ)B for i = 1,...,k, such that, passing to a
subsequence still denoted by (u.)

k T — Zi- N
z; =y Us—Zqﬁ(x—z;-)Vi( . ]> < 2de? (3.10)

=1 £

for € > 0 small enough.
We set

u;:qu(x—z;»)ug, u? = u, —ul.

Now we prove
L(ue) > I (ul) + I (u2) + 0 (V). (3.11)
Suppose there exists y. € A = J', (B (y,26) \B (¢, 8)) such that u. (y.) > ¢ for some
¢>0. Let v (2) = ue (ex + y.) and Q. = {x € RV : ex +y. € Q}.
Taking a subsequence, we can assume that y. — yo € A. Since (3.10) holds, (v.) is

bounded in D'? (£).), using the blow-up argument (see [18]), we deduce that v, (z) — U
weakly in D12 (R™) for some U € D2 (Q). Moreover, U satisfies

—AU =K (o) f (U —1) in Q, U(0) >c, (3.12)

where Qo = RY or Qy = RV, If Q. = RY, by Theorem 1.1 in [16], U = 0, which is
impossible. So, in (3.12), Q,, = RY. We claim max U > 1, indeed, if U < 1, then (3.12)
implies -

—AU =0 in RY
and hence U = 0, which is a contradiction with U (0) > ¢. Hence, by definition, I K(yo),1 (U ) >
Ek(yy). Also, for suitable large R > 0

N
liminf/ &2 |Vu|* > 5—/ \i (3.13)
e—0 B(y ,R) 2 RN
It follows from Proposition 2.4 that Eg(y,) > min{E;, -+, Ex}. Thus from Pohozaev

identity and (3.13), we get that

lim inf/ 2 |Vu|* >
B(y ,R)

e—0

eNN - VNN
IK(yO)rl (U) Z Tmln{Eh e aEk} > 07

which contradicts (3.10), provided d > 0 is small enough.
Hence, ||uc||goo(a)y — 0, and

€_N/AK(Z‘)F(UE—1)—>O.

As a consequence,

limgN/QXOK (@) [F(ue —1) = F (ul = 1) = F (u2 = 1)] = 0.

e—0
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At this point, write
I (u) =1 () + 1. () + [ 0(1-0) V]
_/QXOK(Q;) [F(u.—1) = F (ul — 1) — F (u2 = 1)] + o).

As a result, (3.11) is true.

As the second step, we estimate I, (u?). We will use the blow up technique (see [18]) to
prove I, (u?) > 0.

Since {u.}, is bounded, we see from (3.10) that [[u2]|_ < 4de for small € > 0.

Suppose there exist y. € Q\ Ule B(y*,203) such that u? (y.) > c for some ¢ > 0. Let
v, (v) = u? (ex + y.). Taking a subsequence, we can assume that 3. — o € Q\ Ule B(y',28).
For the location of y, we have

(1) o € N0,
(2) yo € 90\ 09, L2l <5,
(3) yo € 00 \ 092, ‘ys;yo‘%ooase—)O,
(4) yo € 002N O, |y;—y”‘—>(5as5—>0,
(5) yo € 002N O, |y;—yo‘—>c><>as€—>0,
(6) v € O\UL, B(y',28).
Using the blow-up argument, we find that v. (xr) — U weakly in D%? () for some

Qs C RY, and U solves some limit problem.
In case (1), U solves

—AU =0, Qp =RY or Rf.

Hence, U = 0 which is impossible since U (0) > c.
In case (2), U satisfies

—AU = X{mZO}K (yO) f (U - 1) ) Qoo = RN' (314)
By Lemma 3.4, (3.14) is indeed
~AU = K () f (U —1) in RY. (3.15)

In case (4), U solves
~AU =K (yo) f(U —1), in RY.

By Theorem 1.1 in [16], U = 0, which is impossible.
In cases (3), (5) and (6), U satisfies

~AU =K () f(U~—1) in R".
Summarizing the above analysis, we see U is a solution of

—AU = K (y) f(U —1) in RV,
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Hence, similarly as the proof of (3.11), we see
N

N
[u2]2 > S min{ By, B} > 0,

which contradicts the fact ||uZ]|. < 4de* for d small enough. Hence |uZ|| o) — 0 and
for e sufficiently small

2 2
zg(ug):‘i/ vug2_/XoK<x)F(ug_1):i/ V2> 0.
2 Ja Q0 2 Ja
Now for ¢ =1,...,k, we define
ub' (x) = ul (z) for x € O, ul’ (z) = 0 for x € RV \ O". (3.16)

3 €

Set ‘ . '
Wi(z) =ul (z) (ex + z}) .
We fix an arbitrary i € {1,...,k}. Arguing as before, taking a subsequence, we assume
that W! — U’ weakly in D*? (R") for some U’ € D** (RY). Moreover U’ solves

—AU' =K () f(U' =1), z e RV.

From the maximum principle, we see that U’ is positive and max,cpy U' > 1. Now
we prove that W! — U’ strongly in D'? (RN ) Suppose that there exists a sequence
{z.}. € B(y,2p) satisfying u* (z.) > ¢ for some ¢ > 0 and

2. — 2
liminf —
£—00 £

= o0. (3.17)
Proceeding as before, we may assume that z. — z € O as ¢ — 0. Then W; (x) =
ul (ex + z.) converges weakly to U’ € D? (RV) satisfying

AU = K (%) f (U — 1)  reRY,
and as before we get a contradiction. Hence, using (f1) (f2) and Lemma 1.1 in [26],

1im/Q Xoi K (ex+25) F(W. —1) = /RN K(y)F(U —1). (3.18)

e—0

Now, it follows from the weak convergence of W/ to U’ in D** (RY) that

limsup e V1. (u;’) > liminf (1/ VW; 2 / K (5;5 + yi> xoi F (W; — 1))
2 JrN RN

e—0 =0
1 A A A
> —/ VU 2—/ K (y)F (U -1) (3.19)
2 RN RN
> B,
Combining the fact lim._,qe VI, (u.) < E and (3.11), we derive

k
limsup eV (I6 (u?) + Z I. (u}f)) = limsup ¢V (I (u2) + I (u}))
i=1

e—0 e—0
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<limsup e VI (u.) < F (3.20)

e—0

k
=> En,
=1

Noting I. (u?) > 0, we see from (3.19) and (3.20)

1
ll_l)l(l)] (ubYe™ = Ep,, L (u2) = 5 u? :zo(sN). (3.21)
So (3.19) and (3.21) imply
iy _ L i i i
T (U7) = 5 L = RNK(y)F(U —1) = Ep,.

It follows from Proposition 2.4 that y* € M*, and as a consequence, U’ (z) = V' (z — z;)
with Vi € S,,, and z; € RY.
Now using (3.18), (3.19), (3.21), we have
/ VUi > VW§2+0(1)2/ VU 2+ 0(1).
RN RN RN
This proves [|[W! — U'|| pr2gny = 0(1). In particular, we have
2

7 x—z} _ N
U( € )DLQ(RN)O(€ )

Now using the fact HugHi =0 (), we complete the proof. O

Proposition 3.5. For d > 0 sufficiently small, there exist constants b > 0 and ¢y > 0,
such that

N a. ¥
|12 (u)]| > be? foru € I’ n (Xfa?j\Xg2 ) and € € (0,¢o),

where I =:{ue H,.: I.(u) < D.}.
Proof. To the contrary, we suppose that for small d > 0, there exist (g;) with ¢; —
0(j — +00) and a sequence (u.,) with u., € XE i \X2 i satisfying

lim ¢ Isj (u.,) < E and hma 2 I’ (u.,) = 0.

j—o0 —0
By Proposition 3.3, there exists {z} C O, i =1,... k, y' € M', U’ € Sy, such that

lim z —y' =0,
gj—0

k i 2
ol () —eE@).
i=1 J

€5

4.7
which is a contradiction with the fact u., ¢ Xﬁ:y . So we complete the proof. U
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Proposition 3.6. For sufficiently small fixed ¢ > 0, I. has a Palais-Smale sequence in

de% ID
e N e -

Proof. By Proposition 3.1 (iii), there exist o € (O, E— E’) such that for sufficiently small
e >0,

2

2

de
L (7:(s)) > D. —ag™ = 1. (s) € X2
If Proposition 3.6 does not hold for small ¢ > 0, there exists a(g) > 0 such that
N
112 (u)]| > a(e) on X&* NIP . Also, we know from Proposition 3.5 that

N N 45%
11 (w)|| > be®, YueIP N (Xf“ \X. ) ,

where b is independent of ¢.
N

Now there exists a pseudo-gradient vector field P. on a neighborhood Z. of X%?* N 1P

for I. (see [37]). Let n. be a Lipschitz continuous function on H. such that 0 < n. < 1,
N

ne=1on X¥#? NIP andn. =0 on H\Z..

Let & be also a Lipschitz continuous on R such that 0 < & <1, & (¢) =0if [t — D.| >
agV and & (1) = 1if [t — D.| < %5N. Then, there exists a global solution ®, : H. xR — H.
of the initial value problem

Q(I)S (u, t) = TN ((I)s (u, t)) 55 ([5((1)5(’&, t)))

ot
O, (u,0) = u.
Now, we can choose 7. > 0 large, such that for some p € (0, «),
I (®: (1: (s) 7)) < Do — pe™, s €T (3.22)
Let v (s) = @, (7- (s), 7). We also have
7 (s) =7 (s) for 7. (s) € 1P =" (3.23)

Let ¢ € Cg° (RY) satisfy that ¢ (z) =1 for z € O°, ¢ (z) =0 for x & O, ¢ () € [0,1],
and |[V¢| < 2. Define 7! (s) = ¢y (s) and 72 (s) = (1 — ¢) v (s). By the definition of I, we
see

1 e? 2. 2 2 2

LoW) =La @)+ [ 9@ s [foa-amel
> 1 (v'(5)) -

Fori =1, k, set v (s) (z) = 7' () (z) for 2 € (0))°, ¥4 (s) (x) = 0 for z & (O)’,

L (v (s) = Zfs (v (s)) = Zfﬁ (v (9)) - (3.25)
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By Proposition 3.1 I. (7. (s)) < eNE+o(e) < D.—ae™, s € 9T, 50, (s) € IP ~*="Vs €
OT. Using (3.23) we see 7 (s) = 7. (s) on 9T and hence v (s) € V' for i = 1,... k.
Therefore, by Proposition 3.2, (3.24) and (3.25), we see

k
_ N
r?eaTXI Z me +o(eN) =D, +o(eV),
which contradicts (3.22) if ¢ is sufficiently small. So we complete the proof. O

Proof of Theorem 1. 1 By Proposition 3.6, for a fixed small €, we obtain a Palais-Smale

sequence {u, }o— in X% ¥ NIP | so it follows from Proposition 3.3 that {u, } -, is bounded
in H.. Suppose that u,, — u. Weakly in H,, then wu, is a critical point of I.. Now we prove

N
u. € X#2 N IP . Write u,, = vy, +wy, v, € X, |Jwy]|, < de. Since X, is compact, there
exists v. € X, such that v, — v. in X, up to a subsequence, as n — oo. Now suppose
w, — w, weakly in H,, then u. = w. + v. and

. . N
e = vell. = llwel. < limin o, |, < d¥.

N
Hence u. € X%*.
To show u. € IP | it suffices to prove

liminf I, (u,) > I (u.) . (3.26)

n—o0
N
Let ¢, = u, — u.. Since u, and u. are in X% * | we see by triangular inequality that
N
gl < 2de + 0,(1). (3.27)
It follows from wu,, — u. weakly in H. that

laallZ = luall? = [luellZ + 0a(1). (3.28)
On the other hand, it follows from (f;) that

/QF(un—c):/QF(uE—c)—i—on(l), (3.29)

which implies (3.26) immediately.
Now wu, is a critical point of I. (u), and wu. solves

—&*Au, = xoK (2) f (u. — 1) in Q.

By Proposition 3.3, we see

/ £ |Vu.|* <o ().
Q\M?

Performing Moser iteration scheme, we deduce

HugHLoo(Q\Ma) =o0(1), as e » 0.
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So, for e sufficiently small, u. is indeed a solution of
—&’Au =K (x) f (u—1) in Q.

Let 2% be a maximum point of u. in O'. Set v. = u.(z’ + ex), then from the proof of
Proposition 3.3, we see, after passing a subsequence, z' — ' € M* and that v. converges
in the C? sense over compact sets to a positive solution U? € DV?(RY) of equation (1.4).
Moreover, using the arguments to prove Theorem 0.1 in [14], we deduce that z% is the
unique local maximum point of u. in O'. Choose R; such that

ve(7) < ¢ <2U'(z), if |z| = R;,

which implies that

i

us(r) < e < 2Ui($ _gxs), Vi € OB.g, (")
and
r—x ’
it — N-2 i i
us(r) <e <2 E U'( . )< Ce Jnax @ -z , ‘v’xGU(?BERl(a:E),

i=1 i=1

for some C' > 0 independent of U’ and ¢.
On the other hand, from the proof of Proposition 3.3, we see

k
us(l‘) <c, Vz e \ UBeRi(Ii)7
i=1
which implies that

k
—e?Au.(r) =0, Vo eQ\ U B.g,(2%).
i=1
Using the comparison principle, we see that

k
ue(x) < CeN72 max z — zt N Vreq \ UBERi(xi).
bt

As a consequence,

k
ue (z) < CeV? max x — ot N ovreq \ UBg(Q?é).

i=1,...,k )
=1

At last, noting (3.9) and the fact

Ui(x_zé)—ab(x—z;i)w (x—z;‘.) j=0(6N)7

9 9

we can derive part (ii) of Theorem 1.1 directly.
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Proof of Theorem 1.2. Since we have Propositions 2.4 and 2.5, we can prove Theorem

1.2 with the same arguments as Theorem 1.1.
O
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